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Abstract- We may find that some jobs need to be 

completed roughly the same time in the system. 

Additionally, customers may request that their jobs are 

completed on time as possible. In this paper, we 

consider a practical problem encountered in a textile 

company where its jobs have the same characteristic. 

In our research, the paper aims to find a satisfactory 

schedule that will minimize the maximum tardiness 

and variance of completion times. The problem can be 

treated as a single machine scheduling with 

deterministic model. To solve the problem, a heuristic 

based on the V-shape schedule technique is developed. 

A numerical example is given to illustrate the 

presented heuristic. We also propose a branch-and-

bound algorithm is to find the optimal schedule. 

Computational results show that the presented 

heuristic is highly accurate and efficient. 
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1. Introduction 
Production scheduling plays an important role 

in many manufacturing systems, hence it needs be 

considered seriously. It can be recognized that a poor 

schedule may greatly reduce the shop performance. 

Therefore, effective scheduling procedures are needed 

when achieving high performance is desired. The 

problem we consider here is one faced by a particular 

textile company, which is famous in South East Asia, 

that specializes in the manufacturing of textile such as 

polypropylene, synthetic silk, and chemical chip. Due 

to the difference of completion times, the dying cost 

cannot be reduced in the shop. Therefore, we desire to 

derive a schedule that will reduce the cost while 

satisfying the customer orders. In the studied company, 

an order received is composed of one or several jobs, 

each containing a request to produce a product with a 

given specification. Due to the starting times of dying, 

the products need to be dyed in a time interval. The 

difference of completion times for all products would 

be best not greater than this interval. This is because 

some products may become cool such that the products 

are difficulty to be dyed. If it is, there will be additional 

cost for dyeing. Therefore, the completion times for all 

jobs should be close together as possible. This study 

can be stated as minimizing the total absolute 

difference in completion times.  

On the other hand, customers may request that 

their products are delivered on time. If there will be 

any delay, they want that the maximum tardiness of all 

delay can be as minimal as possible. This type of the 

problem can be found in our environment; hence the 

problem needs to be considered. Although the 

bicriteria scheduling problems are discussed in the 

literature, the problem of minimizing maximum 

tardiness and total absolute difference in completion 

times is relatively unexplored. Thus, our objective is 

to find a schedule that minimizes a function of these 

two criteria. 

In the literature, the topic of bicriteria 

scheduling has received much attention. The problem 

in which the objective is to minimize the maximum 

tardiness has been the subject of some researches. Liao 

and Chung (1996) propose a Branch-and-Bound 

(B&B) algorithm to identify a set of non-dominated 

schedules for the maximum tardiness and number of 

tardy jobs problem. Gong et al. (2017) consider a 

coordinated scheduling problem on a single batching 

machine with transportation and deterioration.  They 

find Pareto-optimal schedules with two performance 

criteria (total completion time and the number of 

batches) to balance the inventory level and the 

production costs. Smith (1956) develop a procedure to 

minimize a function of total flow time and maximum 

tardiness where there is at least one schedule having a 

maximum tardiness of zero. Lin and Lin (2015) 

propose a heuristic and a tabu search algorithm to find 

non-dominated solutions to bicriteria unrelated 

parallel machine scheduling problems with release 

dates. The two objective functions are to minimize 

both makespan and total weighted tardiness. Van 
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Wassenhove and Gelders (1980) consider the same 

problem and present an algorithm to find the optimal 

schedule for any given nondecreasing function of the 

two criteria. Azizoglu et al. (1991) successfully apply 

a B&B algorithm for the bicriteria problem of 

minimizing the weight sum of earliness and tardiness. 

For the literature that study the bicriteria problem with 

the tardiness, please see for example Kiran and Unal 

(1991), Heck and Roberts (1972) and Sen and Gupta 

(1983). 

