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Abstract

We study price competition in a network setting where final products combine

intermediate products supplied by (possibly) different multiproduct firms. Con-

sumers’ choices of final products follow a general demand system nesting CES

and logit demands. Building on a generalized nested fixed-point argument, we

develop a partially aggregative games approach to prove equilibrium existence.

We then characterize equilibrium prices, profits, and consumer surplus, and pro-

vide equilibrium uniqueness conditions. Our comparative statics results illustrate

two implications. Unlike in markets with pure substitutes, firm entry can raise

incumbent profits and existing prices. Even under logit demand, a cost-reducing

merger between suppliers of complementary products can harm consumers, but

only in networks with two complementary firms, each also supplying a final prod-

uct the other does not.
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1 Introduction

Multiproduct firms in many industries may produce both competing substitutes and
complementary products for each other in the same market. For example, AMD pro-
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duces Central Processing Units (CPUs) that are substitutes for Intel’s CPUs and Graph-
ics Processing Units (GPUs) that are complementary to Intel’s CPUs. Similarly, con-
sider air travel between Beijing and Denver, two major cities without nonstop flight
service.1 Air China sells a codeshare itinerary bundling its own Beijing–San Fran-
cisco flight with United Airlines’ San Francisco–Denver flight.2 Meanwhile, United
Airlines offers a competing itinerary flying both legs itself by bundling its own Bei-
jing–San Francisco flight with its San Francisco–Denver flight. United Airlines is thus
Air China’s complementor and competitor in this city-pair market.

Beyond offering diverse product types, firms in these markets may want to charge
different prices for a single product, depending on consumers’ purchases of comple-
mentary products that affect their valuation of the bundle. One effective strategy is to
modify a product into multiple versions, creating distinct products that can be used
with different complements. Intel, for example, designed a base model but used soft-
ware to disable certain features, allowing it to sell the same core hardware at different
prices.3

When product modification is infeasible, firms may directly sell the same product
at different prices, and as a result, the number of prices a firm must determine can
exceed the number of physical products it produces. There are two popular arrange-
ments. First, a firm can set prices directly based on purchases of different complemen-
tary products. Traditional examples include restaurants subsidizing parking fees or
Las Vegas hotels offering room discounts contingent on active casino play. Modern
technology, however, enables more complicated cross-firm arrangements. For exam-
ple, Delta Air Lines (henceforth, Delta) offers flight discounts via frequent flyer miles
based on the consumption of complementary products, such as taking an Uber or rent-
ing a vehicle through Hertz. These miles function as a flexible currency that can cover
all or part of an airfare. By integrating reward apps across firms, Delta and Uber can
easily verify consumer purchases from both firms and implement mutually contin-
gent pricing.4 Many other airlines and rideshare companies, such as United Airlines,
Alaska Airlines, and Lyft, have also used this contingent pricing strategy, though with
different terms. Second, products can be sold in bundles at different prices. For exam-
ple, McDonald’s often offers a price discount on its food and drinks when consumers
buy both in a bundle (McCarthy (2025)). Moreover, bundling products produced by
different firms is also highly prevalent in real-world markets, as illustrated by the

1The current nonexistence of nonstop flights between Beijing and Denver is verified on the online
travel agency Expedia on August 18, 2026.

2A standard codeshare itinerary is an itinerary operated by more than one airline carrier but sold to
customers by one of those carriers (Ito and Lee (2007), Bilotkach (2019)). Air China and United Airlines
also offer similar flights with layovers in other cities (mostly Los Angeles) in this city-pair market, which
are omitted for simplicity.

3See Maruccia (2026) for more details about Intel’s software upgrade programs.
4Uber also provides specific discounts for Delta travelers (Delta Air Lines (2025)).
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codeshare itinerary combining Air China and United Airlines flights.
One key reason firms like McDonald’s offer bundle discounts is that their own

products do not suffer from the double marginalization problem and may be more
profitable to sell. More generally, a multiproduct firm has incentives to strategically
price its products to divert consumers toward more cost-efficient and profitable prod-
uct combinations (or final products). Therefore, markets with complements and sub-
stitutes raise several important questions. For example, it is unclear whether a hy-
pothetical merger between Air China and United Airlines would necessarily reduce
prices and improve consumer surplus in the Beijing–Denver market. On the one hand,
the merger eliminates double marginalization, making the Air China–United Airlines
combination even cheaper and more profitable to sell. On the other hand, the higher
profitability may incentivize the merged firm to raise flight prices for consumers who
fly both legs on United Airlines, thereby diverting them to the Air China–United Air-
lines combination. These opposing price effects imply that such a merger, often called
a merger of complements, has an ambiguous net effect on consumer surplus.5 Addi-
tionally, what are the effects of productivity shocks on prices and consumer surplus?
How does the entry of a new competitor, which provides substitutable final prod-
ucts, affect the profits of incumbent firms and the prices of existing products? Due to
several technical difficulties discussed below, the existing literature does not provide
thorough answers to these questions. In this paper, we develop a new method called
a partially aggregative games approach to solve the technical challenges and provide
new answers to these questions.

We introduce a market with a network of complements and substitutes, where each
final product is a combination of intermediate products supplied by (possibly) differ-
ent multiproduct firms, and each final product’s price is the sum of the prices of in-
termediate products used in this final product. Given all final products’ prices, we
use the demand system developed in Nocke and Schutz (2018) to model consumers’
choices of the differentiated final products in a network. This demand system nests
constant elasticity of substitution (CES) and multinomial logit (MNL) demands.

In a given market with complements and substitutes, we use this demand system
to analyze price competition between multiproduct firms, where firms simultaneously
choose prices of their intermediate products to maximize profits. We also allow firms
to effectively price discriminate contingent on the purchases of different complemen-
tary products. Under MNL demand, this flexibility is generally unused in equilibrium,
so our model also covers uniform pricing. In addition to the technical difficulties in
analyzing price competition between multiproduct firms providing pure substitutes,
such as the lack of quasi-concavity and (log-)supermodularity of the profit functions,

5According to the 2020 US Vertical Merger Guidelines, we define a merger of complements (or a
vertical merger) as a merger between firms that provide some complementary intermediate products.
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the associated pricing game is no longer a standard aggregative game.6 Therefore, the
aggregative games approach developed in Nocke and Schutz (2018), a key innovation
in analyzing price competition between multiproduct firms producing pure substi-
tutes, cannot be applied to this more general setting. Specifically, since firms may
provide both complements and substitutes to each other, there does not exist a com-
mon aggregator such that a firm’s profit is only affected by other firms’ prices through
the aggregator. However, a firm’s optimal price vector still has an important prop-
erty: the revised Lerner index multiplied by a measure of product elasticity is equal
to a firm-level markup (we call it the η-markup). We can then treat each firm’s profit
maximization problem as choosing the optimal η-markup.

Based on this property, we develop a generalized nested fixed-point argument to
show the existence of a pricing equilibrium. First, we use a simple method to effec-
tively partition products in a market into components and identify a system of equa-
tions that depends on the first-order conditions of firms in the same component to de-
termine the relationships between an aggregator and these firms’ optimal η-markups.
In our demand system, consumer surplus is a strictly increasing function of the ag-
gregator. Second, the equilibrium existence problem can be further simplified to a
uni-dimensional fixed-point problem, which determines the equilibrium aggregators.
Finally, we recover the prices of final products and firms’ profits in equilibrium from
the equilibrium aggregators. Since the aggregator for each firm in our model cannot
fully summarize the effects of other firms’ prices, we call this new method a partially
aggregative games approach. This approach also helps establish the uniqueness of a
pricing equilibrium in this more general setting under MNL demand and, for a set of
networks, under CES demand.

We explore the aggregator’s effects on firm profits and final product prices. This
analysis demonstrates how firm profits and final product prices will change as compe-
tition intensifies, particularly due to the entry of an independent competitor offering
new substitutes. Our categorization of firms’ complementary relationships, which can
be illustrated by different networks of complements and substitutes, also plays an
important role. When the network is asymmetric, where some firms with complemen-
tary products are not involved in the same final products, an increase in the aggregator
may raise some firms’ profits and the total prices of some final products. The reason is
that as competition intensifies, some firms reduce their prices and earn lower profits,
which helps other firms that provide complements to raise prices and increase profits.
Since we find that the entry of a new firm, which provides substitutes for incumbent
firms’ products, only raises the lowest and highest equilibrium aggregators, firm en-

6The aggregative games are defined as the games where the payoff of each player is a function of
the player’s own actions and a common aggregator that summarizes all players’ actions (Jensen (2018),
Anderson et al. (2020)).
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try can benefit incumbent firms and raise the prices of existing final products. We also
find that if firms enter with sufficiently competitive products, all prices of the existing
final products and all profits of the incumbent firms still go down.

Since, depending on the network type, a merger of complements may be consid-
ered a marginal-cost reduction for the merging parties’ products, analyzing the impact
of a reduction in marginal cost (or a quality improvement) provides direct implications
regarding the effects of a merger of complements on consumer surplus. Unlike mar-
kets with pure substitutes, a cost reduction in markets with both complements and
substitutes can reduce consumer surplus even with a demand like MNL. We identify
the specific asymmetric networks that may generate this new result. In these networks,
there exist two firms providing complementary products, each also contributing to a
final product that the other does not supply. Then, a cost reduction can stimulate mul-
tiple firms to raise prices, and these price increases can reinforce each other. Overall,
they can dominate the price decreases in final products with lower marginal costs and
reduce total consumer surplus. When the outside option is sufficiently weak, this cost
reduction may even lead to price increases in all final products, which is Edgeworth’s
paradox of taxation, with constant marginal costs, MNL demand, and both comple-
ments and substitutes. Hence, by the same intuition, a merger of complements can
reduce consumer surplus in this type of network. In all other network types, even
though a merger of complements can raise the prices of multiple final products, the
merger still improves consumer surplus under both CES and MNL demands.

The rest of the paper proceeds as follows. Section 2 discusses the related literature.
In Section 3, we define the network structure, the demand system, and the pricing
game. In Section 4, we conduct an equilibrium analysis and show the existence of
a pricing equilibrium under Marshall’s second law of demand and some new condi-
tions. We also discuss the characterization of the equilibria. In Section 5, we analyze
the properties of the partially aggregative games approach. In Section 6, we perform
comparative statics. In Section 7, we discuss the uniqueness of a pricing equilibrium
under MNL and CES demands. In Section 8, we conclude and discuss specific appli-
cations of our model to mergers of complements and the entry of a new competitor.
All proofs are relegated to the Appendix and Online Appendix.

2 Related Literature

Quint (2014a) develops a discrete choice model to analyze price competition between
single-product firms in a setting with complements and substitutes. The entry of a new
competitor or a merger of two firms is shown to have effects that are generally consis-
tent with the classical models, like Bertrand or Cournot, with either complements or
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substitutes. Quint (2014a) points out that the supermodular properties, which play a
crucial role in the analysis, are no longer satisfied after extending the model to mul-
tiproduct firms. Several other theoretical and technical challenges, including the lack
of quasi-concavity in a multiproduct firm’s profit function, make the analysis of the
existence and uniqueness of a pricing equilibrium with multiproduct firms even more
complicated (Hanson and Martin (1996)). Not surprisingly, most research in this field
has focused on single-product settings (Tan and Yuan (2003), Quint (2014b)).7 There-
fore, Quint (2014a) indicates that extending the discrete/continuous choice model to
multiproduct firms in this type of market with complements and substitutes is a “sig-
nificant challenge left for future work.” The recent empirical studies by Luco and
Marshall (2020) and Tan and Zhang (2022) provide more evidence that a merger of
complements (or a vertical merger) can affect prices differently in industries with mul-
tiproduct firms and highlight the need for a comprehensive theoretical analysis in this
more general setting to guide antitrust agencies. Additionally, unlike papers by Hart
and Tirole (1990), Ordover et al. (1990), and Chen (2001), which analyze firms’ com-
petition and vertical mergers involving non-price responses, our analysis concentrates
on firms’ competition in prices, which is more consistent with the studies by Salinger
(1991) and Quint (2014a).

When a single product of a firm is compatible with multiple products, a simplify-
ing assumption that the seller cannot price discriminate based on the purchases of the
complementary products is sometimes imposed (Economides and Salop (1992), Quint
(2014a), Quint (2014b)). However, as Economides and Salop (1992) point out, this
uniform-pricing assumption restricts the set of strategies a firm may choose and pre-
vents a firm from offering favorable conditions to customers who purchase multiple
products from this firm. Similarly, Armstrong (2013) shows that a firm has a unilateral
incentive to sell a product at a different price contingent on consumers’ purchase of
another firm’s product.8 Allowing a single-product firm to price discriminate essen-
tially transforms its pricing problem into a multiproduct one, which can set different
prices for consumers purchasing different final products.

In recent years, a series of papers have characterized the equilibria of price compe-

7Two exceptions are the studies by Economides and Salop (1992) and Reisinger et al. (2021). Econo-
mides and Salop (1992) study the same pricing game under some specific networks of complements
and substitutes and evaluate the impact of a merger on prices. Reisinger et al. (2021) focus on firms’
incentives in building different networks of complements and substitutes. Both papers rely on the
assumption of linear demand. Since we model consumers’ choices of final products following Quint
(2014a) and Nocke and Schutz (2018), our study does not nest linear demand.

8Armstrong (2013) develops a different model of commodity bundling and studies situations in
which independent firms may bundle their products. In this model, consumer utility involves shocks
at the component level, while our model focuses on situations where random utility shocks are only
at the final-product level, consistent with consumer demands in Anderson and Leruth (1993), Quint
(2014a), and Nocke and Schutz (2026). Our model may better fit situations where, for example, burger
and soda are the best combination and salad and water are the second-best, rather than burger and
water or salad and soda as the second-best.
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tition between multiproduct firms producing pure substitutes under (nested) MNL or
(nested) CES demands (Konovalov and Sándor (2010), Li and Huh (2011), Gallego and
Wang (2014), Garrido (2024)). These contributions are further generalized in papers
by Nocke and Schutz (2018, 2025), which build a demand system that nests both MNL
and CES demands.9 They apply the aggregative games approach, which generalizes
the study by Anderson et al. (2020) with single-product firms. In more recent work,
Nocke and Schutz (2026) develop a potential games approach that extends their de-
mand system to allow products to be substitutes or complements depending on prices,
including basket structures in which consumers jointly purchase products from sev-
eral firms. However, in this new framework, the products of any given pair of firms
are either all substitutes or all complements at any given prices. Our model instead
allows two firms to produce both complementary products and competing substitutes
for each other, as in the airline example with Air China and United Airlines. We ex-
tend the demand system in Nocke and Schutz (2018) to incorporate arbitrary numbers
of complementary products, with no restriction on firms’ ownership structures. We
generalize their aggregative games approach to solve the technical challenges, show
the existence of a pricing equilibrium, provide uniqueness conditions, and offer new
insights on the entry of a new competitor and mergers of complements.

Our analysis also contributes to the literature on Edgeworth’s paradox of taxation
(Edgeworth (1925), Hotelling (1932), Salinger (1991), Armstrong and Vickers (2023)).
We perform comparative statics of a reduction in one product’s marginal cost, which
may be caused by an exogenous tax reduction (or, similarly, a merger of complements).
The existing literature studies a multiproduct monopolist and asks when a tax reduc-
tion on one product raises all of its prices (i.e., Edgeworth’s paradox of taxation). With
constant marginal costs, the paradox cannot arise for such a monopolist under linear
or MNL demand, but it can always be generated by a suitably chosen nonlinear cost
function when products are substitutes (Armstrong and Vickers (2023)). In our frame-
work, the paradox arises with constant marginal costs and MNL demand because of
the strategic interaction between firms in networks with (at least) two complemen-
tary firms, each supplying an additional final product the other does not. Moreover,
our approach identifies the network structures under which such a cost reduction can
improve or reduce consumer surplus, even though individual prices may move in op-
posite directions in both cases, as often observed in existing empirical studies (Luco
and Marshall (2020), Tan and Zhang (2022)).

9There is a smaller literature on quantity competition between multiproduct firms (Johnson and
Myatt (2006), Armstrong and Vickers (2018)). Armstrong and Vickers (2018) briefly discuss the situa-
tion where consumers may need to combine multiple complementary products. However, they do not
consider cases in which multiple firms may determine the quantity or price of a combined product.
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Figure 1: A network with four firms.

3 The Model

3.1 Products and Ownership Structures

We consider an economy with complementary and substitute products. There is a
finite and nonempty set of firms F , where every fk ∈ F produces and sells interme-
diates that can be combined into different final products. The finite and nonempty set
N = {1, 2, ..., n} denotes the final products in this economy. For each final product
i ∈ N , the nonempty set Mi identifies the distinct firms involved in producing inter-
mediates for final product i. We treat Mi as part of the specification of final product i,
so that two final products with the same suppliers are distinct elements of N . Addi-
tionally, the set Gk ≡ {i ∈ N : fk ∈ Mi} for firm fk ∈ F identifies the final products
that include fk’s intermediate products. The pair (F ,N ) thus determines (Mi)i∈N and
(Gk) fk∈F , and we call it a network of complements and substitutes.

The ownership structure and the relationships among intermediate products can
be visualized as an airline network between an origin (vs) and a destination (vt).
As depicted in Figure 1, each directed path from vs to vt constitutes a final prod-
uct, formed by a combination of intermediate products supplied by (possibly) distinct
firms.10 These paths represent competing final products within the economy. Other
network features independent of (F ,N ) (e.g., the sequence of firms along a path) will
not affect our equilibrium analysis.

Finally, we introduce the key concept of a separable component, which will be
useful for our partially aggregative games approach discussed in Section 4.

Definition 1. A separable component of the economy, Sα ⊆ N , is a nonempty minimal set
of final products such that for any final product i /∈ Sα, there does not exist fk ∈ F , where
i ∈ Gk and Gk ∩ Sα ̸= ∅.11

10To simplify the presentation, we do not formalize this path representation involving vertices, links,
and firms’ ownership of the links. This can be developed in standard graph-theory language, and only
the sets (Mi)i∈N it induces matter for our analysis.

11Given a collection of sets, a minimal set is defined as a set that does not contain any other set from
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Figure 1 illustrates an economy with two separable components, where we order
the final products N = {1, 2, 3} from top to bottom.12 These separable components
are S1 = {1, 2} and S2 = {3}. The paths in any economy (F ,N ) can be uniquely
partitioned into a finite number of separable components, and we denote the set of
separable components by S, where |S| ≥ 1.13 Then, for any α ∈ {1, 2, 3, ..., |S|}, Sα ∈ S
is a separable component of the economy. Let Lα =

⋃
i∈Sα

Mi ⊆ F denote the firms
that provide intermediates for some or all final products in separable component Sα.
Then, (Lα, Sα) gives a more complete description of the separable component Sα.

An interpretation of the set of separable components is that firms from different
separable components are producing pure substitutes, and firms inside a separable
component may produce complements for some other firms in this separable com-
ponent. This concept of separable components is also connected to the international
airline industry. We can interpret each separable component as an airline alliance,
where carriers within the same alliance may provide complements to each other, and
flights across alliances are often substitutable.

Our network structure is a generalization of products in Quint (2014a) and Nocke
and Schutz (2018). When |Gk| = 1 for any fk ∈ F and |Mi| ≥ 1 for any i ∈ N ,
the network corresponds to the baseline model of Quint (2014a), where single-product
firms may produce complements or substitutes for other firms. In this case, each final
product is a separable component. When |Gk| ≥ 1 for any fk ∈ F and |Mi| = 1 for any
i ∈ N , the network illustrates the market structure in Nocke and Schutz (2018), where
multiproduct firms can only produce substitutes for each other. In this case, each
Gk ⊆ N for any fk ∈ F is a separable component. We generalize the settings in these
two papers by allowing each firm to produce intermediate products for multiple final
products and every final product to be composed of multiple intermediate products.