Next, we briefly review the related research on 

total absolute difference in completion times, which is 

an important criterion of our problem. For 

convenience, we will use the total absolute difference 

in completion times and the variance of completion 

times interchangeable. For the related problem, Eilon 

and Chowdhury (1977) are the first to develop a 

heuristic to solve the problem of minimizing the 

variance of job waiting times. Merten and Muller 

(1972) also discuss the problem of minimizing the 

variance of the data files access times in computing 

systems. Kanet (1981) proposes a procedure to 

minimize the total absolute difference in completion 

times and presents an efficient algorithm to minimize 

this measure. Kubiak (1993) shows that the variance 

of completion times problem is NP-hard. Scharge 

(1975) solves the problem and derives the optimal 

schedules for problems of size up to 6 jobs.  

We know that minimizing the variance of 

completion times reflects all jobs can be completed 

approximately the same time. Therefore, the products 

can be dyed roughly at this time and the dyeing cost 

can be reduced. Additionally, minimizing the 

maximum tardiness can be considered as a measure for 

customer satisfaction. The motivation for using these 

two criteria is to incorporate the manufacturer’s as 

well as the customer’s concerns in scheduling. Thus, 

the problem with these two criteria is discussed in this 

paper. 

 

2. Problem setting 
In this paper, we consider an n-job single-

machine scheduling problem. We assume that all jobs 

are ready for processing at time zero. Let ip , id  and 

iC  be the processing time, the due-date time and the 

completion time of job i, iJ , respectively. In addition, 

 iJ   denotes the job at the ith position, and 

     iii Cdp and,   are defined accordingly. For 

simplicity, we also assume that processing times and 

due dates can take only integral values. Let the 

variance of completion times of a schedule S is given 

by 
 


n

i

n

ij

ij CCC
1

var
 . Further, we can define 

maxT  max
j  jT  , where jT  

 )(,0max jj dC    is the tardiness of job j. The 

problem under consideration is to find a set of 

schedules for the linear objective 

varmax )1( CTZ    , where 10    is the 

weight assigned to maximum tardiness. 

 

 

3.  Definition and theorems 

To find a set of efficient schedules with respect 

to the aforementioned problem, a formal definition of 

efficient schedule is required and given below. 

 

Definition 1 

A schedule S with values m axT  and varC  is 

called an efficient schedule if there does not exist a 

schedule 
'S   with values 

'

maxT   and 
'

varC   such 

that 
max

'

max TT    and 
var

'

var CC   , where at least 

one strict inequality holds. 

It can be observed that if a schedule is optimal, 

this schedule must be an efficient schedule. We now 

discuss the following theorems that will be used in the 

heuristic. 

Theorem 1 

A V-shaped schedule has the smallest variance 

of completion times. 

Proof 

The proof of Theorem 1 in Manna and Prasad 

(1999). 

Theorem 2 

Suppose 
pT  is the maximum tardiness of a V-

shaped schedule. Denote by iJ  a job preceding 
pJ  

in this schedule. If id  is greater than or equal to 
pd , 

then a smaller m axT   value can be obtained by 

interchanging 
pJ  with iJ . 

Proof 

Let partial schedule ),,,( 21 pi JJS   , 

where 1   and 2   are partial schedules. Let 
'S  

be obtained from S by interchanging iJ  with 
pJ . 

Denote by 1C   the completion time of 1   and 

2P  the total processing time of 2 , respectively. 

Then the tardiness of 
pJ  in S is  

 
ppip dpPpCT  21  .  
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The tardiness of 
iJ   in 'S   is              

iipi dpPpCT  21  . 

If id   is greater than or equal to 
pd  , then 

maxTTT pi   . Thus, 
'S   has a m axT   value 

smaller than or equal to that of S. This completes the 

proof. 

 

4.  The proposed heuristic  

In this section, a heuristic is developed to find a 

set of schedules for the problem. To obtain a schedule 

with the smallest variance of completion times, we 

apply Theorem 1 to derive a V-shape schedule. The V-

shape schedule starts by arranging jobs in descending 

order of processing times. Then, the schedule is 

constructed from both directions, forward and 

backward (i.e., the first job is assigned to the first 

position in the schedule, the second job in the nth 

position, the third job in the second position, the fourth 

job in the 1n  position, and so on). Now, the steps 

of the heuristic can be stated as follows: 

Step 1.  Use Theorem 1 to obtain a V-shaped 

schedule       nJJJS ...,,, 21 . 

Step 2.  Calculate  jT  for all j in S.  

Step 3. If   0jT   for all j  , stop; otherwise, 

find  pJ  with m axT .  

Step 4. Apply Theorem 2 to determine whether a 

schedule with smaller m axT   can be 

obtained. If it is, set 1max  T  ; 

otherwise, go to Step 8. 

Step 5.  If 0  , go to Step 6; otherwise, go to 

Step 8.  

Step 6. Let 
'S  be the schedule obtained from S by 

interchanging  pJ   with each of the jobs 

preceding  pJ  , say  qJ  . If the m axT  

value of 
'S   is equal to   , calculate the 

variance of completion times for 
'S  . 

Otherwise, the interchange is repeated until 

no  qJ  can be found.  

Step 7. If two or more schedules are generated in 

Step 6, the schedule with the smallest 

variance of completion times is selected. 

Replace S with this schedule and return to 

Step 2. If the schedule cannot be generated, 

set 1   and return to Step 5; 

otherwise, 
'S   will be the preferred 

schedule. Replace S with 
'S  and return to 

Step 2.  

Step 8. Find  pJ   with m axT  . Reset the jobs 

preceding  pJ  by using Theorem 1. Stop. 

Now, we elaborate the steps in detail. In Step 1, 

we apply Theorem 1 to obtain a V-shape schedule, 

which has the smallest variance of completion times. 

In Step 4, we apply Theorem 2 to determine whether a 

schedule with smaller m axT  exists or not. If it does 

not, the final schedule is generated and the heuristic is 

terminated. Otherwise, we can find another schedule 

with smaller m axT  . In Step 5, if the m axT   value is 

smaller than or equal to zero, the heuristic is 

terminated. Applying Step 6, we try to find a schedule 

with smaller m axT . In Step 7, if the schedules have the 

same m axT  , let the schedule with the smallest 

variance of completion times be the preferred schedule. 

If the schedule cannot be produced in Step 6, return to 

Step 5 to find another schedule. Otherwise, a preferred 

schedule is obtained. In Step 8, we use Theorem 1 to 

reset the jobs preceding the job with m axT , which can 

reduce the variance of completion times and m axT  

will not be affected. 

 

5.  Numerical example  

To illustrate the proposed heuristic, consider a 

single-machine scheduling problem with five jobs (see 

Table I). 

Using Step 1, we can apply Theorem 1 to generate 

the V-shaped schedule  4,5,1,2,3 JJJJJS 

with 

11()89()515()511()59()58(var C  

46)1115()915()911()815()8    (see 

Table II). In Steps 2 and 3, we find that 4J   is 

associated with 7max T  (see Table II). Now, 4J  

becomes the candidate to be interchanged. In Step 4, 

there is a job preceding 4J   (i.e., 5J  ) being 

considered (by Theorem 2). We set 617  . In 

Steps 5-7, the schedule  5,4,1,2,3 JJJJJS   

with 50var C   and 6max T   is obtained (see 

Table III). Following the same procedure, we further 
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interchange 1J   with 3J   and 2J  , respectively. 

Thus, the schedules  5,4,2,1,3 JJJJJ   with 

5max T   and  5,4,3,2,1 JJJJJ   with 

5max T   are constructed (see Tables IV and V). 

Since the two schedules have the same m axT  , the 

schedule  5,4,2,1,3 JJJJJ   with 54var C  

is superior to the schedule  5,4,3,2,1 JJJJJ  

with 74var C  (by Definition 1). According to 

Theorem 2, any interchange cannot find a schedule 

with smaller m axT  . Therefore, we perform Step 8 to                                                                      

obtain the final schedule  5,4,2,1,3 JJJJJ  .    

In this example, we can see that the three points ( m axT , 

varC ) (i.e., (7, 46), (6, 50) and (5, 54)) are obtained 

and can be called the efficient schedules. Then a 

decision maker can choose one of the efficient 

schedules according to his preference. 