3.2 Consumer Demand

Consider an economy with complements and substitutes given by a network (F ,N ).
Each consumer in this economy first decides which final product to buy and then
the quantity to purchase. It can be interpreted as choosing the optimal path and the
frequency of trips for consumers to go from the source node vs to the destination node

the collection as a strict subset.
12Unless otherwise noted, paths in N in the remaining figures are also ordered from top to bottom.
13We can partition final products of an economy into separable components by a simple algorithm:

Pick an arbitrary final product i to form a set S1; add every final product j ∈ N \ {i} which shares
at least one firm with final product i (i.e., Mi ∩ Mj ̸= ∅); expand S1 by adding more final products
that share at least one firm with a final product in S1; repeat until no new final product can be added;
pick a final product outside S1 and repeat previous steps to get S2; finally, stop if the set of separable
components S = {S1, S2, ..., Sq} has the property that

⋃q
α=1 Sα = N .
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vt. We also assume that consumers have an outside option, denoted 0.14 Let Pi denote
the price of final product i ∈ N and suppose that P = (Pi)i∈N ∈ R|N |

++ is a given price
vector of final products in N . Each final product i ∈ N delivers an indirect utility
of log hi(Pi) + ϵi, where hi(Pi) is a C3 and positive-valued function and ϵi represents
the taste shock of final product i for each consumer. The outside option 0 offers an
indirect utility of log H0 + ϵ0, where H0 is a constant greater than zero and ϵ0 is each
consumer’s taste shock of the outside option.15 Conditional on having chosen final
product i ∈ N , each consumer consumes −(log hi(Pi))

′ units of final product i, as
given by Roy’s identity. We assume that each consumer’s taste shocks (ϵi)i∈N∪{0}
are drawn i.i.d. from a type-I extreme value distribution, and we can determine the
probability of choosing final product i to be

Probi(P) =
hi(Pi)

H(P)
,

where H(P) ≡ ∑j∈N hj(Pj) + H0.16 Then, the average demand per consumer for final
product i ∈ N is given by

Di(P) =
hi(Pi)

H(P)
−h′i(Pi)

hi(Pi)
=

−h′i(Pi)

H(P)
= D̂i(Pi, H(P)). (1)

We assume that for any i ∈ N , hi(Pi) has the properties that h′i < 0 and hi is log-
convex.17 Note also that consumer surplus is given by log H(P). This demand system,
which builds on early research on discrete/continuous choice models (e.g., Hanemann
(1984), Anderson et al. (1992)), is formally introduced in the paper by Nocke and
Schutz (2018), where they also show that this demand system can be derived from
quasi-linear utility maximization. CES demand (with hi(Pi) = aiP1−σ

i , where ai > 0
and σ > 1) and MNL demand (with hi(Pi) = exp ( ai−Pi

λ ), where ai ∈ R and λ > 0) are
special cases of the demand system.

3.3 Pricing Game

Firms determine the prices of their intermediate products in this economy (F ,N ).
Let sk

i denote the total price of the intermediate products offered by firm fk for final

14To simplify the presentation, the outside option has been omitted from all figures in this paper.
15Unlike Nocke and Schutz (2018), we do not consider the scenario where H0 = 0. We need to study

networks that allow a single firm to supply intermediates for all final products in N . In this scenario,
a finite pricing equilibrium does not exist with H0 = 0. Allowing for infinite prices will also lead to an
inconsistent interpretation of infinite prices.

16The probability of choosing the outside option is given by Prob0(P) = H0

H(P) . However, the demand
for the outside option is undefined.

17As shown in Nocke and Schutz (2018), these assumptions can ensure that the demand system and
the indirect subutility functions are valid.
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Figure 2: A network with a common intermediate product.

product i.18 The profile of prices (sk
i ) fk∈Mi ∈ R|Mi|

++ contains the intermediate product
prices charged by firms Mi ⊆ F for final product i ∈ N . We assume that the price for
any final product i ∈ N is determined by the following equation:

Pi ≡ ∑
fk∈Mi

sk
i . (2)

This means that the price of any final product in this network is the sum of the prices
of its intermediate products.

We now define the profit of each firm in the economy (F ,N ) under the demand
system, ((hi)i∈N , H0). The marginal cost of firm fk ∈ F in producing intermediate
products for final product i ∈ Gk is given by ck

i ∈ R++, where, as defined before, Gk ⊆
N is the set of final products that use firm fk’s intermediate products. We define sk =

(sk
i )i∈Gk as a profile of intermediate product prices charged by firm fk for final products

Gk. As discussed before, we can partition any economy into a finite set of separable
components S. Suppose that firm fk provides intermediates for some final products in
Sα ∈ S. We use fk′ to denote other firms providing complements for firm fk in Sα (i.e.,
Gl ∩ Gk ̸= ∅ for every fl ∈ fk′ and fk /∈ fk′), and sk′ = (sl

i) fl∈ fk′ ,i∈(Gl∩Gk) is a vector
of prices of intermediates produced by fk′ that are complementary to intermediates
provided by fk. Moreover, s = (sk

i ) fk∈F ,i∈Gk is a vector of intermediate product prices
charged by all firms in F , and Q = ∑i∈N |Mi| is the total number of intermediate
product prices. Then, we can use equation (2) to replace final product prices and
define the profit of firm fk ∈ F as follows:

Πk(sk, sk′ , H(s)) = ∑
j∈Gk

(sk
j − ck

j )D̂j(sk
j + ∑

fl∈(Mj\{ fk})
sl

j, H(s)), s ∈ (0, ∞)Q. (3)

We assume that each firm can sell a common intermediate product (i.e., the same
intermediate used in more than one final product) at different prices. In the context of
Figure 2, this implies that the price of an air ticket between San Francisco and Denver
is contingent upon the consumer’s selection of an airline carrier for traveling between
Beijing and San Francisco, as in the contingent-pricing assumption of Hendricks et al.
(1997). When the two itineraries have different customer valuations or costs, this as-

18Because we consider a simultaneous pricing game, as specified in this section, we can assume,
without loss of generality, that each firm chooses only one price for its intermediates in a final product.
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Figure 3: A network with complementary common intermediate products.

sumption allows United Airlines to easily adjust prices to maximize profit.19 This
practice also appears in the joint reward programs offered by Delta and Uber, as we
discussed earlier, and reflects broader patterns in other industries. We also note that
the potential feasibility issue with price discrimination for a common intermediate
product, illustrated in Armstrong (2013), is much weaker in our framework. In the
mixed bundling literature, if a firm charges a premium for the bundle, consumers
could buy the standalone products separately and assemble them, raising the ques-
tion of whether a firm can charge a premium for a bundle. However, as shown in
the network illustrated in Figure 3, any individual product in the ( f1, f1) bundle must
be combined with some other intermediate product, and in real-world markets, con-
sumers normally cannot buy bundles ( f1, f3) and ( f2, f1), throw away the unneeded
components, and assemble the ( f1, f1) bundle. For example, a consumer buying a
codeshare itinerary with multiple flights cannot just choose one flight, because airlines
cancel the remaining flights if an earlier portion of the itinerary is missed. Similarly,
Delta’s discount on Uber requires consumers to complete the Uber ride, preventing
them from using this discount with some other ground transportation. Wireless car-
riers like AT&T often bundle their mobile network services with new phones, and
consumers who receive the bundle discount cannot use those phones on other carri-
ers’ networks. Therefore, contingent pricing for a common intermediate product can
be implemented much more easily in the markets we study. In Section 4, we highlight
a feature of our model with MNL demand that extends our analysis to markets subject
to the uniform-pricing restriction on a common intermediate product.

Another key assumption we make is that firms cannot set infinite prices. Allowing
infinite prices means that a firm can withdraw its intermediate products to eliminate
the corresponding final products. However, we want to focus on firms’ pricing strate-
gies and treat the products as exogenous. A more complete analysis could be done in a
two-stage game in which firms first decide on which products to supply and then com-
pete in prices. This paper’s equilibrium analysis corresponds to the second stage of
such a game. Moreover, allowing infinite prices may lead to the trivial “no-trade”-type
equilibria, where one final product may have multiple infinite intermediate product

19We assume United Airlines charges one price to consumers who choose United Airlines for both
legs. Potentially, the price of the San Francisco–Denver ticket in the codeshare itinerary can be higher
than the price United Airlines effectively charges for that segment when a consumer buys both legs
from United Airlines. Then, the uniform pricing of a common intermediate product may unreasonably
restrict firms’ pricing decisions, as discussed in Economides and Salop (1992).
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prices set by several firms (Quint (2014a)). Therefore, we focus on finite prices, which
will also help us generalize the standard aggregative games approach in Section 4.

We study a pricing game in which firms simultaneously set prices for their interme-
diate products in a given economy with a network (F ,N ) to maximize their respective
profits. Firm profits are given by equation (3). A pure-strategy Nash equilibrium of
this pricing game is defined as a pricing equilibrium.

Note that the simultaneous-pricing assumption in a market with complements and
substitutes is widely used in modeling consumer purchases of complementary prod-
ucts (see Economides and Salop (1992) and Linnemer (2022) for analyses based on
Cournot’s classical model), mixed bundling (see Armstrong (2013) and Zhou (2021)),
and airline pricing without antitrust immunity (see Hendricks et al. (1997), Brueckner
(2001), Anderson et al. (2010)). Moreover, our framework can be viewed as a reason-
able model of general vertical chains or retail competition. Following the change of
variables illustrated by Tirole (1988), Quint (2014a), and Linnemer (2022), a retailer’s
decision regarding a final product’s price can be equivalently reinterpreted as choos-
ing the price of the retailer’s inputs comprising that final product, where the final
product price remains the sum of all input prices. Then, the primary difference be-
tween our model and retail competition lies in the assumption of simultaneous versus
sequential pricing. In many real-world situations, simultaneous pricing is sufficient to
capture firms’ main strategic choices, and our simultaneous pricing game is used in
many standard vertical contexts (e.g., Quint (2014a), Choi et al. (2017), and Reisinger
et al. (2021)). When the downstream sector that assembles and sells the final products
is perfectly competitive, as for the product aggregators in Armstrong (2013) and the
manufacturers in Shapiro (2000) and Quint (2014b), the price of each final product is
the sum of its intermediate product prices, which exactly corresponds to our model.

4 Equilibrium Analysis: A Partially Aggregative Games

Approach

As discussed in Quint (2014a) and Nocke and Schutz (2018), the pricing game here
with multiproduct firms presents similar difficulties in proving the existence of a pric-
ing equilibrium.20 More importantly, since multiproduct firms may produce both
complements and substitutes in this more general setting, the standard aggregative
games approach, reviewed in Jensen (2018), cannot be directly applied.

20First, Πk in equation (3) is not necessarily quasiconcave in (sk
j )j∈Gk (Hanson and Martin (1996)). Sec-

ond, if fk is a multiproduct firm (i.e., |Gk| > 1), then Πk is neither supermodular nor log-supermodular
in (sk

j )j∈Gk . In the case without complementary products, Gallego and Wang (2014) show that the pric-
ing game is supermodular in markups. However, such a property no longer holds since the markups
for complementary products may be strategic substitutes.
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To solve these problems, we first define a new markup closely related to a firm’s
optimal price vector. Based on firms’ markups, we can easily define the aggregate
markup for each final product in the network. Second, we show that using (possi-
bly) multiple equations for firms within the same separable component, each firm’s
markup and each final product’s aggregate markup are functions of the aggregator,
H(P). Third, even though the aggregator for each firm summarizes only part of the
effects of other firms’ prices, we can still develop a similar nested fixed-point argu-
ment, which is the foundation of the standard aggregative games approach, to show
the existence of a pricing equilibrium. We call this new method a partially aggregative
games approach.21 In the following, we provide a brief and informal discussion of our
new approach, and interested readers can refer to the Appendix for details.

For firm fk ∈ F , it chooses sk to maximize its profit, which is given by equation (3).
To simplify the exposition, we suppose for the moment that the first-order conditions
are both necessary and sufficient for the optimality of each firm’s profit maximization
problem. The first-order conditions hold at price vector s if and only if, for every
fk ∈ F and i ∈ Gk,

∂Πk

∂sk
i
= D̂i + (sk

i − ck
i )

∂D̂i

∂Pi
+

∂H
∂sk

i
( ∑

j∈Gk

(sk
j − ck

j )
∂D̂j

∂H
),

= D̂i(1 −
sk

i − ck
i

Pi
|∂ log D̂i

∂ log Pi
|+

∂H
∂sk

i

D̂i
( ∑

j∈Gk

(sk
j − ck

j )
∂D̂j

∂H
)) = 0.

The first-order condition can be rewritten as

sk
i − ck

i
Pi

|∂ log D̂i

∂ log Pi
| = 1 + ∑

j∈Gk

(sk
j − ck

j )
∂D̂j

∂H

∂H
∂sk

i

D̂i
.

Let ηi(Pi) = Pi
h
′′
i (Pi)

−h′i(Pi)
= | ∂ log D̂i

∂ log Pi
|. The equation above is equivalent to

sk
i − ck

i
Pi

ηi(Pi) = 1 + Πk(sk, sk′ , H(s)). (4)

The price vector s is a pricing equilibrium if and only if s satisfies equation (4) for
every fk ∈ F and i ∈ Gk. Equation (4) has the property that the right-hand side is
the same for every i ∈ Gk. Unlike in Nocke and Schutz (2018), the total price Pi on
the left-hand side of equation (4) depends on prices charged by other firms producing
complements for fk in final product i. In any pricing equilibrium, for any fk ∈ F and

21The fully aggregative games are defined as the games where the payoff and the marginal payoff of a
player are functions of the player’s own actions and a common aggregator that summarizes all players’
actions (Cornes and Hartley (2012)).
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for any i, j ∈ Gk, we must have

sk
i − ck

i
Pi

ηi(Pi) =
sk

j − ck
j

Pj
ηj(Pj).

We define firm fk’s η-markup as µk, where µk =
sk

i −ck
i

Pi
ηi(Pi) > 1 for every i ∈ Gk, since

equilibrium profits are strictly positive, and we say that firm fk’s optimal profile of
prices, sk, satisfies the common η-markup property. Equation (4) also implies that firm
fk’s equilibrium profit equals its equilibrium η-markup minus one.

The appearance of other firms’ prices in a firm’s η-markup resembles the adjust-
ment of the inverse elasticity rule for markets with complementary products, as shown
in Hendricks et al. (1997). Therefore, we can interpret the common η-markup property
as in models without complementary products (Nocke and Schutz (2018)). Under mo-
nopolistic competition, where firm fk ∈ F does not internalize the impact of its prices
on the aggregator H, the demand for final product i ∈ Gk is D̂i(Pi, H) for an H > 0,
and the price elasticity of demand for i is | ∂ log D̂i

∂ log Pi
| = ηi(Pi). Then, firm fk’s optimal

price for its intermediates in final product i satisfies the inverse elasticity rule with

complements: sk
i −ck

i
Pi

= 1
ηi(Pi)

. In our model, firm fk internalizes its impact on the aggre-

gator H and chooses a higher sk
i when prices (sl

i) fl∈Mi\{ fk} are the same, according to

the equation sk
i −ck

i
Pi

= µk

ηi(Pi)
with µk > 1.

Another implication of the common η-markup property is that under MNL de-

mand, µk =
sk

i −ck
i

Pi
ηi(Pi) =

sk
i −ck

i
λ for every i ∈ Gk and fk ∈ F . If firm fk only provides

a common intermediate product for final products i and j, then ck
i = ck

j , which implies
that sk

i = sk
j by the common η-markup property. Therefore, under MNL demand, the

producer of a common intermediate product does not have an incentive to price dis-
criminate based on complementary products. This explains why the uniform-pricing
assumption for a common intermediate product in Quint (2014a) and Quint (2014b)
with single-product firms and MNL demand is actually nonbinding. The only subtle
issue in our framework lies in the assumption that a firm charges only one total price
for its intermediate products in a final product. Consider a specific case where a firm
produces two complementary common intermediate products, as illustrated in Figure
3. Firm f1’s products can all be used in more than one final product but not in all of
them, and f1 chooses the same absolute markup whether it sells both products or only
one under MNL demand. As a result, firm f1 must offer a price discount when a con-
sumer buys both of its products. This popular and easy-to-implement pricing strategy
is the minimal departure from strict uniform pricing of a common intermediate prod-
uct in our model. In other words, by allowing a firm to set one unconstrained total
price for its intermediate products in a final product, our model with MNL demand
extends the analysis of Quint (2014b) to multiproduct firms.
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Next, we provide more details about why the standard aggregative games ap-
proach cannot be applied and how we solve the technical challenges. For any final
product i ∈ N ,

∑
fl∈Mi

µl = ∑
fl∈Mi

sl
i − cl

i
Pi

ηi(Pi) =
Pi − Ci

Pi
ηi(Pi) ≡ Ψi, (5)

where Ci ≡ ∑ fl∈Mi
cl

i is the sum of all firms’ marginal costs in providing final product
i ∈ N . We call Ψi the aggregate markup for final product i. Suppose for the moment
that the function Pi 7→ Pi−Ci

Pi
ηi(Pi) is one-to-one for any i ∈ N . We denote its inverse

function by ti(·), which is called the pricing function for final product i. Let γi(Pi) =
h
′2
i (Pi)

h′′i (Pi)
for any final product i ∈ N . We can use η-markups and aggregate markups to

simplify firms’ profit maximization problems by rewriting equation (4) for any fk ∈ F
to be

µk =1 + µk ∑j∈Gk γj(tj(Ψj))

H
, where

H = ∑
j∈N

hj(tj(Ψj)) + H0.
(6)

Equation (6) shows that the standard aggregative games approach may not be directly
applied to this more general setting. The right-hand side of equation (6), which is firm
fk’s profit plus one, depends on both the aggregator H and the η-markups of firms
providing complements for firm fk in its separable component Sα (i.e., Gk ⊆ Sα). As
shown in Figure 1, two firms providing complementary intermediate products may
also be involved in different final products. Then, if Gk ∩ Gl ̸= ∅ and Gk ̸= Gl for
fk, fl ∈ F , we may have ∑j∈Gk γj(tj(Ψj)) ̸= ∑j∈Gl γj(tj(Ψj)). This implies that for
some firms’ profits, there does not exist a common term that summarizes the impact
of all firms’ prices or η-markups. More importantly, unlike Nocke and Schutz (2018)
or Anderson et al. (2020), the standard fitting-in function for a firm (i.e., a function
from a common term to this firm’s best response), pinned down by this firm’s profit
maximization problem, cannot be identified.22

Instead, we pick a system of equations (6) for firms from the same separable com-
ponent Sα, where the corresponding set of firms is Lα. With a given aggregator H ≥
H0, this system of equations has a unique solution in (µk) fk∈Lα

according to the gen-
eralized Poincaré-Hopf index theorem in Simsek et al. (2007). We denote this solution
by (gk(H)) fk∈Lα

, and we call gk(H) firm fk’s fitting-in function.
By equation (5), we now know that the aggregate markup for final product i ∈ Sα

can also be considered a function of the aggregator H, which we denote mi(H). This

22The pricing game is also not quasi-aggregative in general (Jensen (2010), Jensen (2018)). Quasi-
aggregation requires each firm’s profit to depend on rivals’ prices through a single real-valued function,
and no such function generally exists when multiproduct firms produce complements and substitutes.
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function is called final product i’s fitting-in function. Similarly, gl(H) for any firm
fl /∈ Lα or mj(H) for any final product j /∈ Sα can be determined by equations (6) for the
corresponding separable component. Therefore, the equilibrium existence problem
becomes finding an aggregator H such that

H = H0 + ∑
j∈N

hj(tj(mj(H))) ≡ Γ(H), (7)

where Γ(H) is the aggregate fitting-in function. Since the common aggregator H for
each firm only summarizes the impact of part of the other firms’ prices or η-markups,
as shown in equation (6), our new method is only partially aggregative.

4.1 An Illustrative Example with MNL Demand

To better understand our new method, we study the pricing game in the network with
two separable components shown in Figure 1. We also focus on an MNL demand
specification with hi(Pi) = exp ( ai−Pi

λ ) for every i ∈ N . As firm f1 offers intermediate
products for final products 1 and 2, f1’s profit is given by

Π1(s1, s1′ , H(s)) = (s1
1 − c1

1)D̂1(s1
1 + s2

1, H(s)) + (s1
2 − c1

2)D̂2(s1
2 + s3

2, H(s)).

Then, the first-order conditions for firm f1’s profit maximization problem show that

0 =
∂Π1

∂s1
i
= D̂i(1 −

s1
i − c1

i
λ

+ Π1), ∀i ∈ {1, 2}.

The equation above allows us to reproduce equation (4), and we can see that firm f1’s

η-markup satisfies the common η-markup property: s1
1−c1

1
λ =

s1
2−c1

2
λ = µ1 = 1 + Π1.