 

TABLE I  The data for the numerical example (in hours).  

iJ  1J  2J  3J  4J  5J  

ip
 

1 3 5 4 2 

id  3 5 6 8 12 

 

 

. TABLE II  The initial schedule for the numerical example (in hours). 

iJ  3J  2J  1J  5J  4J  

ip
 

5 3 1 2 4 

iC
 

5 8 9 11 15 

varC
 

23 34 42 46  

id  6 5 3 12 8 

iT
 

0 3 6 0 7 

 

 

TABLE III  The second schedule for the numerical example (in hours). 

iJ  3J  2J  1J  4J   5J  

ip
 

5 3 1 4 2 

iC
 

5 8 9 13 15 

varC
 

25 38 48 50  

id  6 5 3 8 12 

iT
 

0 3 6 5 3 

 

TABLE IV  The third schedule for the numerical example (in hours). 

iJ  1J   2J  3J  4J   5J  

ip
 

1 3 5 4 2 

iC
 

1 4 9 13 15 

varC
 

37 62 72 74  

id  3 5 6 8 12 

iT
 

0 0 3 5 3 
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TABLE V  The fourth schedule for the numerical example (in hours). 

iJ  3J  1J  2J  4J   5J  

ip
 

5 1 3 4 2 

iC
 

5 6 9 13 15 

varC
 

23 42 52 54  

id  6 3 5 8 12 

iT
 

0 3 4 5 3 

 

 

6.  The branch-and-bound algorithm  
A B&B algorithm is presented to provide the 

optimal schedule, which is used to evaluate the 

proposed heuristic. To find a lower bound of each 

partial schedule, two partial schedules are considered. 

Let )(AS  be the first partial schedule, which 

includes all scheduled jobs. Let )(' AS   be the 

second partial schedule, which is composed of the 

remaining jobs not contained in )(AS . To calculate 

the lower bound of each bounding node, weighted 

maximum tardiness and variance of completion times, 

are discussed separately. For the minimizing the 

maximum tardiness, the EDD order can be applied to 

obtain the optimal schedule. For the variance of 

completion times, the lower bound is presented in De 

et al. (1992). By assuming the processing times as 

variables, the lower bound for job j, i.e., 
jL  , is 

calculated as follows:  

  

, 

]2)1()[(
2

1

2

11

1









nk

knn

n

i

i ppnppT  for 

 2/)1(,...,3,2  nj . 

The lower bound of maximum tardiness and 

variance of completion times are combined according 

to the corresponding weights.  

For a partial schedule, the lower bound of 

bicriteria objective is calculated based on a 

completion of the partial schedule. The complete 

schedule is constructed by sequencing the rest of the 

remaining jobs according to the following rules:  

(a) If the last job in )(AS   is the one with the 

earliest due date, then all the remaining jobs 

contained in )(' AS   are scheduled in 

ascending order of processing time according to 

the V-shaped property. 

(b) If the last job in )(AS  is not the one with the 

earliest due date, then we check whether all jobs 

contained in )(AS  are in descending order of 

processing time. If it does, the branching node is 

generated; otherwise, discard this node 

according to the V-shaped property.  

Now, the steps of the B&B algorithm can be 

stated as follows: 

Step 1. Initialization. The solution of the proposed 

heuristic is used as the initial incumbent 

solution of the B&B algorithm.  

Step 2. Branching. Select a partial schedule with the 

smallest lower bound among all unfathomed 

partial schedules. Let  iJ  be the last job of 

the partial schedule. Produce new partial 

schedules by placing each of the unscheduled 

jobs at position 1i .  

Step 3. Bounding. For each newly created partial 

schedule, compute the objective value and 

the lower bound by using the proposed 

scheme stated earlier.  

Step 4. Fathoming. Fathom those newly created 

partial schedules whose lower bound values 

are no better than the incumbent schedule. 

Update the incumbent schedule if a new 

partial schedule has a smaller lower bound 

value. 

Step 5. Stop. If there are partial schedules remaining 

unfathomed, go to Step 2; otherwise, stop. 

 

 

7.  Computational results  

To demonstrate the computational performance 

of the heuristic, an experimental work was conducted. 