We repeat the analysis above and rewrite equation (6) for all firms. The equilibrium
η-markups are determined by the following equations:

τ1(µ1, µ2, µ3, H) = 1 − 1
µ1 − h1(t1(µ

1 + µ2)) + h2(t2(µ
1 + µ3))

H
= 0, (8a)

τ2(µ1, µ2, H) = 1 − 1
µ2 − h1(t1(µ

1 + µ2))

H
= 0, (8b)

τ3(µ1, µ3, H) = 1 − 1
µ3 − h2(t2(µ

1 + µ3))

H
= 0, (8c)

τ4(µ4, H) = 1 − 1
µ4 − h3(t3(µ

4))

H
= 0, (8d)

H = h1(t1(µ
1 + µ2)) + h2(t2(µ

1 + µ3)) + h3(t3(µ
4)) + H0. (8e)

In this case with MNL demand, ti(Ψi) = λΨi + Ci = λ(∑ fl∈Mi
µl) + Ci = Pi and µk =
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sk
i −ck

i
λ for every i ∈ Gk and fk ∈ F . As function τk is strictly increasing in µk on (1, ∞)

for any fk ∈ F , equations (8a-8d) determine each firm’s optimal η-markup when the
value of H and the η-markups of other firms providing complementary products are
given. Inspecting equations (8a) and (8b), we see why the standard aggregative games
approach does not work: No common aggregator can fully summarize the effects of
all firms’ η-markups on the solution in µ1 and µ2. For example, µ3 affects the solution
in µ1 by changing the output of function h2 and the aggregator H, while µ3 only affects
the solution in µ2 through the aggregator H. Hence, a firm’s own first-order conditions
alone cannot determine the standard fitting-in function.

To solve this problem, we use the smallest system of equations to identify the
fitting-in function for every firm in F . For any given value of H ≥ H0, equations (8a-
8c) for firms in L1 should all be used to determine a unique solution in (µk) fk∈L1 by ap-
plying the Poincaré-Hopf index theorem, and this solution is denoted by (gk(H)) fk∈L1 .
Similarly, we can obtain g4(H) from equation (8d) for firm f4 in L2. Firms’ fitting-in
functions also determine final products’ fitting-in functions (mi(H))i∈N , where mi(H) =

∑ fl∈Mi
gl(H) for every i ∈ N . All we need to do now is use equation (8e) to find an H

such that

H = h1(t1(m1(H))) + h2(t2(m2(H))) + h3(t3(m3(H))) + H0,

which is a more tractable uni-dimensional fixed-point problem.
We note that this new method combines the standard aggregative games approach

and the traditional method for analyzing the equilibrium existence problem. When the
standard aggregative games approach is not applicable, it seems possible to directly
evaluate the solution in (µk) fk∈F of equations (8a-8e) for all firms in F as in the study
by Konovalov and Sándor (2010). However, this approach is difficult to apply in a
general network, and the fact that firms’ η-markups can be either strategic substitutes
or strategic complements further complicates the problem and leads to limited appli-
cations. By using the common aggregator H, firms’ η-markups and final products’
aggregate markups within a separable component are easier to analyze. We can then
simplify the equilibrium existence problem, similar to a standard aggregative game
(Jensen (2018), Nocke and Schutz (2018)). As we will see later on, the partially ag-
gregative games approach is also helpful in providing comparative statics, obtaining
equilibrium uniqueness, and addressing important policy questions.

4.2 Equilibrium Existence and Characterization

To complete the proof of the existence of a pricing equilibrium, we need the following
key assumptions:
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Assumption 1. For every i ∈ N , η′
i(Pi) ≥ 0 whenever ηi(Pi) > 1.

Assumption 2a. For every i ∈ N , limPi→∞ ηi(Pi) > |Mi|, and H0 > H0 ≥ 0.23

Assumption 2b. For every i ∈ N , limPi→∞ ηi(Pi) = ∞.

Theorem 1. Given any network (F ,N ), suppose that the demand system ((hi)i∈N , H0) sat-
isfies Assumption 1. There exists a pricing equilibrium if either Assumption 2a or Assumption
2b holds.

Assumption 1, which is sometimes called Marshall’s second law of demand, states
that the price elasticity of the monopolistic competition demand for each final product
i ∈ N should be nondecreasing in its own price (Nocke and Schutz (2018)). A similar
assumption that each final product’s own-price elasticity of demand is nondecreasing
in its own price is often used in oligopoly models (Hendricks et al. (1997), Vives (1999),
Quint (2014a)). Since prices are finite, Assumption 2a is added to ensure the existence
of a pricing equilibrium. Conditions similar to Assumption 2a have also been used in

the literature for the same reason.24 Summing the inverse elasticity rules sk
i −ck

i
Pi

= µk

ηi(Pi)

of the firms supplying final product i yields Pi−Ci
Pi

= Ψi
ηi(Pi)

, so the aggregate markup
must stay below ηi(Pi) for a finite Pi. Since Ψi ≥ |Mi|, the limit of ηi(Pi) as Pi → ∞
(i.e., an upper bound of ηi(Pi) under Assumption 1) should be higher than the num-
ber of firms supplying final product i. In markets without complements, |Mi| = 1 for
every i ∈ N and this condition is automatically satisfied (Nocke and Schutz (2018)).
Moreover, the value of H0 should be higher than a lower bound H0 determined by
the network (F ,N ), the total marginal costs (Ci)i∈N , and the functions (hi)i∈N . The
reason is that a multiproduct firm chooses a common η-markup, while this firm’s fi-
nal products may differ in the total number of suppliers and in the upper bound on
ηi(Pi): The η-markup that is optimal for the firm as a whole may push some aggre-
gate markups of its final products to their limits, leading to infinite prices. Sufficient
competition from the outside option lowers all η-markups and rules this out.25 We

23The lower bound H0 is formally defined in the proof of Theorem 1 in the Appendix. We illustrate
the key steps to identify a lower bound here. Inspecting equation (6) with γ′

i < 0 and t′i > 0 for any
Ψi < limPi→∞ ηi(Pi) and i ∈ N under Assumption 1, we see that, by setting µl = 1 for every fl with
Gl ∩ Gk ̸= ∅ and fl ̸= fk, the corresponding µk that solves equation (6), which is strictly decreasing in
H ∈ (0, ∞), is an upper bound of µk with a given H > 0. Then, we can pick the value of H, under which
the corresponding maximum aggregate markup of any final product i ∈ N is less than limPi→∞ ηi(Pi),
as the lower bound H0. Therefore, if H0 > H0, each firm’s optimal choice of η-markup under a given
H ≥ H0 and the pricing equilibrium must correspond to finite prices.

24In the pricing of pure complementary products with an iso-elastic demand, a similar assumption on
the own-price elasticity of demand needs to be imposed to ensure the existence of a pricing equilibrium
(e.g., Hendricks et al. (1997)).

25Our key step in identifying firms’ fitting-in functions based on the Poincaré-Hopf index theorem
requires the right-hand side of equation (6) to be continuously differentiable at every solution, which
may not hold at points with infinite prices.
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identify the bound H0 that is sufficient for any network and functions (hi)i∈N , and
other possible H0 can be used when the network is specified.26

Assumption 2b, which can be considered a special case of Assumption 2a with
H0 = 0, ensures the existence of a pricing equilibrium with any positive value of H0. In
other words, there exists a pricing equilibrium for any (F ,N ) and total marginal costs
(Ci)i∈N if, instead, Assumption 2b holds. Intuitively, an unbounded elasticity measure
(i.e., ηi(Pi)) ensures that Pi−Ci

Pi
= Ψi

ηi(Pi)
always has a finite solution in Pi for any Ψi > 1.

MNL demand satisfies Assumptions 1 and 2b, which means that this frequently used
demand continues to have a pricing equilibrium in this more general setting. Unlike
MNL, CES demand satisfies Assumption 1 but not Assumption 2b. If there are changes
in the composition and ownership structure of the products (F ,N ), the marginal costs
(Ci)i∈N , the functions (hi)i∈N , or some combination thereof, the value of H0 or the
limit of ηi(Pi) for i ∈ N may need to be adjusted to satisfy Assumption 2a and ensure
the existence of a pricing equilibrium.

Finally, we show that the equilibria of the pricing game can be effectively charac-
terized by the partially aggregative games approach.

Proposition 1. Under Assumptions 1 and 2a, the set of equilibrium aggregators is the set of
fixed points of the aggregate fitting-in function Γ, given in equation (7). Suppose that H∗ is
an equilibrium aggregator. Then, in the equilibrium with H∗,

(a) the price of final product i ∈ N is ti(mi(H∗)),
(b) the profit of firm fk ∈ F is gk(H∗)− 1, and
(c) consumer surplus is given by log(H∗).

According to equations (5) and (6), in equilibrium, prices of all final products, prof-
its of all firms, and consumer surplus only rely on the total costs of final products,
(Ci)i∈N , not on the individual costs of intermediate products, (ck

i ) fk∈F ,i∈Gk . The equi-
librium price of an intermediate product, which depends on the cost of this interme-
diate product, can be determined by plugging the firm’s equilibrium profit and the
final product’s equilibrium price into equation (4). The pricing function ti maintains
the same property as in Nocke and Schutz (2018): Under Assumption 1, ti is differen-
tiable and strictly increasing on (1, µ̄i) for any i ∈ N , where µ̄i = limPi→∞ ηi(Pi). This
means that the price of a final product increases when its aggregate markup increases.
However, the properties of the fitting-in functions (mi)i∈N and (gk) fk∈F depend on
the given network (F ,N ), and we will study them in Section 5. In the following sec-
tions (except Example 2 in Section 7), Assumptions 1 and 2a are imposed on any given
network so that the fitting-in functions are well-defined.

26Under CES demand, H0 < max fk∈F
σ−1

σ−maxi∈Gk |Mi | ∑j∈Gk hj(tj(|Mj|)), where tj(|Mj|) is the price of

final product j under monopolistic competition with µk = 1 for any fk ∈ F and hence Ψi = |Mi| for
any i ∈ N . Therefore, Assumption 2a does not require a large outside option. H0 is less than a multiple
of ∑j∈Gk hj(tj(|Mj|)) for a single firm fk, rather than of all final products in the network.
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5 Profits, Prices, and Competition Level

The value of the aggregator H provides a measure of the overall competition level
in a market. A higher H corresponds to a higher level of competition with a higher
consumer surplus. The value of the aggregator H also has a direct relationship with
the entry of a new competitor, as discussed later in Section 6.1. According to Theorem
1 and Proposition 1, the fitting-in function gk for firm fk ∈ F indicates how firm fk

will choose its η-markup, which also determines fk’s profit, in response to the com-
petition level, and the fitting-in function mi for final product i ∈ N tells us how final
product i’s total price responds to the competition level. In this section, we investi-
gate how these fitting-in functions depend on the given network of complements and
substitutes, which will also be essential for interpreting the applications in Section 6.

5.1 Network Topology

We classify economies with complements and substitutes based on the relationships
between firms with complementary intermediates. There are two major types of net-
works:

(S) Symmetric network: For any two firms, fk and fl, if Gk ∩ Gl ̸= ∅, then Gk =

Gl.27

(A) Asymmetric network: There exist two firms, fk and fl, such that Gk ∩ Gl ̸= ∅
and Gk ̸= Gl.

For any two firms fk and fl, if Gk ∩ Gl ̸= ∅, then these two firms provide comple-
mentary products for final products in Gk ∩ Gl. Under an (S) network, any two firms
producing complements are “loyal” to each other in the sense that neither of the two
firms works with other firms (or by itself) to introduce an additional substitutable final
product. The network of complements and substitutes in the baseline model of Quint
(2014a) is a special case of (S) networks. However, as in the market structures stud-
ied by Salinger (1991) and Luco and Marshall (2020), firms often produce intermediate
products for different firms in real-world markets, and we introduce asymmetric net-
works to capture more general relationships between firms’ products. Under an (A)

network, there must exist at least two firms with complements, such that the firms’
intermediates are for two different groups of final products. Moreover, we distinguish
two types of (A) networks:

(A1) One-sided asymmetric network: For any two firms, fk and fl, if Gk ∩ Gl ̸= ∅,
then either Gk ⊆ Gl or Gl ⊆ Gk.

(A2) Two-sided asymmetric network: There exist two firms, fk and fl, such that
Gk ∩ Gl ̸= ∅, Gk ⊈ Gl, and Gl ⊈ Gk.

27The market without any complements, as shown in Nocke and Schutz (2018), is considered a special
case of the symmetric network.
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(a) Symmetric Network (b) One-sided Asymmetric Network

(c) Two-sided Asymmetric Network

Figure 4: An illustration of the three types of networks.

In an (A1) network, if two firms produce some complements, then one firm’s prod-
ucts are complementary to a subset of the other firm’s products, meaning that at most
one firm participates in a competing final product that excludes the other. This type of
network generalizes the relationships between firms’ products in Salinger (1991) and
Luco and Marshall (2020) by relaxing restrictions on the number of firms and final
products and accommodating additional competitors such as other separable compo-
nents. However, Reisinger et al. (2021) demonstrate that firm fk, where Gk ⊆ Gl and
Gk ̸= Gl, may decide to intensify competition against firm fl by introducing an addi-
tional competing product. Such a new product can reduce the double marginalization
problem and improve fk’s profit. This strategic behavior results in an (A2) network,
where both firms producing complementary products may work with third parties or
operate independently to introduce additional competing final products. Figure 4 il-
lustrates these network topologies. Finally, we characterize the relationship between a
network (F ,N ) and its separable components as follows: A network is (S) if and only
if every separable component is (S); a network is (A1) if and only if every separable
component is either (S) or (A1) with at least one separable component being (A1); a
network is (A2) if and only if at least one separable component is (A2).

5.2 Firms’ Fitting-in Functions

Since a firm’s fitting-in function is determined by equations (6) for firms within the
same separable component, we provide a sufficient condition on the separable com-
ponent under which the firm-level fitting-in functions are strictly decreasing.
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(a) Firms f1 and f2 form an (S) separable com-
ponent.

(b) Firms f1 and f2 form an (A1) separa-
ble component.

Figure 5: A comparison of symmetric and one-sided asymmetric network.

Proposition 2. The firm-level fitting-in function gk(H) for any fk ∈ Lα is differentiable and
strictly decreasing on (H0, ∞) when Sα is an (S) network. Moreover, limH→∞ gk(H) = 1.

Proposition 2 shows that firm fk reduces its η-markup under any (S) network
as competition intensifies. Firm fk and its complementary firms choose identical η-
markups in this case by equation (6). Consequently, intensified competition (reflected
by a higher H) can only stimulate the firms to reduce these η-markups. However, if the
network becomes asymmetric, firms’ η-markups may not be strictly decreasing when
competition intensifies. Therefore, unlike markets with only substitutes, increased
competition in markets with asymmetric networks may actually benefit some firms.
To understand this result, we first note that with a given aggregator H > H0, equation
(6) determines each firm’s optimal choice of the η-markup as a best-response to the
η-markups of its complementary firms:

Lemma 1. For any two firms fk, fl ∈ F , if Gk ∩ Gl ̸= ∅, then firm fk’s optimal choice of µk

is strictly decreasing in µl for any given H > H0.

The fact that firms’ η-markups are strategic substitutes complicates the properties
of the fitting-in functions with asymmetric networks. The following lemma further
characterizes the fitting-in function for the firm that supplies every final product in an
(A1) separable component:

Lemma 2. If firm fk produces intermediate products for all final products in an (A1) separable
component Sα, then gk(H) is differentiable and strictly decreasing on (H0, ∞).

If the separable component Sα is (A1), then there always exists such a firm fk ∈
Lα, which is involved in all final products in Sα (i.e., Gk = Sα). Since competition
directly affects all fk’s products, fk reduces its η-markup and earns a lower profit as H
increases.

Figure 5 illustrates how such increases in η-markups occur. In Figure 5a, firm f1

and firm f2 form an (S) network within a separable component. While an increase in
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Figure 6: Fitting-in functions for firms in Figure 5b.

H exerts downward pressure on firm f1’s η-markup, this effect is partially offset by the
simultaneous reduction in firm f2’s η-markup, reflecting the strategic substitutability
of their η-markups.

In contrast, Figure 5b illustrates an (A1) network where firm f1 introduces an
additional competing product within the same separable component. Because firm
f1 produces the second product exclusively, as in standard horizontal competition,
it competes more intensively with other separable components. Consequently, as H
increases, f1 may reduce its η-markup more substantially to enhance the competitive-
ness of the second product, and its choice of η-markup becomes less sensitive to a
change in f2’s η-markup. This more aggressive reduction in f1’s η-markup can dom-
inate the direct η-markup reduction effect on f2 from a higher H, and by strategic
substitutability, f2 raises its own η-markup. As illustrated in Figure 6 under a CES de-
mand specification, the fitting-in function g2 is not strictly decreasing in H.28 Similarly,
an increase in H may raise a firm’s η-markup within (A2) separable components.

Lastly, we note that such potential increases in η-markups in asymmetric separable
components cannot be sustained when the increase in H is sufficiently large. The
following proposition demonstrates that, if competition significantly intensifies, all
firms will eventually reduce their η-markups under any network. A reduction in one
firm’s η-markup can only raise the η-markups of some other firm when the increase
in H remains within a limited range.

Proposition 3. With a given aggregator H > H0, there exists H > H such that gk(H) >

gk(Ĥ) for every fk ∈ Lα and every Ĥ > H when Sα is an (A1) or (A2) network. Moreover,
limH→∞ gk(H) = 1.

5.3 Final Products’ Fitting-in Functions

We now evaluate the fitting-in function mi for final product i ∈ Sα and Sα ∈ S. Follow-
ing equation (5), we know that mi = ∑ fl∈Mi

gl.

28The specifics of the CES demand are the following: h1(P1) = (P1)
−2.4, h2(P2) = 6(P2)

−2.4, and
C1 = C2 = 1. Also, H ∈ [2, 10].
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Figure 7: Firms f1 and f2 form an (A2) separable component.

Proposition 4. The fitting-in function mi(H) for any i ∈ Sα is differentiable and strictly
decreasing on (H0, ∞) when Sα is an (S) or (A1) network. Moreover, limH→∞ mi(H) =

|Mi|.

When competition intensifies, the aggregate markups of all final products in any
(S) or (A1) separable component decrease, thereby reducing the prices of the final
products as the pricing function ti is strictly increasing. As shown in Section 5.2, some
firms’ η-markups may still get higher in an (A1) separable component. In contrast, mi

may not be strictly decreasing in an (A2) separable component. We can revise Figure
5b and turn it into an (A2) network in Figure 7, where firm f2 also offers a compet-
ing final product by itself (i.e., final product 3). Now, if competition intensifies, the
reduction in firm f1’s η-markup may stimulate firm f2 to raise its η-markup, making
the aggregate markup of final product 3 higher.

Finally, based on Proposition 3, if H significantly increases, all aggregate markups
will go down in an (A2) separable component.

Corollary 1. With a given aggregator H > H0, there exists H > H such that mi(H) >

mi(Ĥ) for every i ∈ Sα and every Ĥ > H when Sα is an (A2) network. Furthermore,
limH→∞ mi(H) = |Mi|.

6 Comparative Statics

Similar to a standard aggregative game illustrated in Jensen (2018) and Nocke and
Schutz (2018), the partially aggregative games approach can be used to perform com-
parative statics on the set of equilibria. To see how a change in a parameter may affect
the equilibrium outcomes, we first need to study how this change affects the pricing
functions and the fitting-in functions for final products and firms. Second, we deter-
mine the impact on the aggregate fitting-in function and analyze how the set of equi-
librium aggregators is changed. Finally, we use the pricing functions and fitting-in
functions for final products and firms to determine changes in the key variables.
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6.1 Outside Option/Entry Analysis

We first study the effects of an increase in the value of the outside option H0. This anal-
ysis also illustrates how the entry of a new firm providing substitutable final products
for existing products affects the equilibrium outcomes. In this case, changes in the
parameter H0 only affect the domain of the fitting-in functions. Then, an increase
in H0 (or the entry of a new firm providing substitutes) simply shifts the aggregate
fitting-in function up and raises the lowest and highest equilibrium aggregator levels.
Therefore, we can show that an increase in H0 improves the lowest and highest lev-
els of consumer surplus in equilibrium, and we can apply our previous results about
the properties of the pricing and fitting-in functions for final products and firms to
determine the effects on prices and profits in these two extreme equilibria.

Proposition 5. Suppose that H0 increases or a new firm providing substitutable final products
in a new separable component enters. In the equilibria with the lowest and highest aggregator
H, this induces:

(a) an increase in consumer surplus,
(b) decreases in the profits of all firms in every (S) separable component,
(c) a decrease in the profit of a firm fk with Gk = Sα in an (A1) separable component Sα,

and
(d) decreases in the prices of all final products in every (S) or (A1) separable component.

Proposition 5 identifies the separable components of a given network where an in-
crease in H0 reduces firms’ profits or prices of the final products in equilibrium. As
we have shown in Section 5, the firm fk with Gk = Sα in an (A1) separable component
offers a stimulus for other firms in this separable component to raise their η-markups,
and we can easily derive numerical examples where an increase in H0 can improve the
profits of some other firms providing complements for fk in an (A1) separable com-
ponent. Moreover, in an (A2) separable component, the prices of some final products
may also get higher after an increase in H0. Therefore, unlike models with pure sub-
stitutes, as shown in Nocke and Schutz (2018), or with single-product firms, as shown
in Quint (2014a), a new competitor can benefit incumbent firms and raise the prices of
existing final products in an asymmetric network.

Proposition 3 also implies the following corollary, which establishes that if the in-
crease in the value of the outside option, H0, is sufficiently large, or equivalently, if the
new firm is competitive enough, the profits of all incumbent firms and the prices of all
existing final products will go down.

Corollary 2. Given an H0 and network (F ,N ), there exists Ĥ0 > H0 such that if the value
of the outside option increases to a level higher than Ĥ0, the profits of all firms and the prices
of all final products decrease in the equilibria with the lowest and the highest aggregator H.
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Figure 8: The (A1) network for Example 1.

6.2 Marginal Cost

As discussed in Nocke and Schutz (2018), a cost reduction (or similarly, a quality im-
provement) in one final product can lead to ambiguous effects on consumer surplus in
markets where multiproduct firms provide pure substitutes. One intuition for this re-
sult follows from Edgeworth’s paradox of taxation (Edgeworth (1925), Salinger (1991),
Luco and Marshall (2020), Armstrong and Vickers (2023)). If a multiproduct firm has
an exogenous cost reduction in one of its products (maybe caused by a tax reduction),
it has incentives to raise other products’ prices to divert sales toward that product
with a lower marginal cost. As a result, a cost reduction may raise multiple products’
prices and reduce the price of the final product with a lower marginal cost. The overall
impact of this cost reduction on consumer surplus also becomes uncertain under the
general demand system ((hi)i∈N , H0).

In this section, we show that the impact of a cost reduction on consumers also
depends on the network of complements and substitutes by focusing on CES or MNL
demands. Since a merger of complements can be similarly considered a reduction in
marginal cost, as shown in Salinger (1991), this analysis also provides implications
about the competitive effects of a merger of complements between two firms, fk and
fl, where either Gk ⊆ Gl or Gl ⊆ Gk.29 In this section, H∗ denotes the equilibrium
aggregator before the cost reduction, and mi(H∗) and gk(H∗) are the corresponding
equilibrium aggregate markup of final product i ∈ N and η-markup of firm fk ∈ F .

We first study an example with an (A1) network, which is illustrated in Figure 8.
This network is the focus of the empirical study by Luco and Marshall (2020).30 It has

29Consider two hypothetical single-product firms, fk and fl , providing intermediates for final product
i ∈ N . Firm fk’s profit maximization problem is choosing sk

i to maximize (sk
i − ck

i )D̂i(sk
i + sl

i , H(P)),
which is equivalent to choosing Pi to maximize (Pi − (ck

i + sl
i))D̂i(Pi, H(P)) by a change of variables.

If fk and fl merge and only fk is left, fk’s new profit maximization problem becomes choosing sk
i to

maximize (sk
i − (ck

i + cl
i))D̂i(sk

i , H(P)). Since sl
i > cl

i before the merger, this merger of complements
simply reduces the marginal cost of final product i for the remaining firm. The same change of variables
applies to mergers of multiproduct firms whenever Gk ⊆ Gl or Gl ⊆ Gk.

30The analysis in Example 1 is slightly different from the study in Luco and Marshall (2020) as firm
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only one separable component, which helps us to see the price changes more clearly.

Example 1. Suppose that the given network only has one separable component depicted in
Figure 8. The MNL demand for each final product i ∈ {1, 2} satisfies hi(Pi) = exp(ai − Pi),
where ai ∈ R. A decrease in C1 reduces the equilibrium price of final product 1. Moreover,
this cost reduction increases the equilibrium price of final product 2 if one of the following
conditions holds:

(a) a1 = a2 and C1 = C2.
(b) H0 > h2(m2(H∗) + C2) = h2(t2(m2(H∗))).

Even though the total price of final product 1 is always lower after the cost reduc-
tion, the price change in final product 2 is uncertain. Firm f1 tries to raise its price for
final product 2 so that more consumers choose final product 1, which becomes more
profitable after the cost reduction. However, firm f3 also tries to reduce the price of
its intermediates for final product 2 so that it can better compete against final prod-
uct 1. Example 1 provides some sufficient conditions under which the total price of
final product 2 increases. Therefore, the cost reduction can easily lead to both price
increases and price decreases in a network of complements and substitutes. However,
in the following proposition, our partially aggregative games approach allows us to
develop a general result that the overall impact of a cost reduction on consumers is
always positive under any (S) or (A1) network.

Proposition 6. Whenever the given network is (S) or (A1), a reduction in Ci for final product
i ∈ N improves equilibrium consumer surplus with CES or MNL demands.

When markets only have pure substitutes (i.e., a special (S) network) under CES or
MNL demands, Nocke and Schutz (2018) have shown that a cost reduction in one of a
firm’s products can only increase consumer surplus, even though this firm’s other final
products, whose marginal costs are unchanged, become more expensive. Proposition
6 indicates that when multiproduct firms provide complements and substitutes, this
important result still holds for any (S) or (A1) network. Hence, if a cost reduction
reduces consumer surplus, the network must be an (A2) network. The next result
illustrates how a cost reduction can reduce consumer surplus in an (A2) network.

Proposition 7. Consider an (A2) network with only one separable component, depicted in
Figure 7. The MNL demand for each final product is given by h1(P) = h2(P) = h3(P) =

h(P) = exp (a − P), where a ∈ R. Also, C1 = C2 = C3 = C > 0.31 Then, a decrease in C1

by ∆C1 > 0 induces:

f2 chooses a new price after the cost reduction. However, as shown in the proof of Example 1, firm f2’s
strategic responses do not play a role, and this result still holds when f1 and f2 merge.

31Proposition 8, a uniqueness result independent of this section, shows that the pricing equilibrium
with symmetric η-markups is the unique pricing equilibrium in this network.
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(a) increases in the equilibrium prices of final products 2 and 3,
(b) a decrease in equilibrium consumer surplus when H0 < min(h(m1(H∗) + C), H̃0),

where H̃0 = h(g(H∗) + C)( 1
∆C1

− 1+∆C1
∆C1 exp(g(H∗)∆C1)

) and g1(H∗) = g2(H∗) = g(H∗).32

(c) an increase in the equilibrium price of final product 1 if and only if H0 < H̄0, where

H̄0 ≡ h(g(H∗) + C)(2(g(H∗)−2)(1−exp(−∆C1
2 ))

∆C1
− exp(−∆C1

2 )), and H̄0 < min(h(m1(H∗) +

C), H̃0).

The assumption that hi and Ci are the same for each final product ensures that the
network is not leaning towards a one-sided asymmetric network or a market with
pure substitutes. In Figure 7, if the total marginal cost of providing final product 1 de-
creases, both firm f1 and firm f2 have incentives to raise their prices of final products 2
and 3 to divert consumers toward final product 1. These price increases in final prod-
ucts 2 and 3 reinforce each other. Firm f1 has less concern that its price increase in final
product 2 may drive consumers to choose final product 3 if firm f2 also raises the price
of final product 3. Proposition 7 (b) also indicates that the value of the outside option
(i.e., H0) should be sufficiently low for the cost reduction to reduce consumer surplus.
This condition has two parts. First, H0 < h(m1(H∗) + C) = h(t1(m1(H∗))) means that
the outside option is less attractive to consumers than final product 1 before the cost
reduction. Dividing both sides by H∗, this is an easy-to-verify condition that the choice
probability of the outside option (or equivalently, the fraction of consumers choosing
it, as in Quint (2014b)) is smaller than that of final product 1 before the cost reduction.
Under the MNL demand, it also implies that the diversion ratio from final product 2
(or 3) to final product 1 is higher than the diversion ratio from final product 2 (or 3)
to the outside option. Hence, when C1 drops, firms are less concerned that increases
in the prices of final products 2 and 3 may drive consumers to choose the outside op-
tion. Second, as H̃0 is strictly decreasing in ∆C1 when H0 < h(m1(H∗) + C), H0 < H̃0

indicates that the value of the outside option may need to be lower when the cost
reduction is more substantial. By reducing H0, the two firms can more substantially
raise their prices to counteract the potential positive effects on consumer surplus from
the cost reduction (i.e., price reduction in final product 1). Proposition 7 (c) then shows
a condition stricter than Proposition 7 (b) under which a cost reduction can even raise
all final products’ prices. In this case, the price increases in final products 2 and 3,
which equal the two firms’ η-markup increases, together exceed the cost reduction in
final product 1, so the price of final product 1 also increases. This shows that Edge-
worth’s paradox can arise in a market where two multiproduct firms produce both
complements and substitutes.

We can modify Figure 7 and turn it into Figure 9, which further explains why the

32Changes in H0 also affect the value of H∗. However, as shown in our proof, 2 < g(H∗) < 2.13 in
this network with H0 < min(h(m1(H∗) + C), H̃0), which implies that by reducing the value of H0, the
condition on H0 can be satisfied.
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Figure 9: Firms f1 and f2 form an (A1) separable component.

impact of a cost reduction on consumers under an (A2) network differs from that un-
der an (A1) network. In this (A1) network depicted in Figure 9, firm f2’s intermediate
products are complementary to a subset of firm f1’s intermediate products. A cost re-
duction in final product 1 again stimulates firms f1 and f2 to increase their prices to
divert consumers toward final product 1. However, the price increase in firm f2’s in-
termediate product for final product 3 now hurts firm f1’s profit, which, from firm f1’s
perspective, can be considered an increase in marginal cost in selling final product 3.
Hence, this price increase may actually reduce firm f1’s incentive to raise the price of
final product 2 as final product 3 becomes less profitable to sell. With less significant
price increases in final products 2 and 3, such a cost reduction in final product 1 always
improves equilibrium consumer surplus, as shown in Proposition 6.

Finally, we note that the analysis in Proposition 7 can be applied to a merger of
complements like in other types of networks. If we add firm f3 to final product 1 of
Figure 7 and consider a merger between f1 and f3, this merger can be similarly con-
sidered a cost reduction in final product 1.33 Hence, this merger can reduce consumer
surplus when the value of H0 is small enough. However, the (A2) network also gives
rise to a new type of merger of complements. If we consider the merger between firms
f1 and f2 in Figure 7, the competition between f1’s final product 2 and f2’s final prod-
uct 3 resembles the standard horizontal competition, and this merger can no longer be
considered a reduction in marginal cost. We study this type of merger in the interna-
tional airline context in our companion paper (Tan and Zhang (2025)).

33Since 1 < g3(H∗) < 2 at the pre-merger equilibrium aggregator H∗ under the assumptions in
Proposition 7, adding firm f3 increases the cost of final product 1 by less than two. Proposition 7
remains valid for any C1 ≥ C, with h(m1(H∗) + C) replaced by h(t1(m1(H∗))), because its proof only
uses C2 = C3 and C1 ≥ C. Applying it with C1 = C + g3(H∗) and ∆C1 = g3(H∗), the merger reduces
consumer surplus when H0 < min(h(t1(m1(H∗))), H̃0), and it cannot raise the price of final product 1
because ∆C1 < 2 and g(H∗) < 2.13 imply H̄0 < 0. The merger can raise all final products’ prices only
if it generates substantial additional synergies that further reduce C1 (i.e., enlarge ∆C1).
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7 Equilibrium Uniqueness

In this section, we study the uniqueness of a pricing equilibrium. With our partially
aggregative games approach, the uniqueness of a pricing equilibrium can be shown by
evaluating whether the aggregate fitting-in function, Γ(H), has a unique fixed point or
not. We focus on studying the uniqueness of a pricing equilibrium with MNL or CES
demands. Proposition 8 shows a general result under MNL demand:

Proposition 8. Under any network, the pricing equilibrium is unique with MNL demand.

In the case of CES demand, when the network is not (A2), by using Proposition 2
and Lemma 2, we can show that the pricing equilibrium is always unique. In the case
of an (A2) network, we show that when the number of firms or the number of final
products is small within any (A2) separable component, the pricing equilibrium is
unique. No restriction is imposed on an (S) or (A1) separable component of an (A2)
network. In summary, we obtain the following proposition:

Proposition 9. The pricing equilibrium is unique under CES demand if, for every Sα ∈ S,
one of the following conditions holds:

(a) Sα is (S) or (A1).
(b) Sα is (A2) and |Lα| ≤ 3.
(c) Sα is (A2), |Sα| ≤ 3, and Gk ̸= Gl for any fk, fl ∈ Lα.

Even though Proposition 9 is not as general as the case with MNL demand, it is
sufficient to capture the major categories of networks in this paper. Also, in many
applications, strategic responses from two or three firms with a small number of final
products are the focus of the study, where other firms are often incorporated into the
outside option (e.g., the study of a vertical merger in Luco and Marshall (2020) or the
oligopoly model in Reisinger et al. (2021)). CES demand still leads to a unique pricing
equilibrium in these cases. By adding more restrictions to the network structure, our
approach can be used to show the uniqueness of a pricing equilibrium under CES
demand with more products or firms (for example, the locations of the fourth and
fifth firms are specified based on the requirements of the application).

Example 2. There exist an (A2) network, total marginal costs (Ci)i∈N , and a CES demand
system with H0 < H0 that have multiple pricing equilibria.

Unlike markets with pure substitutes in Nocke and Schutz (2018), the pricing equi-
librium need not be unique under CES demand in markets with complements and
substitutes. In the Online Appendix, we present an example in an (A2) network with
multiple pricing equilibria. Although the pricing equilibria include only finite prices,
a key feature of this example is that H0 < H0, under which firms’ optimal prices with
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a given H > H0 (or similarly, firms’ best responses to other firms’ prices) may include
infinite prices for some final products. This case is beyond our partially aggregative
games approach that builds on the generalized Poincaré-Hopf index theorem in Sim-
sek et al. (2007).

8 Conclusion

In this paper, we generalize the aggregative games approach developed in Nocke and
Schutz (2018) to analyze price competition among multiproduct firms providing both
complements and substitutes. We build a simple network structure to classify this
type of market. In this more general setting, we establish equilibrium existence, char-
acterize the pricing equilibria, and show that the classical demands, MNL and CES,
continue to have a unique pricing equilibrium under different conditions. We also
investigate the properties of the fitting-in functions and show that firms’ η-markups
and final products’ aggregate markups may not be strictly decreasing functions of the
aggregator, which measures the competition level and consumer surplus of a market.
In our comparative statics analysis, asymmetric networks, where two firms may be
involved in different final products, play a crucial role. An increase in the value of the
outside option (or the entry of a new competitor) can increase the prices of some exist-
ing products and benefit some incumbent firms in an asymmetric network. Moreover,
under the commonly used MNL demand, reductions in marginal costs or quality im-
provements can reduce overall consumer surplus in two-sided asymmetric networks,
in contrast to the classical Cournot model, which shows that a merger of complements
tends to reduce prices.

Our model applies to several key industries, including airlines, carbonated bever-
ages, and patents, where double marginalization is considered a major problem that
reduces market efficiency (Brueckner (2001), Quint (2014b), Luco and Marshall (2020)).
While a vertical merger (or a merger of complements) is often viewed as a tool for re-
solving this issue, the 2020 US Vertical Merger Guidelines and the 2023 US Merger
Guidelines both raised concerns regarding potential price increases when multiprod-
uct firms are involved in a vertical merger. Based on our new approach, we can iden-
tify the specific market structures under which a merger of complements can improve
or harm consumer surplus. Since a merger of complements can be similarly consid-
ered a reduction in marginal cost under an (S) or (A1) network, such a merger still
improves consumer surplus under these networks, even though it may raise the prices
of some final products. We also identify (A2) networks as the primary source of inef-
ficiency induced by a merger of complements. In an (A2) network, even if a merger
of complements reduces only the marginal costs of final products, it can trigger sub-
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stantial price increases in other final products, ultimately reducing consumer surplus.
This paper also provides a new perspective for understanding platform competi-

tion and entry. Antitrust agencies often hope to encourage the entry of new competi-
tors to reduce the market power of the major platforms, as shown in the latest Digital
Markets Act in Europe (Seitz (2022)). Major trading platforms like Alibaba or Amazon
typically offer their products by building asymmetric networks. They not only pro-
vide services to help other sellers sell on their platforms but also provide competing
self-owned products in the same market. Furthermore, many large sellers can also
sell their products through other channels without a platform, structuring the market
as an (A2) network. In contrast, if sellers are small, they may heavily rely on a plat-
form’s service, and the network is more like an (A1) network. Our analysis shows
that increasing competition in this industry, where platforms tend to have large mar-
ket shares within a country, can have subtle effects. Prices may not always go down in
an (A2) network. More intense competition can benefit small sellers who heavily rely
on a platform’s service.

Finally, we note that one significant limitation of this model is the assumption that
firms compete in linear prices. In a vertical chain, input transactions often involve
nonlinear pricing. Similarly, firms also use nonlinear prices to directly sell their prod-
ucts to consumers (e.g., credit cards, truck rentals, and internet services). Neverthe-
less, our approach remains applicable to certain nonlinear settings. For example, if
firms set two-part tariffs simultaneously and consumers pay the aggregate fixed and
variable components to buy a combination of products, the pricing game with two-
part tariffs is formally equivalent to our baseline model with MNL demand and lin-
ear pricing (consistent with Nocke and Schutz (2018)). However, as noted by Moresi
and Schwartz (2017) and Miklós-Thal and Shaffer (2021), vertical chains often involve
different pricing strategies: Retailers compete in linear prices while input suppliers
use two-part tariffs. Our model cannot accommodate these mixed cases. Finding
a tractable method to systematically analyze nonlinear pricing in markets with both
complements and substitutes is an exciting direction for future research.

Appendix

A Proof of Theorem 1

We first restate several key properties of the hi(Pi) function:

Lemma 3 (Nocke and Schutz (2018)). Let h be a C3, strictly decreasing, and log-convex
function from R++ to R++. Then:

(a) limP→∞ Ph′(P) = limP→∞ h′(P) = 0.
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Assuming also that h satisfies Assumption 1, and we define γ(P) = h′2(P)/h′′(P),
ρ(P) = h(P)/γ(P), and η(P) = Ph′′(P)/(−h′(P)). Then:

(b) There exists a unique scalar P such that for every P > 0, η(P) > 1 if and only if
P > P. Moreover, η′(P) ≥ 0 for all P > P.

(c) µ̄ ≡ limP→∞ η(P) > 1.
(d) For every P > P, γ′(P) < 0.
(e) limP→∞ γ(P) = 0.
(f) If limP→∞ h(P) = 0 and µ̄ < ∞, then limP→∞ ρ(P) = µ̄

µ̄−1 .

Suppose that the demand system ((hi)i∈N , H0) satisfies Assumption 1. With a
given network (F ,N ) and a vector of marginal costs for all firms (ck

i ) fk∈F ,i∈Gk , we
will first illustrate that the generalized first-order conditions are necessary and suf-
ficient for firms’ profit maximization from Lemma 4 to Lemma 9. By redefining the
η-markup for each firm in this more general setting, we can follow the similar meth-
ods developed in Nocke and Schutz (2018) to show these results.

We fix a firm fk ∈ F and a price vector for all other firms (sl
i) fl∈F\{ fk},i∈Gl . Since we

only consider finite prices, we assume that sl
i ∈ (0, ∞) for any i ∈ Gl and fl ∈ F \ { fk}.