Both the heuristic and the B&B algorithm were coded 

in Visual BASIC and run on a PC (Pentium(R) 3805U 

1.90GHz). The test problems were randomly 

generated based on the following schema: processing 
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times were randomly generated from a discrete 

uniform distribution over [1, 10]. As in Fisher’s paper 

(Fisher (1976)) we selected the due dates from another 

discrete uniform distribution in the range [P

)2/1( R  , P )2/1( R  ] with restriction 

0id , where P is the total processing time of all jobs, 

  is the average tardiness factor, and R is the due date 

range. The experimental procedure consists of a full 

factorial design with two settings of   

)6.0,2.0(    and two settings of R 

)6.0,2.0( R  . For convenience, the four 

combinations 2.0  , 2.0R  ; 2.0  , 

6.0R  ; 6.0  , 2.0R  ; and 6.0  , 

6.0R  are referred to as Data Sets I, II, III, and IV, 

respectively.  

The computational results are summarized in Tables 

VI-IX, for Data Sets I, II, III, and IV, respectively. The 

tables provide the information on the average 

percentage error deviation and computation time for 

each combination of n,   ,    and R. In each 

complete trial, we randomly drew n 

( 25,20,10,5n ) jobs. We set three levels of   

(0.25, 0.5, 0.75). The number of problems solved in 

each combination is 20. We use the percentage error 

deviation (PED) in tables to validate the performance 

of the heuristic. The PED is computed as follows: (i) 

Heuristic solution and optimal solution have the same 

m axT   value. (ii) [( heuristicbyvarC  

algorithm)B&BbyvarC   varC   by B&B 

algorithm] .100  It can be observed from the tables 

that problems with smaller   value produce smaller 

PED and spend less computation time. This is due to 

the fact that smaller    value provides looser due 

dates. This results in relatively smaller m axT  , and 

thereby the number of times that Steps 3-7 of the 

heuristic have to be executed tends to be smaller. 

Therefore, the variance of completion times of the 

heuristic is closer to the optimal value. We also find 

that problems with smaller   value provide smaller 

PED. Moreover, the PED increases slightly as the 

number of jobs increases. The average PED is 1.52 

with a maximum of 2.55. By comparing the heuristic 

with the B&B algorithm, it is clear that the heuristic 

spends much less computation time than the B&B 

algorithm. Therefore, the heuristic can be applied for 

large sized problems, while the B&B algorithm can 

only be used for small sized problems. 

 

 

 

TABLE VI  The computational results (Data Set I). 

 

n 

 

  

B&B algorithm Heuristic PED 

Comp. time (s) Comp. time (s) Min. Mean Max. 

05 0.25 0.06 0.04 0.00 0.11 1.22 

 0.5 0.07 0.04 0.00 0.15 1.68 

 0.75 0.07 0.05 0.00 0.16 2.20 

       
10 0.25 3.71 0.38 0.00 1.45 3.36 

 0.5 4.48 0.41 0.00 1.48 3.71 

 0.75 5.22 0.48 0.00 1.53 4.58 

       
20 0.25 50.74 1.42 0.00 1.61 3.81 

 0.5 58.86 1.85 0.00 1.80 4.01 

 0.75 64.52 2.57 0.00 1.92 7.76 

       
25 0.25 259.37 4.87 0.00 1.76 6.88 

 0.5 287.21 4.92 0.00 1.90 5.25 

 0.75 309.87 5.11 0.01 2.01 9.23 
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TABLE VII  The computational results (Data Set II). 

 

n 

 

  

B&B algorithm Heuristic PED 

Comp. time (s) Comp. time (s) Min. Mean Max. 

05 0.25 0.07 0.04 0.00 0.14 1.28 

 0.5 0.07 0.05 0.00 0.19 1.75 

 0.75 0.08 0.06 0.00 0.24 2.45 

       
10 0.25 3.74 0.44 0.00 1.49 4.14 

 0.5 4.58 0.47 0.00 1.50 3.74 

 0.75 5.45 0.52 0.00 1.59 4.38 

       
20 0.25 51.89 1.51 0.00 1.66 3.76 

 0.5 62.57 1.96 0.00 1.84 4.76 

 0.75 65.13 2.61 0.00 1.99 6.29 

       
25 0.25 269.65 4.91 0.00 1.79 5.86 

 0.5 289.27 5.19 0.00 1.93 4.55 

 0.75 320.74 5.76 0.01 2.07 6.71 

 

TABLE VIII  The computational results (Data Set III). 