We evaluate the following maximization problem:

max
sk∈(0,∞]|Gk |

Π̂k(sk, sk′ , H0′), (9)

where we rewrite firm fk’s profit, Πk(sk, sk′ , H(s)), to be

Π̂k(sk, sk′ , H0′) = ∑
i∈Gk

(sk
i − ck

i )
−h′i(s

k
i + ∑ fl∈Mi\{ fk} sl

i)

H(s)

= ∑
i∈Gk

(sk
i − ck

i )
−h′i(s

k
i + ∑ fl∈Mi\{ fk} sl

i)

∑j∈Gk hj(sk
j + ∑ fl∈Mj\{ fk} sl

j) + H0′
,

and H0′ ≡ ∑j∈N\Gk hj(Pj) + H0 > 0.
Compared to the profit defined in (3), this maximization problem allows firm fk

to set infinite prices in response to other firms’ finite prices. Later in Lemma 11, we
will show how the optimal solution to this maximization problem can be used to pin
down all the finite equilibrium prices. Assumptions 2a and 2b will also be specified
after Lemma 11 to ensure that all firms will choose finite prices.

Maximization problem (9) has the following property:

Lemma 4. Maximization problem (9) has a solution. Moreover, if (sk
i )i∈Gk solves (9), then

sk
i ≥ ck

i for any i ∈ Gk, and sk
i < ∞ for some i ∈ Gk.

Proof. The proof is analogous to the proof of Lemma C in Nocke and Schutz (2018).
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We use (sk
j , (sk

i )i∈Gk\{j}) to denote firm fk’s price vector with sk
j for final product

j ∈ Gk and (sk
i )i∈Gk\{j} for other final products in Gk. The generalized first-order

conditions of the maximization problem (9), defined in Nocke and Schutz (2018), is
the following:

Definition 2. We say that the generalized first-order conditions of maximization problem (9)
hold at price vector (s̃k

i )i∈Gk ∈ (0, ∞]|G
k| if, for every j ∈ Gk,

(a) ∂Π̂k

∂sk
j
((s̃k

i )i∈Gk , sk′ , H0′) = 0 whenever s̃k
j < ∞, and

(b) Π̂k((s̃k
i )i∈Gk , sk′ , H0′) ≥ Π̂k((sk

j , (s̃k
i )i∈Gk\{j}), sk′ , H0′) for every sk

j ∈ R++ whenever
s̃k

j = ∞.

The generalized first-order conditions are clearly necessary for profit maximiza-
tion:

Lemma 5. If (sk
i )i∈Gk ∈ (0, ∞]|G

k| solves profit maximization problem (9), then the general-
ized first-order conditions are satisfied at price vector (sk

i )i∈Gk .

Next, we show that the generalized first-order conditions are also sufficient for
global optimality. To see this, we first illustrate that if the first-order conditions for
firm fk are satisfied at a price vector sk, then this price vector satisfies the common η-

markup property discussed in Section 4. We evaluate function νk
i : sk

i →
sk

i −ck
i

Pi
ηi(Pi) for

i ∈ Gk, where Pi = ∑ fl∈Mi
sl

i . Let skmc
i denote the unique solution of equation νk

i (s
k
i ) =

1. Function νk
i (s

k
i ) for i ∈ Gk differs from function νi(Pi) defined in the discussion

preceding Lemma E in Nocke and Schutz (2018) because it includes additional terms
for prices of firm fk’s complementary products in the denominator. However, since
these terms are positive constants that only enter through Pi for i ∈ Gk, the function
νk

i (s
k
i ) retains the two properties of νi(Pi) in Nocke and Schutz (2018): By Lemma 3,

νk
i (s

k
i ) is strictly increasing when νk

i (s
k
i ) > 1, and limsk

i →∞ νk
i (s

k
i ) = µ̄i > 1. Also, since

our setting includes complementary firms, νk
i (s

k
i ) is specific to firm fk ∈ Mi. We have

the following lemma:

Lemma 6. For any i ∈ Gk and µk ∈ (1, µ̄i), the equation νk
i (s

k
i ) = µk has a unique solution

on the interval (0, ∞), denoted by rk
i (µ

k). The function rk
i (µ

k) is strictly increasing and C1 on
(1, µ̄i), which satisfies limµk→1 rk

i (µ
k) = skmc

i , limµk→µ̄i
rk

i (µ
k) = ∞, and

rk
i
′
(µk) =

γi(rk
i (µ

k) + ∑ fl∈Mi\{ fk} sl
i)

(µk − 1)h′i(r
k
i (µ

k) + ∑ fl∈Mi\{ fk} sl
i)− µkγ′

i(r
k
i (µ

k) + ∑ fl∈Mi\{ fk} sl
i)

> 0.

(10)

Proof. The proof is analogous to the proof of Lemma E in Nocke and Schutz (2018).

We extend the function rk
i by continuity: rk

i (1) = skmc
i , and rk

i (µ
k) = ∞ for any

µk ≥ µ̄i. Now we formalize the definition of the common η-markup property.
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Definition 3. The price vector (sk
i )i∈Gk ∈ (0, ∞]|G

k| satisfies the common η-markup property
if there exists a scalar µk ≥ 1 such that sk

i = rk
i (µ

k) for any i ∈ Gk.

We define µ̄k ≡ maxi∈Gk µ̄i and extend γi by continuity at infinity such that γi(∞) =

0 for any i ∈ N (by Lemma 3). We can further simplify the generalized first-order con-
ditions by using the common η-markup property:

Lemma 7. Suppose that the generalized first-order conditions for optimization problem (9)
hold at price vector (sk

i )i∈Gk ∈ (0, ∞]|G
k|. Then (sk

i )i∈Gk satisfies the common η-markup
property. The common η-markup, µk, solves the following equation on (1, µ̄k):

µk = 1 + µk ∑j∈Gk γj(rk
j (µ

k) + ∑ fl∈Mj\{ fk} sl
j)

∑j∈Gk hj(rk
j (µ

k) + ∑ fl∈Mj\{ fk} sl
j) + H0′

. (11)

Also, Π̂k(sk, sk′ , H0′) = µk − 1.

Proof. The proof is analogous to the proof of Lemma F in Nocke and Schutz (2018).

Next, we show that equation (11) has a unique solution in µk for firm fk.

Lemma 8. There exists a unique µk ∈ (1, µ̄k) that solves equation (11).

Proof. The proof is analogous to the proof of Lemma G in Nocke and Schutz (2018).

With all these results, we can conclude that the generalized first-order conditions
are necessary and sufficient for global optimality in solving maximization problem (9).

Lemma 9. Profit maximization problem (9) has a unique solution. The generalized first-order
conditions of this problem are both necessary and sufficient for global optimality. The optimal
price vector satisfies the common η-markup property, and the corresponding η-markup, µk∗, is
the unique solution of equation (11). The optimal profit is µk∗ − 1.

Proof. Based on the results from Lemma 4 to Lemma 8, the proof can be constructed
following the argument used in the proof of Lemma H in Nocke and Schutz (2018).

We now focus on proving the existence of a pricing equilibrium. Based on Lemma
9, we know that each firm fk ∈ F chooses the optimal η-markup in response to other
firms’ prices. For each final product i ∈ N , we add all η-markups of firms providing
intermediates for final product i together to derive the aggregate markup, Ψi, where

∑
fk∈Mi

νk
i (s

k
i ) = ∑

fk∈Mi

µk =
Pi − Ci

Pi
ηi(Pi) = Ψi. (12)

Similar to Lemma 6, we can define a function wi : Pi → Pi−Ci
Pi

ηi(Pi), and Pmc
i is the

unique solution for wi(Pi) = 1. The following lemma shows some important proper-
ties about function wi(Pi).
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Lemma 10. For any i ∈ N and Ψi ∈ (1, µ̄i), the equation wi(Pi) = Ψi has a unique solution
on the interval (0, ∞), denoted ti(Ψi). Moreover, ti(·) is strictly increasing and C1 on (1, µ̄i)

and has the properties that limΨi→1 ti(Ψi) = Pmc
i , limΨi→µ̄i ti(Ψi) = ∞, and

t′i(Ψi) =
γi(ti(Ψi))

(Ψi − 1)h′i(ti(Ψi))− Ψiγ
′
i(ti(Ψi))

> 0.

Proof. The proof is analogous to the proof of Lemma E in Nocke and Schutz (2018).

Similarly, we extend this function ti for any i ∈ N by continuity: ti(Ψi) = Pmc
i for

any 0 ≤ Ψi ≤ 1, and ti(Ψi) = ∞ for any Ψi ≥ µ̄i.
Based on Lemmas 9 and 10, and the assumption that firms’ prices are finite, we

summarize the problem of the existence of a pricing equilibrium in the following way.

Lemma 11. There exists a pricing equilibrium if and only if there exists a profile of η-markups
(µk) fk∈F , which satisfies 1 < µk < µ̄k for every fk ∈ F , |Mi| < Ψi < µ̄i for every i ∈ N ,
and

µk = 1 + µk ∑i∈Gk γi(ti(Ψi))

∑j∈N hj(tj(Ψj)) + H0 , ∀ fk ∈ F . (13)

Proof. Let s∗ = (sk∗
i ) fk∈F ,i∈Gk be a pricing equilibrium. Then, the generalized first-

order conditions and the common η-markup property are satisfied for every firm fk ∈
F with s∗. By Lemma 9, s∗ corresponds to a profile of η-markups (µk∗)k∈F , which has
the property that for any fk ∈ F , 1 < µk∗ < µ̄k, and

µk∗ = 1 + µk∗ ∑i∈Gk γi(∑ fl∈Mi
rl

i(µ
l∗))

∑j∈N hj(∑ fl∈Mj
rl

j(µ
l∗)) + H0

.

Since ∑ fl∈Mi
rl

i(µ
l∗) = ∑ fl∈Mi

sl∗
i = P∗

i = ti(Ψ∗
i ) for any i ∈ N , the equation above

can be rewritten as

µk∗ = 1 + µk∗ ∑i∈Gk γi(ti(Ψ∗
i ))

∑j∈N hj(tj(Ψ∗
j )) + H0 , ∀ fk ∈ F .

Suppose that there exists a profile of η-markups, (µk∗) fk∈F , such that 1 < µk∗ < µ̄k

for any fk ∈ F , |Mi| < Ψ∗
i < µ̄i for any i ∈ N , and equation (13) is satisfied. Then,

by Lemma 10, we derive the corresponding finite price for each final product i, where
P∗

i = ti(Ψ∗
i ). Based on the definition of η-markup, as shown in Lemma 6, we can

determine a unique price vector s∗ = (sk∗
i ) fk∈F ,i∈Gk . Since P∗

i = ti(Ψ∗
i ) = ∑ fl∈Mi

rl
i(µ

l∗)

for any i ∈ N , the generalized first-order conditions are satisfied for every firm fk ∈ F ,
according to Lemma 9, and s∗ is a pricing equilibrium.

This equilibrium existence problem is equivalent to finding an aggregator H > H0

and a profile of η-markups (µk) fk∈F , such that 1 < µk < µ̄k and |Mi| < Ψi < µ̄i for
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any i ∈ N and fk ∈ F , H = ∑j∈N hj(tj(Ψj)) + H0, and

µk = 1 + µk ∑i∈Gk γi(ti(Ψi))

H
≡ ξk(µk, µk′ , H), ∀ fk ∈ F . (14)

In equation (14), µk′ = (µl) fl∈ fk′
is a vector of η-markups for other firms providing

complements for firm fk. As discussed in Section 4, the aggregative games approach
developed in Nocke and Schutz (2018) cannot be directly applied to show the existence
of a pricing equilibrium. However, in this more general setting, when an aggregator
H ≥ H0 is given, firms’ η-markups and final products’ aggregate markups from dif-
ferent separable components are independent of each other. We first show that the
system of equations (14) for firms within the same separable component uniquely de-
termines these firms’ η-markups and the corresponding aggregate markups with a
given aggregator H ≥ H0.

To obtain this result, we now assume that the demand system ((hi)i∈N , H0) also
satisfies Assumption 2a or Assumption 2b. For Assumption 2a, we define H0 here.
Consider the following equation for firm fk ∈ F :

ϕk(µk, H) ≡ 1 − (
∑j∈Gk γj(tj(µ

k + |Mj| − 1))

H
+

1
µk ) = 0. (15)

By Lemmas 3 and 10, ϕk(µk, H) is continuous on (1, ∞)×R++, and ϕk(µk, H) is strictly
increasing in µk for any H > 0. Since |Mi| < µ̄i for any i ∈ N under Assumption 2a
and by Lemmas 3 and 10, limµk→1 ϕk(µk, H) < 0 and limµk→µ̄k ϕk(µk, H) > 0. There-
fore, there exists a unique solution of equation (15) in µk on (1, µ̄k) for any H > 0,
denoted δk(H). Similarly, equation (15) has a unique solution in H on (0, ∞) for any
µk ∈ (1, maxi∈Gk(µ̄i + 1 − |Mi|)). Let µk = min({ µ̄i

|Mi|
}i∈Gk) and Gk̂ = {j ∈ Gk : µ̄j <

∞} for any fk ∈ F . Clearly, µk ∈ (1, µ̄k], and µk = µ̄k if and only if either Gk̂ = ∅
or µ̄i = µ̄j < ∞ for any i, j ∈ Gk and fk′ = ∅ (which means that |Mi| = 1 for every
i ∈ Gk). If µk ∈ (1, µ̄k) for a firm fk ∈ F , then, with µk = µk, there is a unique solution
of equation (15) in H on (0, ∞), denoted H̃k. If µk = µ̄k for a firm fk ∈ F , then we
set H̃k = 0. In Assumption 2a, H0 is chosen to be the maximum of (H̃k) fk∈F .34 If
µ̄i = ∞ for every i ∈ N , then H0 = 0, which is equivalent to Assumption 2b. Finally,
since ϕk(µk, H) is strictly increasing in µk and H on (1, ∞) × R++, δk(H) is strictly
decreasing in H. Hence, for any H > H0 and fk ∈ F , δk(H) < µ̄i

|Mi|
for every i ∈ Gk.

We now evaluate the solution of equations (14) in (µk) fk∈F with H ≥ H0 > H0.

34Alternatively, we can set H0 = maxi∈N H̃i, where H̃i is the solution of ∑ fk∈Mi
δk(H̃i) = µ̄i for any

i ∈ N when ∑ fk∈Mi
µ̄k > µ̄i and H̃i = 0 when ∑ fk∈Mi

µ̄k ≤ µ̄i. The proof of Lemma 12 still holds under
this version of H0 by replacing the box ∏ fk∈L1

[1, bk] with ∏ fk∈L1
[1, δk(H) + ϵ] for a sufficiently small

ϵ > 0. Only the proof of Proposition 9 (c) relies on the H0 defined based on the firm-level bounds.
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Lemma 12. For any Sα ∈ S and H > H0, a system of equations (14) for all firms in Lα has
a unique solution in (µk) fk∈Lα

on ∏ fk∈Lα
(1, µ̄k). We denote the solution by (gk(H)) fk∈Lα

,
where gk(H) is differentiable on (H0, ∞) for any fk ∈ Lα. Also, for any i ∈ Sα, we denote

∑ fl∈Mi
gl(H) by mi(H), where |Mi| < mi(H) < µ̄i.

Proof. Given a network of (F ,N ) with a total of n final products, suppose that the net-
work can be partitioned into y ≥ 1 separable components, denoted S = {S1, S2, ..., Sy}.
Clearly, changes in the system of equations (14) in one separable component do not af-
fect aggregate markups in other separable components when an aggregator H > H0

is given. Without loss of generality, we study equations (14) for firms providing inter-
mediates for S1, where S1 = {1, 2, ..., n1} with n1 ≥ 1. Let L1 = { f1, f2, ..., fq} ⊆ F
with q ≥ 1 denote the set of firms in S1.

We first show that the right-hand side of equation (14) for any firm in L1 with
(µk) fk∈L1 ∈ [1, ∞)|L1| is bounded. Let 1k′ = (1)| fk′ | denote a vector of ones with | fk′ | ≥ 0
entries for firm fk ∈ L1. By Lemmas 3 and 10, we know that, for any (µl) fl∈L1 ∈
[1, ∞)|L1| and fk ∈ L1,

ξk(µk, 1k′ , H) = 1 + µk ∑i∈Gk γi(ti(µ
k + |Mi| − 1))
H

≥ ξk(µk, µk′ , H),

where ξk(µk, µk′ , H) was defined in equation (14). Since, by Lemmas 3 and 10 and the
extension of ti for any i ∈ N by continuity, ξk(µk, 1k′ , H) is a continuous function in µk

on [1, ∞), and, for any i ∈ Gk,

µkγi(ti(µ
k + |Mi| − 1)) ≤ (µk + |Mi| − 1)

ti(µ
k + |Mi| − 1)(−h′i(ti(µ

k + |Mi| − 1)))
ηi(ti(µk + |Mi| − 1))

= (ti(µ
k + |Mi| − 1)− Ci)(−h′i(ti(µ

k + |Mi| − 1)))

≤ ti(µ
k + |Mi| − 1)(−h′i(ti(µ

k + |Mi| − 1)))

where limµk→∞ ti(µ
k + |Mi| − 1)(−h′i(ti(µ

k + |Mi| − 1))) = 0.
Then, ξk(µk, 1k′ , H) has a finite limit at infinity, which implies that this continu-

ous function ξk(µk, 1k′ , H) on [1, ∞) is bounded, with supremum ξ̄k(H), for any H >

H0. This then implies that, for every fk ∈ L1, 1 ≤ ξk(µk, µk′ , H) ≤ ξk(µk, 1k′ , H) ≤
ξ̄k(H), where H > H0 and (µk) fk∈L1 ∈ [1, ∞)|L1|. Therefore, with a given H > H0,
(ξk(µk, µk′ , H)) fk∈L1 is a function in (µk) fk∈L1 with fixed points only in ∏ fk∈L1

[1, ξ̄k(H)].
Next, we rule out points that cannot be solutions to the system of equations (14).

Under Assumption 2a, our definition of H0 implies that the solution of equations (14)
with H > H0 for firms in L1 must satisfy µk < µk for any fk ∈ L1 and Ψi < µ̄i

for any i ∈ S1. Then, in any solution of equations (14), γi(ti(Ψi)) > 0 for any i ∈
S1, which implies that µk > 1 for any fk ∈ L1. Since we have shown that ξ̄k(H) ≥
ξk(µk, µk′ , H) for every fk ∈ L1, H > H0, and (µk) fk∈L1 ∈ [1, ∞)|L1|, the solution must
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be in ∏ fk∈L1
(1, min(µk, 1+ ξ̄k(H))) ⊆ ∏ fk∈L1

(1, µ̄k). Under Assumption 2b, since µk =

∞ for any fk ∈ L1, the solution must be in ∏ fk∈L1
(1, 1 + ξ̄k(H)) for any H > H0.

We now show the uniqueness of the solution of equations (14) for firms in L1 in
(µk) fk∈L1 ∈ ∏ fk∈L1

[1, bk] ≡ JL1 , where bk ≡ min(µk, 1 + ξ̄k(H)), under Assumption 2a.
This analysis also holds under Assumption 2b. We rewrite equations (14) with a given
H > H0 for firms in L1 and define a function τ((µk) fk∈L1 , H) from JL1 × (H0, ∞) to
R|L1|:

τ((µk) fk∈L1 , H) = (1 − 1
µk −

∑j∈Gk γj(tj(Ψj))

H
) fk∈L1

(µk) fk∈L1 solves equations (14) for firms in L1 if and only if τ((µk) fk∈L1 , H) = 0. We will
illustrate that τ((µk) fk∈L1 , H) = 0 has a unique solution in (µk) fk∈L1 on the compact
set JL1 by applying the generalized Poincaré-Hopf index theorem (Simsek et al. (2007)).
Note that JL1 is a nonempty compact convex region defined by the constraints 1− µk ≤
0 and µk − bk ≤ 0 for every fk ∈ L1, which satisfy the LICQ in Assumption 2.1 of
Simsek et al. (2007), so we can apply their Theorem 3.1 with χ(JL1) = 1.

First, τ((µk) fk∈L1 , H) is continuous on ∏ fk∈L1
(0, bk + 1), which is an open set con-

taining JL1 , by Lemmas 3 and 10 and the extension of function ti for any i ∈ N . Second,
τ((µk) fk∈L1 , H) has no generalized critical point on the boundary of JL1 . By Definition
3.1 of Simsek et al. (2007), such a point x ∈ JL1 satisfies −τ(x, H) ∈ NJL1 (x), which re-
quires that τk(x, H) ≥ 0 whenever µk = 1 and τk(x, H) ≤ 0 whenever µk = bk, where
τk(x, H) denotes the kth component of function τ((µk) fk∈L1 , H). Neither can hold. If
µk = 1, then for every i ∈ Gk, Ψi ≤ 1 + (|Mi| − 1) µ̄i

|Mi|
< µ̄i under Assumption 2a,

which implies that γi(ti(Ψi)) > 0 and τk((µk) fk∈L1 , H) = 1 − 1
µk −

∑j∈Gk γj(tj(Ψj))

H < 0.

If µk = bk, then, since µl ≥ 1 for any fl ∈ L1 and γi(ti(Ψi)) is nonincreasing for
any i ∈ Gk on (1, ∞), τk((µk) fk∈L1 , H) ≥ ϕk(bk, H) (defined in equation (15)). When
bk = µk, ϕk(bk, H) > 0 for any H > H0 under Assumption 2a. When bk = 1 + ξ̄k(H),

we have τk((µk) fk∈L1 , H) = 1 − ξk(µk,µk′ ,H)
µk ≥ 1

µk > 0 because ξk(µk, µk′ , H) ≤ ξ̄k(H).

Therefore, the generalized critical points of τ((µk) fk∈L1 , H) over JL1 with a given H >

H0 are in ∏ fk∈L1
(1, bk), where Ψi ∈ (1, µ̄i) for any i ∈ S1, which also ensures that

τ((µk) fk∈L1 , H) is continuously differentiable by Lemmas 3 and 10. Since I(x) =

∅ at interior points, each critical point is a zero of τ((µk) fk∈L1 , H), is complemen-
tary, and has index sign det(▽τ((µk) fk∈L1 , H)) (by Definitions 3.1-3.2 of Simsek et al.
(2007)). Finally, all we need to show is that det(▽τ((µk) fk∈L1 , H)) > 0 at every zero
of function τ((µk) fk∈L1 , H), which means that every critical point is nondegenerate
with index one. Then Theorem 3.1 shows that ∑x∈Cr(τ,JL1 ) indτ(x) = χ(JL1) = 1, and
τ((µk) fk∈L1 , H) = 0 has a unique solution in JL1 .

We now prove det(▽τ((µk) fk∈L1 , H)) > 0 at every zero of function τ((µk) fk∈L1 , H).
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For any (µk) fk∈L1 ∈ ∏ fk∈L1
(1, min(µk, 1 + ξ̄k(H))),

▽τ((µk) fk∈L1 , H) =



−∑j∈G1 γ′
jt
′
j

H + ( 1
µ1 )

2 −∑j∈(G1∩G2) γ′
jt
′
j

H · · ·
−∑j∈(G1∩Gq) γ′

jt
′
j

H
−∑j∈(G2∩G1) γ′

jt
′
j

H
−∑j∈G2 γ′

jt
′
j

H + ( 1
µ2 )

2 · · ·
−∑j∈(G2∩Gq) γ′

jt
′
j

H
...

... . . . ...
−∑j∈(Gq∩G1) γ′

jt
′
j

H
−∑j∈(Gq∩G2) γ′

jt
′
j

H · · ·
−∑j∈Gq γ′

jt
′
j

H + ( 1
µq )2


.

This matrix ▽τ((µk) fk∈L1 , H) is symmetric. For final product i ∈ S1, let xi be a vector
with q entries, where the kth row of xi is equal to 1 if firm fk provides intermediates
for final product i, and 0 otherwise. Then, we define matrix Ei for final product i ∈ S1,
to be

Ei =
−γ′

it
′
i

H


χG1(i) χG1(i)χG2(i) · · · χG1(i)χGq(i)

χG2(i)χG1(i) χG2(i) · · · χG2(i)χGq(i)
...

... . . . ...
χGq(i)χG1(i) χGq(i)χG2(i) · · · χGq(i)

 =
−γ′

it
′
i

H
(xixT

i ),

where χGk(i) is an indicator function, which is equal to 1 when final product i ∈ Gk.
Ei identifies the firms that are involved in the production of final product i. Note that
for any vector y ∈ Rq, yTEiy =

−γ′
i t
′
i

H (yTxi)
2 ≥ 0, which implies that matrix Ei is

positive-semidefinite. ▽τ((µk) fk∈L1 , H) can be rewritten as

▽τ((µk) fk∈L1 , H) = Diag((
1
µ1 )

2, (
1
µ2 )

2, · · · , (
1
µq )

2) + ∑
i∈S1

Ei,

where Diag(( 1
µ1 )

2, ( 1
µ2 )

2, · · · , ( 1
µq )2) is a q by q diagonal matrix with ( 1

µk )
2 on its kk-

entry. Since ▽τ((µk) fk∈L1 , H) is a summation of positive semi-definite matrices (Ei)i∈S1

and a positive definite matrix Diag(( 1
µ1 )

2, ( 1
µ2 )

2, · · · , ( 1
µq )2), det(▽τ((µk) fk∈L1 , H)) > 0

for any (µk) fk∈L1 ∈ JL1 that satisfies τ((µk) fk∈L1 , H) = 0. Therefore, by Theorem 3.1
of Simsek et al. (2007), for every H > H0, the system of equations (14) for firms in
L1 has a unique solution in (µk) fk∈L1 , denoted (gk(H)) fk∈L1 . The finding that for any
solution (µk) fk∈L1 ∈ JL1 , det(▽τ((µk) fk∈L1 , H)) > 0, also enables us to directly apply
the implicit function theorem to conclude that gk(H) is differentiable on (H0, ∞) for
any fk ∈ L1.

Based on the definition of an aggregate markup shown in (12), the aggregate markup
for any final product i ∈ S1, denoted mi(H) = ∑ fl∈Mi

gl(H), is a differentiable func-
tion of the aggregator H > H0. Since (gk(H)) fk∈L1 ∈ ∏ fk∈L1

(1, min(µk, 1 + ξ̄k(H))),
|Mi| < mi(H) < µ̄i for every i ∈ S1.
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By Lemma 12, to show the existence of a pricing equilibrium, we just need to prove
that there exists an H∗ > H0 > H0 such that:

Γ(H∗) = H0 + ∑
j∈N

hj(tj(mj(H∗))) = H0 + ∑
Sα∈S

∑
j∈Sα

hj(tj(mj(H∗))) = H∗

Lemma 13. There exists H∗ ∈ (H0, ∞) such that Γ(H∗) = H∗.

Proof. By Lemmas 3, 10, and 12, Γ(H) is a continuous function on [H0, ∞) for every
H0 > H0 ≥ 0. With any H ≥ H0, 1 < mi(H) < µ̄i for every i ∈ N by Lemma 12.
This means that 0 < hi(ti(mi(H))) < hi(Ci) by Lemma 10. Then, for every H ≥ H0,
Γ(H) > H0 and Γ(H) < H0 + ∑i∈N hi(Ci). Therefore, Γ(H) is a continuous function
from [H0, H0 + ∑i∈N hi(Ci)] to itself. By Brouwer’s fixed-point theorem and the fact
that Γ(H0) > H0, we obtain the existence of H∗ in (H0, ∞).

This series of lemmas completes the proof of Theorem 1.

A.1 Proof of Proposition 1

Proof. The proof of Theorem 1 illustrated that the set of equilibrium aggregators is the
set of solutions of the equation Γ(H) = H in H on (H0, ∞). If H∗ is an equilibrium ag-
gregator, then, by Lemmas 9, 10, and 12, the equilibrium price of a final product i ∈ N
is ti(mi(H∗)), and the equilibrium profit of firm fk ∈ F is gk(H∗)− 1. The equilibrium
consumer surplus is log(H∗) under the demand system specified in equation (1).
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Competition with Complements and Substitutes

—Online Appendix—

B Proof of Proposition 2

Proof. Note that Lemma 12 shows that firm fk’s fitting-in function gk is differentiable
on (H0, ∞). All we need to do is show that, when Sα is (S) and fk ∈ Lα, gk(H) is
strictly decreasing on (H0, ∞) and limH→∞ gk(H) = 1.

We first argue that if Sα is (S), then gk(H) = gl(H) for any fk, fl ∈ Lα. By the
definition of an (S) network and a separable component, if fk, fl ∈ Lα, then Gk = Gl =

Sα. By Lemma 12, we see that gk(H) = gl(H) for any fk, fl ∈ Lα, where

gk(H) =
H

H − ∑j∈Gk γj(tj(mj(H)))
.

Next, with a given H > H0, by Lemma 12, the aggregate markup Ψi = mi(H) for
any i ∈ Sα satisfies the following equation:

Ψi = ∑
fl∈Mi

gl(H) = ∑
fl∈Mi

H
H − ∑j∈Gl γj(tj(Ψj))

. (16)

If final products i, j ∈ Gk and fk ∈ Lα, then, since Sα = Gk is (S), we have Mi = Mj,
and equation (16) implies that mi(H) = |Mi|gk(H) = mj(H) ≡ Ψ, where 1 ≤ |Mi| <
Ψ < µ̄i for any i ∈ Sα. By rearranging equation (16), we obtain

Ψ − ∑
fl∈Mi

H
H − ∑j∈Gl γj(tj(Ψ))

= 0. (17)

Since the left-hand side of equation (17) is strictly increasing in Ψ and H by Lemmas
3, 10 and 12, mi(H) for any i ∈ Sα is strictly decreasing in H on (H0, ∞). The property
that gk(H) = mi(H)

|Mi|
for any fk ∈ Lα implies that gk(H) is also strictly decreasing in

H on (H0, ∞). Taking the limit as H tends to infinity in equation (17) implies that
limH→∞ mi(H) = |Mi| for any i ∈ Sα and limH→∞ gk(H) = 1 for any fk ∈ Lα.
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B.1 Proof of Lemma 1

Proof. Suppose that firms fk, fl ∈ F have complements (i.e., Gk ∩ Gl ̸= ∅). By rear-
ranging equation (14), firm fk’s η-markup with an H > H0 satisfies

µk − 1
µk − ∑i∈Gk γi(ti(Ψi))

H
= 0. (18)

By Lemmas 3 and 10, the left-hand side of equation (18) is strictly increasing in µk on
(1, ∞). Then, equation (18) implicitly defines firm fk’s best response to µk′ ∈ (1, ∞)| fk′ |,
which we denote Rk(µk′). Under Assumption 2a, the possible solution of µl for equa-
tion (14) with H > H0 is on the interval (1, µl) and γi > 0 for any i ∈ Gk. Then, by
Lemmas 3 and 10, the left-hand side of equation (18) is also strictly increasing in µl on
(1, µl). Therefore, Rk(µk′) is strictly decreasing in µl on (1, µl).

B.2 Proof of Lemma 2

Proof. When Sα is (A1), we first show that there always exists a firm fk ∈ Lα providing
intermediate products for all final products in Sα. Assume for a contradiction that
there does not exist such a firm fk ∈ Lα with Gk = Sα.35 For final product i ∈ Sα,
since Sα is (A1), we pick the largest firm fl in Mi such that Gm ⊆ Gl for any fm ∈ Mi.
Then, Gl ̸= Sα and Gl ⊆ Sα. Since Sα is (A1) and fl is the largest firm in Mi, for
any final product j /∈ Gl and j ∈ Sα, there does not exist fm ∈ Lα such that j ∈ Gm

and Gm ∩ Gl ̸= ∅. This means that Gl ⊆ Sα forms a separable component, which
contradicts with the assumption that Sα is a separable component. Therefore, when Sα

is (A1), there always exists a firm fk ∈ Lα such that Sα = Gk.
Suppose that fk ∈ Lα and Gk = Sα for an (A1) separable component Sα ∈ S.

Lemma 12 illustrates that gk(H) is differentiable on (H0, ∞). We now show that gk(H)

is strictly decreasing on (H0, ∞). Assume for a contradiction that, gk(H2) ≥ gk(H1)

for some H2 > H1 > H0. With any given H > H0, Lemma 12 shows that µk = gk(H)

satisfies
µk − 1

µk =
∑j∈Gk γj(tj(Ψj))

H
by rearranging equation (14). (19)

Since gk(H2) ≥ gk(H1), we know that gk(H2)−1
gk(H2)

≥ gk(H1)−1
gk(H1)

, which implies that

∑j∈Gk γj(tj(mj(H1)))

H1 ≤
∑j∈Gk γj(tj(mj(H2)))

H2 by equation (19). (20)

As the case where γi(ti(mi(H1)))
H1 = γi(ti(mi(H2)))

H2 for every i ∈ Gk clearly contradicts

35Note that Sα cannot be a strict subset of Gk, which violates the definition of a separable component.
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equation (14) for firms in Lα under the assumption that H2 > H1, equation (20) implies
that there exists at least a final product i ∈ Gk such that γi(ti(mi(H1)))

H1 < γi(ti(mi(H2)))
H2 and

we denote such final products in Gk by Ĝk. Moreover, for any final product i ∈ Ĝk,
mi(H1) > mi(H2) by Lemmas 3 and 10 as H2 > H1. This further implies that there
exists a firm fli ∈ Mi with gli(H1) > gli(H2). By Lemma 12, Gli ⊈ Ĝk, and

gli(H1)− 1
gli(H1)

=
∑j∈Gli γj(tj(mj(H1)))

H1 >
∑j∈Gli γj(tj(mj(H2)))

H2 =
gli(H2)− 1

gli(H2)
.

Since Sα is (A1), for all i, j ∈ Ĝk, either Gli ⊆ Glj or Glj ⊆ Gli when Gli ∩ Glj ̸= ∅.
Then, we obtain

Ĝk ⊊
⋃

j∈Ĝk

Glj ≡ Ωk ⊆ Gk, and

∑j∈Ωk γj(tj(mj(H1)))

H1 >
∑j∈Ωk γj(tj(mj(H2)))

H2 .

This implies that

∑j∈Gk γj(tj(mj(H1)))

H1 >
∑j∈Gk γj(tj(mj(H2)))

H2 ,

which contradicts inequality (20). It follows that gk(H) is strictly decreasing on (H0, ∞).
Taking the limit as H tends to infinity in equation (19), where 0 < γj(tj(mj(H))) <

γj(tj(1)) for any j ∈ Gk (by Lemma 12), shows that limH→∞ gk(H) = 1.

B.3 Proof of Proposition 3

Proof. For every H > H0, Lemma 12 shows that (µk = gk(H)) fk∈Lα
satisfy

µk = 1 + µk ∑i∈Gk γi(ti(Ψi))

H
, ∀ fk ∈ Lα, (21)

where gk(H) ∈ (1, µk) for any fk ∈ Lα and Ψi = mi(H) ∈ (1, µ̄i) for any i ∈ Sα. This
implies that γi(ti(Ψi)) > 0 for any i ∈ Sα by Lemmas 3 and 10. Equation (21) is also
equivalent to

µk − 1
µk

1
∑i∈Gk γi(ti(Ψi))

=
1
H

, ∀ fk ∈ Lα. (22)

For every H > H0 and fk ∈ Lα, let

Φk(µk) ≡ µk − 1
µk

1
∑i∈Gk γi(ti(µk))

, (23)
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where µk ∈ (1, µk). By Lemmas 3 and 10, Φk(µk) is strictly increasing in µk on (1, µk),
and we obtain the following inequality for any fk ∈ Lα with (µk = gk(H)) fk∈Lα

:

Φk(µk) ≤ µk − 1
µk

1
∑i∈Gk γi(ti(Ψi))

=
1
H

. (24)

Define Hk ≡ 1
Φk(gk(H))

for any H > H0. Note that, since Sα is either (A1) or (A2),

every firm fk ∈ Lα must have a final product i ∈ Gk with |Mi| ≥ 2, which implies that
Hk > H for every fk ∈ Lα by Lemmas 3 and 10. Since Φk(µk) is strictly increasing
in µk on (1, µk), and gk(H) ∈ (1, µk), the equation Φk(µk) = 1

Ĥ
has a unique solution

in µk ∈ (1, µk), denoted ḡk(Ĥ), for any Ĥ ≥ Hk, and ḡk(Ĥ) is strictly decreasing in
Ĥ ∈ (Hk, ∞). Moreover, by equation (23) and inequality (24), ḡk(Hk) = gk(H) ≥
ḡk(Ĥ) ≥ gk(Ĥ) for any Ĥ ≥ Hk > H. Let H = max fk∈Lα

(Hk) > H. Then, for any
H > H0 and Ĥ > H, we see that

gk(H) ≥ ḡk(H) > ḡk(Ĥ) ≥ gk(Ĥ), ∀ fk ∈ Lα.

Since equation (21) with (µk = gk(H)) fk∈Lα
is equivalent to

µk − 1
µk =

∑i∈Gk γi(ti(Ψi))

H
,

for any H > H0 and fk ∈ Lα, where 0 < γj(tj(Ψj)) = γj(tj(mj(H))) < γj(tj(1)) for
any j ∈ Gk (by Lemma 12), taking the limit as H tends to infinity on both sides shows
that limH→∞ gk(H) = 1.

B.4 Proof of Proposition 4

Proof. Note that Lemma 12 shows that mi(H) for every i ∈ Sα is differentiable on
(H0, ∞) with any network, and that, by Proposition 2, mi(H) is strictly decreasing on
(H0, ∞) for every i ∈ Sα in an (S) separable component. We now argue that in an (A1)
separable component Sα ∈ S, mi(H) is strictly decreasing on (H0, ∞) for any i ∈ Sα.
We denote the firm providing intermediate products for all final products in Sα by fk

(i.e., Gk = Sα). Lemma 2 shows that gk(H2) < gk(H1) for any H2 > H1 > H0. Assume
for a contradiction that final product i ∈ Sα has the property that mi(H2) ≥ mi(H1)

for some H2 > H1 > H0. Since fk ∈ Mi and by Lemma 12, there exists at least a
firm fm ∈ Mi with gm(H2) > gm(H1) and fm ̸= fk, and we denote the set of firms
with this property in Mi by M̂i. Since Sα is (A1), we can pick the firm in M̂i, which
provides intermediates for final products

⋂
fl∈M̂i

Gl, and denote this firm by fL (i.e., for

4



any firm fl ∈ M̂i, |GL| ≤ |Gl|).36 By Lemma 12, for every H > H0, the η-markup for
fL, µL = gL(H), satisfies

µL − 1
µL =

∑j∈GL γj(tj(Ψj))

H
. (25)

Since gL(H2) > gL(H1), we obtain

∑j∈GL γj(tj(mj(H2)))

H2 >
∑j∈GL γj(tj(mj(H1)))

H1 . (26)

Then, since, by Lemmas 3 and 10, γi(ti(mi(H2))) ≤ γi(ti(mi(H1))), there exists at
least a final product j ∈ GL and j ̸= i such that γj(tj(mj(H2))) > γj(tj(mj(H1))) and
Mi ̸= Mj, and we denote the set of such final products by ĜL ⊆ GL. For some final
product j ∈ ĜL, we argue that gm(H2) ≥ gm(H1) for every fm ∈ Mj with Gm ⊆ GL. To
see this, assume for a contradiction that for every j ∈ ĜL, there exists a firm fxj ∈ Mj

with Gxj ⊆ GL such that gxj(H2) < gxj(H1). By Lemma 12, µxj = gxj(H) for every
H > H0 satisfies

µxj − 1
µxj

=
∑y∈Gxj γy(ty(my(H)))

H
,

which means that

∑y∈Gxj γy(ty(my(H2)))

H2 <
∑y∈Gxj γy(ty(my(H1)))

H1 .