 

n 

 

  

B&B algorithm Heuristic PED 

Comp. time (s) Comp. time (s) Min. Mean Max. 

05 0.25 0.06 0.05 0.00 0.34 1.36 

 0.5 0.08 0.06 0.00 0.47 1.88 

 0.75 0.08 0.07 0.00 0.51 2.65 

       
10 0.25 4.32 0.60 0.00 1.62 4.65 

 0.5 5.35 0.78 0.00 1.74 5.06 

 0.75 5.91 1.09 0.00 1.87 8.21 

       
20 0.25 59.33 2.02 0.00 2.26 5.16 

 0.5 67.14 2.33 0.00 2.31 6.28 

 0.75 71.96 3.11 0.00 2.38 6.48 

       
25 0.25 295.57 5.22 0.00 2.26 6.25 

 0.5 308.85 6.56 0.00 2.33 6.94 

 0.75 325.16 6.68 0.02 2.55 7.16 

 

TABLE IX  The computational results (Data Set IV). 

 

n 

 

  

B&B algorithm Heuristic PED 

Comp. time (s) Comp. time (s) Min. Mean Max. 

05 0.25 0.06 0.04 0.00 0.30 1.25 

 0.5 0.07 0.05 0.00 0.41 1.74 

 0.75 0.08 0.05 0.00 0.46 2.43 

       
10 0.25 4.25 0.51 0.00 1.58 5.65 

 0.5 5.22 0.71 0.00 1.80 5.50 

 0.75 5.85 0.92 0.00 1.85 7.06 

       
20 0.25 57.47 1.79 0.00 2.08 5.84 

 0.5 68.56 2.17 0.00 2.20 6.21 

 0.75 68.81 3.01 0.00 2.27 5.89 

       
25 0.25 288.53 4.58 0.00 2.25 6.56 

 0.5 305.74 5.46 0.00 2.29 6.74 

 0.75 314.61 6.54 0.01 2.45 7.40 
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8. Conclusion 

In real-life scheduling problems, we may find 

that several conflicting criteria need to be 

considered. In this paper, the two criteria involving 

the maximum tardiness and the variance of 

completion times are discussed. An efficient 

schedule approach has been proposed to provide a 

smaller number of efficient schedules. A decision 

maker may choose one of the efficient schedules 

according to his preference. It is clear that the 

heuristic spends much less computation time than 

B&B algorithm. Therefore, the heuristic can be used 

to solve large sized problems, while the B&B 

algorithm can only be used in small sized problems. 

The performance of the heuristic is evaluated by 

comparing its solution with the optimal solution 

obtained from the B&B algorithm. The 

computational results show that the average 

performance of the heuristic is satisfactory. Then the 

heuristic can be adopted in the studied company. 

However, the proposed heuristic is appropriate for 

those companies where the jobs need to be 

completed roughly the same time and the jobs need 

to be completed on time as possible. Currently, the 

author is conducting further research by considering 

preemption case.
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在一個製造系統中排序雙準則排程之啟發式演算法 
 

陳文進                                   

中國科技大學 企業管理系        
新竹縣湖口鄉中山路 3段 530號     

                              TEL：03-6991111 轉 1313                             

                                      E-mail: cwj@cute.edu.tw                      

               

 

摘要 

 

我們也許會發現有些工件大致上會在同時間完工。此外，顧客可能會要求他們的工

件要儘可能準時完工。在本文中，我們考慮一家紡纖廠遭遇到的實際問題，其工件就有

這些相同的特性。在我們的研究中，本文的目標是要尋找一個滿意的排程，它能最小化

最大延誤時間和完工差異時間，本文可視為單機排程的確定模式。為了要解此問題，一

個 V 型排程技巧的啟發式演算法被發展出來，一個含有數字的範例呈現出來說明此演

算法。我們也提供一個分枝界限演算法，來尋找最佳的排程。演算的結果顯示出這是很

精確且有效率的啟發式演算法。  

 

關鍵字：分枝界限法，排程，延誤，完工差異時間。 
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