Then, since the network is (A1), either Gxa ⊆ Gxb or Gxb ⊆ Gxa if Gxa
⋂

Gxb ̸= ∅ for
any final products a, b ∈ ĜL. Note also that ĜL ⊆ ⋃

j∈ĜL Gxj ⊆ GL and γq(tq(mq(H2))) ≤
γq(tq(mq(H1))) for any final product q ∈ GL \ ĜL. Hence, we see that

∑y∈⋃
j∈ĜL Gxj γy(ty(my(H2)))

H2 <
∑y∈⋃

j∈ĜL Gxj γy(ty(my(H1)))

H1 ,

which implies that

∑y∈GL γy(ty(my(H2)))

H2 <
∑y∈GL γy(ty(my(H1)))

H1 . (27)

Inequality (27) contradicts inequality (26). It follows that we can pick a final prod-
uct j ∈ ĜL such that gm(H2) ≥ gm(H1) for every fm ∈ Mj with Gm ⊆ GL. Since
γj(tj(mj(H2))) > γj(tj(mj(H1))) and by Lemmas 3 and 10, mj(H2) < mj(H1). Note
also that mi(H2) ≥ mi(H1). Then, by Lemma 12 and the conditions that Mi ̸= Mj

and gm(H2) ≥ gm(H1) for every fm ∈ Mj with Gm ⊆ GL, there exists another firm

36If multiple firms provide intermediates for
⋂

fl∈M̂i

Gl , then fL is an arbitrary one of these firms.
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fz ∈ Mi and fz /∈ Mj such that gz(H2) > gz(H1) . Since the network is (A1), this
means that Gz ⊊ GL and |Gz| < |GL|, which contradicts the property that |Gl| ≥ |GL|
for every fl ∈ M̂i. Hence, mi(H2) < mi(H1) for every final product i ∈ Sα and every
H2 > H1 > H0.

Proposition 3 shows that limH→∞ gl(H) = 1 for any fl ∈ Lα, which implies that, by
Lemma 12, limH→∞ mi(H) = limH→∞ ∑ fl∈Mi

gl(H) = |Mi| for any i ∈ Sα.

B.5 Proof of Proposition 5

Proof. We first show that the lowest and highest equilibrium aggregators exist. By
Lemma 13 and its proof, the set of equilibrium aggregators is nonempty, bounded
(since it lies in [H0, H0 + ∑i∈N hi(Ci)] with H0 > H0 ≥ 0), and closed (since it is the
set {H ≥ H0 : Γ(H) − H = 0} and Γ(H) − H is a continuous function on [H0, ∞)).
Hence, the set of equilibrium aggregators is compact, and its minimum and maximum
exist (see also the proof of Proposition 3 in Nocke and Schutz (2018), which follows the
same argument).

Define Γ̂(H, H0) ≡ Γ(H, H0)− H,37 where

Γ(H, H0)− H = H0 + ∑
i∈N

hi(ti(mi(H)))− H.

Note that by Lemma 13, H > H0 is an equilibrium aggregator if and only if Γ̂(H, H0) =

0. We now argue that as the value of H0 increases, consumer surplus increases under
any network in the equilibria with the lowest and highest aggregator H. To see this,
we need to show some key properties of the function Γ̂(H, H0) with H ≥ H0. We
know from the proof of Lemma 13 that Γ(H, H0) ∈ (H0, H0 + ∑i∈N hi(Ci)) for every
H ≥ H0. This means that Γ̂(H, H0) > 0 when H ≤ H0 and Γ̂(H, H0) < 0 when H ≥
H0 + ∑i∈N hi(Ci). Moreover, by Lemma 12, Γ̂(H, H0) is continuous on [H0, ∞). Let
H∗ be the lowest equilibrium aggregator when the outside option is H0, which means
that H∗ is the lowest value of H such that Γ̂(H, H0) = 0. Then, since Γ̂(H, H0) > 0
when H = H0 and Γ̂(H, H0) is continuous on [H0, ∞), Γ̂(H, H0) ≥ 0 for any H ≤ H∗.
Next, let H∗′ be the lowest equilibrium aggregator when the outside option is H0′ .
Suppose that H0′ > H0. We argue that H∗′ > H∗. Clearly, Γ̂(H, H0′) > Γ̂(H, H0) for
any H ≥ H0. Then, we have

Γ̂(H, H0′) > Γ̂(H, H0) ≥ 0, ∀H ≤ H∗.

37Since H0 varies in the remainder of this proof, we write Γ(H, H0) for the aggregate fitting-in func-
tion to make its dependence on H0 explicit. Note that the fitting-in functions (mi)i∈N are determined
by equations (6) for every H > H0, so H0 only affects their domain. Hence, H0 enters Γ(H, H0) only
through the additive term H0 and through the domain H ≥ H0.
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Therefore, when the outside option is H0′ , there is no equilibrium aggregator on (H0, H∗],
which shows that H∗′ > H∗. Similarly, we can show that H∗

< H∗′ , where H∗ and
H∗′ are the highest equilibrium aggregators when the outside options are H0 and H0′ ,
respectively.

The remaining parts of the proposition follow from Propositions 2 and 4 and Lem-
mas 2 and 10. The effects of an entry of a new firm providing substitutable final prod-
ucts for all the incumbent firms follow from the same line of argument. This firm forms
a separable component, and with any H > H0, the entry shifts Γ̂(H, H0) upward.38

B.6 Proof of Example 1

Proof. This (A1) network is covered by Proposition 6. In the proof of Proposition
6, we study how a cost reduction may affect the pricing functions and the fitting-in
functions and show that this cost reduction can always increase equilibrium consumer
surplus. We will use these results and the notations in the proof of Proposition 6 to
prove Example 1.

Suppose that C1 > C′
1 > 0. Under this MNL specification, we know that, by

Lemma 10, t1(Ψ1) = Ψ1 + C1 > t̂1(Ψ1) = Ψ1 + C′
1 for every Ψ1 ∈ (1, ∞) and t2(Ψ2) =

Ψ2 + C2 for every Ψ2 ∈ (1, ∞). Since H∗ < Ĥ∗ and Γ(H∗)
H∗ = Γ̂(Ĥ∗)

Ĥ∗ = 1, it follows that

h1(m1(H∗) + C1) + h2(m2(H∗) + C2)

H∗ <
h1(m̂1(Ĥ∗) + C′

1) + h2(m̂2(Ĥ∗) + C2)

Ĥ∗ , (28)

where m1(H∗) = g1(H∗) + g2(H∗), m2(H∗) = g1(H∗) + g3(H∗), m̂1(Ĥ∗) = ĝ1(Ĥ∗) +

ĝ2(Ĥ∗), and m̂2(Ĥ∗) = ĝ1(Ĥ∗) + ĝ3(Ĥ∗). By equation (35) for firm f1, this implies
that g1(H∗) < ĝ1(Ĥ∗). Then, by inspecting equation (35) for firm f3, where h′2 < 0
on (0, ∞), we see that the function τ3(x, y, H) = x−1

x − h2(y+x+C2)
H is strictly increas-

ing in x ∈ (1, ∞), in y ∈ (1, ∞), and in H ∈ (H0, ∞). By τ3(g3(H∗), g1(H∗), H∗) =

τ3(ĝ3(Ĥ∗), ĝ1(Ĥ∗), Ĥ∗) = 0 from equation (35) and the properties that g1(H∗) <

ĝ1(Ĥ∗) and H∗ < Ĥ∗, we obtain

g3(H∗)− 1
g3(H∗)

=
h2(g1(H∗) + g3(H∗) + C2)

H∗ >
ĝ3(Ĥ∗)− 1

ĝ3(Ĥ∗)
=

h2(ĝ1(Ĥ∗) + ĝ3(Ĥ∗) + C2)

Ĥ∗ ,

which means that g3(H∗) > ĝ3(Ĥ∗). Hence, by equation (28),

h1(m1(H∗) + C1)

H∗ <
h1(m̂1(Ĥ∗) + C′

1)

Ĥ∗ . (29)

38Let the new firm be fl . Then, this firm shifts Γ̂(H, H0) upward by at least ∑i∈Gl hi(ti(mi(H0))) > 0.
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Since H∗ < Ĥ∗ and h′1 < 0, inequality (29) implies that

h1(m1(H∗) + C1) < h1(m̂1(Ĥ∗) + C′
1), and

t1(m1(H∗)) = m1(H∗) + C1 > t̂1(m̂1(Ĥ∗)) = m̂1(Ĥ∗) + C′
1.

(30)

It means that the equilibrium price of final product 1 gets lower after the cost reduc-
tion.

We now study the impact of the cost reduction on the price of final product 2. Using
equations (35) for firms f1 and f3 at H∗ and Ĥ∗, where Γ(H∗)

H∗ = Γ̂(Ĥ∗)
Ĥ∗ = 1, we obtain

m2(H∗) = 2 +
h1(m1(H∗) + C1) + h2(m2(H∗) + C2)

H0 +
h2(m2(H∗) + C2)

H0 + h1(m1(H∗) + C1)
,

m̂2(Ĥ∗) = 2 +
h1(m̂1(Ĥ∗) + C′

1) + h2(m̂2(Ĥ∗) + C2)

H0 +
h2(m̂2(Ĥ∗) + C2)

H0 + h1(m̂1(Ĥ∗) + C′
1)

.
(31)

Define
Θ(x, y) = 2 +

x + h2(y + C2)

H0 +
h2(y + C2)

H0 + x
− y,

where x ∈ (0, ∞) and y ∈ (1, ∞). This function has the properties that ∂Θ
∂y < 0, and

∂Θ
∂x > 0 if and only if x >

√
H0h2(y + C2)− H0. Under condition (a), equations (35) for

firms f1, f2, and f3 show that m1(H∗) = m2(H∗) and h1(m1(H∗) +C1) = h2(m2(H∗) +

C2). Then, we know that h1(m1(H∗) + C1) >
√

H0h2(m2(H∗) + C2) − H0 for any
H0 > 0. By inequality (30) and the properties of the function Θ(x, y), this implies that

0 = 2 +
h1(m1(H∗) + C1) + h2(m2(H∗) + C2)

H0 +
h2(m2(H∗) + C2)

H0 + h1(m1(H∗) + C1)
− m2(H∗),

< 2 +
h1(m̂1(Ĥ∗) + C′

1) + h2(m2(H∗) + C2)

H0 +
h2(m2(H∗) + C2)

H0 + h1(m̂1(Ĥ∗) + C′
1)

− m2(H∗).

(32)
Since ∂Θ

∂y < 0, equation (31) and inequality (32) show that m2(H∗)+C2 < m̂2(Ĥ∗)+C2,
which means that the equilibrium price of final product 2 gets higher after the cost
reduction.

We now consider the condition that H0 > h2(m2(H∗)+C2) > 0.39 This implies that√
H0h2(m2(H∗) + C2)− H0 < 0. Then, since h1 > 0 and by Lemma 12, h1(m1(H∗) +

C1) > 0 >
√

H0h2(m2(H∗) + C2) − H0. By the same argument as in the proof with
condition (a), the cost reduction increases the equilibrium price of final product 2.

39Note that this condition can be easily satisfied. For example, since m2(H∗) > 1 and h′2 < 0, H0 >

h2(m2(H∗) + C2) when H0 ≥ h2(1 + C2).
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B.7 Proof of Proposition 6

Proof. Under any given network with the demand system ((hj)j∈N , H0), we first eval-
uate how a reduction in Ci, the total marginal cost of final product i ∈ N , affects the
pricing function, ti(Ψi), for final product i. Suppose that Ci > C′

i > 0. Let ti(Ψi) (resp.
t̂i(Ψi)) be the pricing function for final product i when the total marginal cost of final
product i is Ci (resp. C′

i). Since ti(Ψi) is the unique solution of Pi−Ci
Pi

ηi(Pi) = Ψi with
Ψi ∈ (1, µ̄i) and Pi ∈ (0, ∞), as shown in Lemma 10, we see that for every Ψi ∈ (1, µ̄i),

ti(Ψi) > t̂i(Ψi). (33)

Also, it is obvious that tj(Ψj) for any j ∈ N \ {i} is not affected by changes in Ci.
We now study how a reduction in Ci affects firms’ and final products’ fitting-in

functions with CES or MNL demands in an (S) or (A1) separable component. As-
sumption 2a is always satisfied so that the fitting-in functions are well-defined.40 In
the CES case, let hj(Pj) = ajP1−σ

j for every j ∈ N , where aj > 0 and σ > 1. In the MNL

case, let hj(Pj) = exp(
aj−Pj

λ ) for every j ∈ N , where aj ∈ R and λ > 0. Note that by
Lemma 3, for every j ∈ N , we have

γj(Pj) =

 aj
σ−1

σ P1−σ
j = σ−1

σ hj(Pj) (CES),

exp(
aj−Pj

λ ) = hj(Pj) (MNL).
(34)

Suppose that final product i ∈ Sα and Sα ∈ S. By Lemma 12, when final products’
total marginal costs are (Ci)i∈N , the outputs of fitting-in functions (µk = gk(H)) fk∈Lα

and (Ψj = mj(H))j∈Sα
with H ∈ (H0, ∞) are uniquely determined by a system of

equations (14) for all firms in Lα, which can be rewritten as follows:

µk − 1
µk =

∑q∈Gk γq(tq(Ψq))

H
, ∀ fk ∈ Lα. (35)

Let ĝk(H) and m̂j(H) be the fitting-in functions for any firm fk ∈ Lα and any final
product j ∈ Sα, respectively, when the total marginal cost of final product i is changed
to C′

i . By Lemma 12, fitting-in functions for firms and final products outside Sα will
not be affected.

We first show that when Sα is (S) or (A1), there exists a firm fl ∈ Lα such that
ĝl(H) > gl(H) for any H > H0. Assume for a contradiction that ĝk(H) ≤ gk(H) for
any fk ∈ Lα at some H = H′ > H0. By Lemma 12, we know that m̂j(H′) ≤ mj(H′) for

40Let H0′ and H0′′ be the lower bounds of H0, defined in the proof of Theorem 1, before and after
the cost reduction in final product i ∈ N with a CES demand specification. To ensure that the fitting-in
functions are well-defined and the impact only comes from the cost reduction, we assume that H0 =

max(H0′ , H0′′) before and after the cost reduction.
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any j ∈ Sα. Then, since ti(Ψi) > t̂i(Ψi) for every Ψi ∈ (1, µ̄i) and by Lemmas 3 and
10, we get ti(mi(H′)) > t̂i(m̂i(H′)) and γi(t̂i(m̂i(H′))) > γi(ti(mi(H′))). Similarly,
for any j ∈ Sα \ {i}, we obtain γj(tj(m̂j(H′))) ≥ γj(tj(mj(H′))). This means that, by
equation (35), for every fm ∈ Mi, where Mi ⊆ Lα, we obtain

γi(t̂i(m̂i(H′)))

H′ +
∑q∈Gm\{i} γq(tq(m̂q(H′)))

H′︸ ︷︷ ︸
=

ĝm(H′)−1
ĝm(H′)

>
∑q∈Gm γq(tq(mq(H′)))

H′︸ ︷︷ ︸
=

gm(H′)−1
gm(H′)

,

which implies that ĝm(H′) > gm(H′). This contradicts the assumption that ĝk(H′) ≤
gk(H′) for any fk ∈ Lα. Hence, when Sα is (S) or (A1) with Ci > C′

i > 0, there exists a
firm fl ∈ Lα such that ĝl(H) > gl(H) for any H > H0.

Next, we study how a cost reduction affects the aggregate fitting-in function when
Sα is (S). Then, Gk = Gm = Sα for any fk, fm ∈ Lα, which implies that, by equation
(35), gk(H) = gm(H) and ĝk(H) = ĝm(H) for any fk, fm ∈ Lα and H > H0. Moreover,
since there must exist a firm fl ∈ Lα such that ĝl(H) > gl(H) for every H > H0, it
follows that ĝk(H) > gk(H) for every fk ∈ Lα and H > H0. By equations (34) and (35),
we know that for every H > H0,

hi(t̂i(m̂i(H)))

H
+

∑q∈Sα\{i} hq(tq(m̂q(H)))

H
>

∑q∈Sα
hq(tq(mq(H)))

H
. (36)

Let Γ(H) (resp. Γ̂(H)) be the aggregate fitting-in function, defined in Lemma 13, when
the total marginal cost of final product i is Ci (resp. C′

i). Since fitting-in functions for
firms and final products outside Sα are not affected by Ci or C′

i with every H > H0,

equation (34) and inequality (36) show that Γ̂(H)
H > Γ(H)

H for every H > H0.
We now assume that Sα is (A1). As shown in the proof of Lemma 2, there exists

a firm in Lα, denoted fk, such that Gk = Sα. Note that if ĝk(H) > gk(H) for every
H > H0, then, by equations (34) and (35),

hi(t̂i(m̂i(H)))

H
+

∑q∈Sα\{i} hq(tq(m̂q(H)))

H
>

∑q∈Sα
hq(tq(mq(H)))

H
.

By the same argument for the case when Sα is (S), we obtain Γ̂(H)
H > Γ(H)

H for every
H > H0. Hence, all we need to do now is show that ĝk(H) > gk(H) for every H > H0.
Assume for a contradiction that ĝk(H) ≤ gk(H) at some H = H′ > H0. Since we
have shown that there exists a firm fl ∈ Lα such that ĝl(H′) > gl(H′), it follows that
Gl ⊊ Gk. Then, by equation (35) and the assumption that ĝk(H′) ≤ gk(H′), there
exists at least a final product j ∈ Gk \ Gl, such that γj(tj(m̂j(H′))) < γj(tj(mj(H′)))

if j ̸= i and γj(t̂j(m̂j(H′))) < γj(tj(mj(H′))) if j = i, and we denote the set of such
final products by Gk. Moreover, by Lemmas 3 and 10, for any final product j ∈ Gk,
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m̂j(H′) = ∑ fm∈Mj
ĝm(H′) > mj(H′) = ∑ fm∈Mj

gm(H′), which means that there exists
a firm fy in Mj such that ĝy(H′) > gy(H′). Since the network is (A1), where any two
firms providing complementary products have nested product sets, we can collect a
set of firms, denoted T k, providing intermediates for Gk, such that Ga ∩ Gb = ∅ for
any fa, fb ∈ T k, Gk ⊆ ⋃

fm∈T k Gm, and ĝm(H′) > gm(H′) for every fm ∈ T k. Then, by
equation (35), we see that

∑
fm∈T k

gm(H′)− 1
gm(H′)

=
∑q∈(⋃ fm∈T k Gm) γq(tq(mq(H′)))

H′ , and

∑
fm∈T k

ĝm(H′)− 1
ĝm(H′)

=


∑q∈(⋃

fm∈T k Gm) γq(tq(m̂q(H′)))

H′ if i /∈ ⋃
fm∈T k Gm,

∑q∈(⋃
fm∈T k Gm)\{i} γq(tq(mq(H′)))

H′ + γi(t̂i(m̂i(H′)))
H′ if i ∈ ⋃

fm∈T k Gm,

where ∑ fm∈T k
gm(H′)−1

gm(H′) < ∑ fm∈T k
ĝm(H′)−1

ĝm(H′) . Since γj(tj(m̂j(H′))) ≥ γj(tj(mj(H′))) for

any j ∈ Gk \ (Gk ∪ Gl) and j ̸= i, γi(t̂i(m̂i(H′))) ≥ γi(ti(mi(H′))) if i ∈ Gk \ (Gk ∪ Gl),
and (

⋃
fm∈T k Gm)∩ Gl = ∅ (or Gl, as each Gm for firm fm ∈ T k contains a final product

in Gk ⊆ Gk \ Gl), it follows that

hi(t̂i(m̂i(H′)))

H′ +
∑q∈Gk\{i} hq(tq(m̂q(H′)))

H′ >
∑q∈Gk hq(tq(mq(H′)))

H′ .

By equation (35), this contradicts the assumption that ĝk(H′) ≤ gk(H′). Therefore,
ĝk(H) > gk(H) for every H > H0. By the same argument for the case when Sα is (S),
we get Γ̂(H)

H > Γ(H)
H for every H > H0.

As shown later in the proofs of Propositions 8 and 9, uniqueness results indepen-
dent of this section, Γ(H)

H and Γ̂(H)
H are strictly decreasing in H on (H0, ∞) when the

network is (S) or (A1). Then, the result that Γ̂(H)
H > Γ(H)

H for every H > H0 in an (S)
or (A1) network implies that H∗ < Ĥ∗, where H∗ ∈ (H0, ∞) is the unique solution of
Γ(H)

H = 1 and Ĥ∗ ∈ (H0, ∞) is the unique solution of Γ̂(H)
H = 1. Since H∗ and Ĥ∗ cor-

respond to two equilibrium aggregators by Lemma 13, it follows that by Proposition
1, equilibrium consumer surplus is improved after a reduction in Ci in an (S) or (A1)
network.

B.8 Proof of Proposition 7

Proof. Let hj(Pj) = exp (a − Pj) = h(Pj) for every j ∈ N , where a ∈ R. This MNL
demand satisfies Assumption 2b with any H0 > 0. Note that by Lemma 3, for every
j ∈ N , γj(Pj) = hj(Pj). Let 0 < C′

1 < C1 = C2 = C3 = C and ∆C1 = C−C′
1. By Lemma

10, we know that t1(Ψ1) = Ψ1 + C > t̂1(Ψ1) = Ψ1 + C′
1 for every Ψ1 ∈ (1, ∞), where
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t1(Ψ1) (resp. t̂1(Ψ1)) is the pricing function for final product 1 when the total marginal
cost of final product 1 is C (resp. C′

1). For final products 2 and 3, t2(Ψ2) = Ψ2 + C with
Ψ2 ∈ (1, ∞) and t3(Ψ3) = Ψ3 + C with Ψ3 ∈ (1, ∞).

We now evaluate how a reduction in C1 affects firms’ and final products’ fitting-
in functions under this (A2) network. By Lemma 12, when the total marginal cost
of each final product is C, the outputs of fitting-in functions (µk = gk(H)) fk∈F and
(Ψj = mj(H))j∈N with H ∈ (H0, ∞) solve the following equations:

µ1 − 1
µ1 =

γ1(t1(Ψ1)) + γ2(t2(Ψ2))

H
=

h1((µ
1 + µ2) + C) + h2(µ

1 + C)
H

,

µ2 − 1
µ2 =

γ1(t1(Ψ1)) + γ3(t3(Ψ3))

H
=

h1((µ
1 + µ2) + C) + h3(µ

2 + C)
H

.
(37)

Let ĝk(H) and m̂j(H) be the fitting-in functions for any firm fk ∈ F and any final
product j ∈ N , respectively, when the total marginal cost of final product 1 is C′

1. Since
h2(P) = h3(P) for any P > 0 and by inspecting equation (37), g1(H) = g2(H) ≡ g(H)

and ĝ1(H) = ĝ2(H) ≡ ĝ(H) for every H > H0. Then, equation (37) with µ = g(H),
C1 = C and H > H0 can be rewritten as

µ − 1
µ

− h(2µ + C) + h(µ + C)
H

= 0. (38)

Similarly, by Lemma 12, when µ′ = ĝ(H), H > H0, and the total marginal cost of final
product 1 is C′

1, we obtain

µ′ − 1
µ′ −

h(2µ′ + C′
1) + h(µ′ + C)

H
= 0. (39)

We first show that ĝ(H) > g(H) for every H > H0. By Lemma 3, the left-hand side
of equation (38) is strictly increasing in µ ∈ (1, ∞) and strictly increasing in C ∈ (0, ∞).
Since the left-hand side of equation (39) is essentially the left-hand side of equation
(38) by setting C1 = C′

1 < C, we can conclude that ĝ(H) > g(H) for any H > H0.
Moreover, since the left-hand side of equation (38) is strictly increasing in µ ∈ (1, ∞)

and in H ∈ (0, ∞), we see that g(H) is strictly decreasing in H on (H0, ∞). Similarly,
by equation (39), ĝ(H) is strictly decreasing in H on (H0, ∞). These results also show
that m̂j(H) > mj(H) for any j ∈ N and H > H0, and both m̂j(H) and mj(H) are
strictly decreasing in H on (H0, ∞).

Next, we study how a decrease in C1 affects the aggregate fitting-in function, which
determines the equilibrium aggregator. Let Γ(H) (resp. Γ̂(H)) be the aggregate fitting-
in function on (H0, ∞), defined in Lemma 13, when the total marginal cost of final
product 1 is C (resp. C′

1). As shown later in the proof of Proposition 8, a uniqueness
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result independent of this proof, Γ(H)
H and Γ̂(H)

H are strictly decreasing in H on (H0, ∞),
which leads to a unique solution of Γ(H)

H = 1 on (H0, ∞), denoted H∗, and a unique

solution of Γ̂(H)
H = 1 on (H0, ∞), denoted Ĥ∗. By Lemma 13, H∗ and Ĥ∗ are the

equilibrium aggregators when C1 = C and C1 = C′
1, respectively.

We first prove a necessary and sufficient condition for Ĥ∗ < H∗. Since C′
1 < C and

g(H∗) > 1, and by Lemma 3, there exists a unique β ∈ (1, 1 + ∆C1) such that

Γ(H∗)− H0 = h(2g(H∗)+C)+ 2h(g(H∗)+C) = h(2βg(H∗)+C′
1)+ 2h(βg(H∗)+C).

(40)
We argue that ĝ(H∗) > βg(H∗), which is equivalent to Ĥ∗ < H∗, if and only if

βg(H∗)− 1
βg(H∗)

<
h(2βg(H∗) + C′

1) + h(βg(H∗) + C)
H∗ . (41)

To see this, inequality (41) implies that

βg(H∗)− 1
βg(H∗)

−
h(2βg(H∗) + C′

1) + h(βg(H∗) + C)
H∗ < 0. (42)

Let

ϕ(x, H∗) =
x − 1

x
−

h(2x + C′
1) + h(x + C)
H∗ .

By Lemma 3, ϕ(x, H∗) is strictly increasing in x on (1, ∞), and it is obvious that
ϕ(x, H∗) = 0 has a unique solution in x on (1, ∞), denoted x∗(H∗). By inequality
(42), we obtain x∗(H∗) > βg(H∗). Since, by equation (39),

ĝ(H∗)− 1
ĝ(H∗)

−
h(2ĝ(H∗) + C′

1) + h(ĝ(H∗) + C)
H∗ = 0.

It follows that ĝ(H∗) = x∗(H∗) > βg(H∗). Then, by equation (40) and Lemma 3,

1 =
Γ(H∗)

H∗ =
h(2g(H∗) + C) + 2h(g(H∗) + C) + H0

H∗

>
Γ̂(H∗)

H∗ =
h(2ĝ(H∗) + C′

1) + 2h(ĝ(H∗) + C) + H0

H∗ .

Therefore, when H = H∗, Γ̂(H∗)
H∗ < 1. Since Γ̂(H)

H is strictly decreasing in H on (H0, ∞),
we obtain Ĥ∗ < H∗. By reversing the steps above, we can prove that the condition is
also necessary for Ĥ∗ < H∗.

Then, we use this condition to show that if H0 < min(h(m1(H∗) + C), H̃0), where
H̃0 = h(g(H∗) + C)( 1

∆C1
− 1+∆C1

∆C1 exp(g(H∗)∆C1)
), then Ĥ∗ < H∗. By rearranging equation

13



(38) and using the condition that Γ(H∗)
H∗ = 1, we know that

g(H∗)− 1
g(H∗)

=
h(2g(H∗) + C) + h(g(H∗) + C)

h(2g(H∗) + C) + 2h(g(H∗) + C) + H0 <
h(2g(H∗) + C) + h(g(H∗) + C)

h(2g(H∗) + C) + 2h(g(H∗) + C)
,

(43)
which implies that exp (−g(H∗)) > g(H∗) − 2 and g(H∗) < 2.13. When H0 <

h(2g(H∗) + C),

g(H∗)− 1
g(H∗)

=
h(2g(H∗) + C) + h(g(H∗) + C)

h(2g(H∗) + C) + 2h(g(H∗) + C) + H0 >
h(2g(H∗) + C) + h(g(H∗) + C)

2(h(2g(H∗) + C) + h(g(H∗) + C))
=

1
2

.

Hence, if H0 < h(2g(H∗) + C), 2 < g(H∗) < 2.13. This also shows that H0 < h(5+ C)
always ensures that H0 < h(2g(H∗) + C). Since 1

x − 1+x
x exp(xg(H∗)) is strictly decreasing

in x on (0, ∞) for any g(H∗) > 2 and since 0 < β − 1 < ∆C1, the assumption H0 <

min(h(m1(H∗) + C), H̃0) also implies that

H0 < h(g(H∗) + C)(
1

∆C1
− 1 + ∆C1

∆C1 exp(g(H∗)∆C1)
)

< h(g(H∗) + C)(
1

β − 1
− β

(β − 1) exp ((β − 1)g(H∗))
)

=
h(g(H∗) + C)− βh(βg(H∗) + C)

β − 1
.

(44)

Note that, since 1 < β < 1 + ∆C1 and 1 < g(H∗) < ∞ for any H0 > 0 by Lemmas 12
and 13,

βh(βg(H∗) + C)
h(g(H∗) + C)

=
β

exp((β − 1)g(H∗))
< 1,

which means that h(g(H∗) + C) − βh(βg(H∗) + C) > 0. By equation (38) and the
condition that Γ(H∗)

H∗ = 1, inequality (44) shows that

H0 + h(g(H∗) + C)
βH∗ =

1
βg(H∗)

>
H0 + h(βg(H∗) + C)

H∗ . (45)

It follows that, if H0 < min(h(m1(H∗) + C), H̃0),

h(2βg(H∗) + C′
1) + h(βg(H∗) + C)
H∗ +

1
βg(H∗)

>
h(2βg(H∗) + C′

1) + 2h(βg(H∗) + C) + H0

H∗

= 1,

where the last equality follows from equation (40). Hence, when H0 < min(h(m1(H∗)+

C), H̃0),
h(2βg(H∗) + C′

1) + h(βg(H∗) + C)
H∗ +

1
βg(H∗)

> 1,
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which implies that

βg(H∗)− 1
βg(H∗)

<
h(2βg(H∗) + C′

1) + h(βg(H∗) + C)
H∗ .

Therefore, the necessary and sufficient condition for Ĥ∗ < H∗ is satisfied.
We now inspect the changes in equilibrium prices caused by the cost reduction.

When Ĥ∗ > H∗, assume for a contradiction that ĝ(Ĥ∗) ≤ g(H∗). By equations (38)
and (39), this implies that

h(2g(H∗) + C) + h(g(H∗) + C)
H∗ ≥

h(2ĝ(Ĥ∗) + C′
1) + h(ĝ(Ĥ∗) + C)
Ĥ∗ . (46)

By inspecting Γ(H∗)
H∗ = 1 and Γ̂(Ĥ∗)

Ĥ∗ = 1, we obtain

h(g(H∗) + C)
H∗ <

h(ĝ(Ĥ∗) + C)
Ĥ∗ . (47)

Using inequalities (46) and (47), we see that

h(ĝ(Ĥ∗) + C)
h(g(H∗) + C)

>
h(2ĝ(Ĥ∗) + C′

1) + h(ĝ(Ĥ∗) + C)
h(2g(H∗) + C) + h(g(H∗) + C)

,

which implies that exp(−(ĝ(Ĥ∗)− g(H∗))) > exp (−(2(ĝ(Ĥ∗)− g(H∗)) + (C′
1 − C))).

This contradicts the assumption that C′
1 −C < 0 and ĝ(Ĥ∗) ≤ g(H∗). Therefore, when

Ĥ∗ > H∗, ĝ(Ĥ∗) > g(H∗). As we have shown that ĝ(H) > g(H) for every H > H0,
where ĝ(H) and g(H) are strictly decreasing on (H0, ∞), it follows that when Ĥ∗ ≤
H∗, ĝ(Ĥ∗) > g(H∗). Then, according to the pricing function ti(Ψi) = Ψi + C = Pi for
any final product i ∈ {2, 3}, the equilibrium prices of final products 2 and 3 always
increase after a decrease in C1.

All we need to do now is study the price change of final product 1. Rewriting
equations (38) and (39) with Γ(H∗)

H∗ = Γ̂(Ĥ∗)
Ĥ∗ = 1 and C1 ∈ {C, C′

1}, we obtain

ζ(C1, µ) ≡ (µ − 2)h(µ + C) + (µ − 1)H0 − h(2µ + C1) = 0,

where µ = g(H∗) when C1 = C, and µ = ĝ(Ĥ∗) when C1 = C′
1. Conversely, any

solution in µ > 1 of ζ(C1, µ) = 0 is an equilibrium with C1 ∈ {C, C′
1} and H =

H0 + h(2µ + C1) + 2h(µ + C). By Proposition 8, the solution is unique, and we denote
it by µ∗(C1). By Lemma 3, ζ(C1, µ) is continuous in µ > 0 with ζ(C1, 1) < 0 and
limµ→∞ ζ(C1, µ) = ∞. Therefore, for any C1 ∈ {C, C′

1}, ζ(C1, µ) < 0 if and only if
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µ < µ∗(C1), and ζ(C1, µ) > 0 if and only if µ > µ∗(C1). This property implies that

t̂1(2ĝ(Ĥ∗)) > t1(2g(H∗)) ⇐⇒ 2ĝ(Ĥ∗) + C′
1 > 2g(H∗) + C ⇐⇒ ĝ(Ĥ∗) > g(H∗) +

∆C1

2

⇐⇒ ζ(C′
1, g(H∗) +

∆C1

2
) < 0.

(48)
Note that since ζ(C, g(H∗)) = 0,

h(2g(H∗)+∆C1 +C′
1) = h(2g(H∗)+C) = (g(H∗)− 2)h(g(H∗)+C)+ (g(H∗)− 1)H0,

which implies that

ζ(C′
1, g(H∗)+

∆C1

2
) = h(g(H∗)+C)((g(H∗)− 2+

∆C1

2
) exp (

−∆C1

2
)− (g(H∗)− 2))+

∆C1

2
H0.

Therefore,

ζ(C′
1, g(H∗) +

∆C1

2
) < 0

⇐⇒ h(g(H∗) + C)((g(H∗)− 2 +
∆C1

2
) exp (

−∆C1

2
)− (g(H∗)− 2)) +

∆C1

2
H0 < 0

⇐⇒ H0 < H̄0 = h(g(H∗) + C)(
2(g(H∗)− 2)(1 − exp(−∆C1

2 ))

∆C1
− exp(

−∆C1

2
)),

which is the necessary and sufficient condition for the increase (or decrease) in the
equilibrium price of final product 1.

We now prove that H̄0 < H̃0, which is equivalent to showing

2(g(H∗)− 2)(1 − exp(
−∆C1

2
))− ∆C1 exp (

−∆C1

2
) < 1 − 1 + ∆C1

exp (g(H∗)∆C1)
. (49)

Inequality (49) clearly holds when g(H∗) ≤ 2, as 1+∆C1
exp (g(H∗)∆C1)

< 1 with ∆C1 > 0

and g(H∗) > 1 under Lemma 12. Let Y1(∆C1) = 1 − 1+∆C1
exp (g(H∗)∆C1)

and Y2(∆C1) =

2(g(H∗) − 2)(1 − exp(−∆C1
2 )) − ∆C1 exp (−∆C1

2 ). When g(H∗) > 2, inequality (43)
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implies that g(H∗)− 2 < exp (−g(H∗)), which shows that

Y1(∆C1)− Y2(∆C1)

≥ 1 − 1 + ∆C1

exp (g(H∗)∆C1)
− 2 exp (−g(H∗)) + (∆C1 + 2 exp (−g(H∗))) exp (

−∆C1

2
)

> 1 − 1 + ∆C1

exp (g(H∗)∆C1)
− 2 exp (−g(H∗))(1 − exp (

−∆C1

2
))

> − 1 + ∆C1

exp (g(H∗)∆C1)
+ exp (

−∆C1

2
)

> − 1 + ∆C1

exp (2∆C1)
+ exp (

−∆C1

2
) > 0.

Therefore, inequality (49) holds for any g(H∗) > 1, which means that H̄0 < H̃0.
Lastly, H̄0 < h(m1(H∗) + C) holds when g(H∗) ≤ 2, as H̄0 < 0. When g(H∗) > 2,

H̄0 < h(m1(H∗) + C)

⇐⇒ (
2(g(H∗)− 2)(1 − exp(−∆C1

2 ))

∆C1
− exp(

−∆C1

2
)) < exp (−g(H∗)).

Since

(
2(g(H∗)− 2)(1 − exp(−∆C1

2 ))

∆C1
− exp(

−∆C1

2
)) < exp(−g(H∗))(

2(1 − exp(−∆C1
2 ))

∆C1
),

where 0 < (
2(1−exp(−∆C1

2 ))
∆C1

) < 1 for any ∆C1 > 0, we have H̄0 < h(m1(H∗) + C) when
g(H∗) > 2. Therefore, H̄0 < h(m1(H∗) + C) for any g(H∗) > 1.

B.9 Proof of Proposition 8

Proof. Based on the proof of Theorem 1, the uniqueness of a pricing equilibrium under
MNL demand can be proved by showing that the aggregate fitting-in function Γ(H)

has a unique fixed point on (H0, ∞). This is equivalent to showing that Γ(H)
H = 1 has a

unique solution in H on (H0, ∞).

Under MNL demand, for every i ∈ N , γi =
h′2i (Pi)

h′′i (Pi)
= hi(Pi), where hi(Pi) =

exp( ai−Pi
λ ), ai ∈ R, and λ > 0. Since, by Lemma 10, Ψi = Pi−Ci

Pi
ηi(Pi) = Pi−Ci

λ for
any i ∈ N , we can derive the inverse function ti(Ψi) = λΨi + Ci for any i ∈ N on
(|Mi|, ∞). Let S = {S1, S2, ..., SJ} be the set of separable components for any given
network (F ,N ). Within the first separable component S1, which has final products
{1, 2, ..., K} ⊆ N , by Lemma 12, final products’ aggregate markups (Ψi = mi(H))i∈S1

for every H > 0 solve the following system of equations derived from rewriting equa-
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tion (14) for each firm in L1:

Ψi = ∑
fk∈Mi

H
H − ∑j∈Gk γj(tj(Ψj))

, ∀i ∈ S1. (50)

To determine m′
i(H) for every i ∈ S1 and H > 0, we can apply implicit function

theorem on equation (50) for all final products in S1 to get the following equation:
1 + (∑ fl∈M1

Zl)h1 (∑ fl∈(M1∩M2) Zl)h2 · · · (∑ fl∈(M1∩MK) Zl)hK

(∑ fl∈(M2∩M1)
Zl)h1 1 + (∑ fl∈M2

Zl)h2 · · · (∑ fl∈(M2∩MK) Zl)hK
...

... . . . ...
(∑ fl∈(MK∩M1)

Zl)h1 (∑ fl∈(MK∩M2) Zl)h2 · · · 1 + (∑ fl∈MK
Zl)hK


︸ ︷︷ ︸

Denote this matrix by A


m′

1

m′
2

...
m′

K



=


−(∑ fl∈M1

Zl (∑j∈Gl hj)

H )

−(∑ fl∈M2
Zl (∑j∈Gl hj)

H )
...

−(∑ fl∈MK
Zl (∑j∈Gl hj)

H )


︸ ︷︷ ︸

Denote this vector by b

,

where Zk = H
(H−∑j∈Gk hj(tj(Ψj)))2 > 0 for every fk ∈ L1 and H > 0. Then, we see that

det(A) = det(


1
h1
+ ∑ fl∈M1

Zl ∑ fl∈(M1∩M2) Zl · · · ∑ fl∈(M1∩MK) Zl

∑ fl∈(M2∩M1)
Zl 1

h2
+ ∑ fl∈M2

Zl · · · ∑ fl∈(M2∩MK) Zl

...
... . . . ...

∑ fl∈(MK∩M1)
Zl ∑ fl∈(MK∩M2) Zl · · · 1

hK
+ ∑ fl∈MK

Zl


︸ ︷︷ ︸

Denote this matrix by Ā

)(
K

∏
j=1

hj)

= det(Ā)(
K

∏
j=1

hj).

For firm fl ∈ L1, let xl be a vector with K entries, where the ith row is equal to 1 if firm
fl provides intermediates for final product i ∈ S1, and 0 otherwise. We define matrix
El for firm fl ∈ L1 to be

El = Zl


χGl(1) χGl(1)χGl(2) · · · χGl(1)χGl(K)

χGl(2)χGl(1) χGl(2) · · · χGl(2)χGl(K)
...

... . . . ...
χGl(K)χGl(1) χGl(K)χGl(2) · · · χGl(K)

 = Zl(xlxlT
),

18



where χGk(i) is an indicator function that is equal to 1 when i ∈ Gk. El identifies the
final products that include firm fl’s intermediate products. It is obvious that matrix El

is positive semi-definite. Then, we can decompose matrix Ā to be

Ā = Diag(
1
h1

,
1
h2

, · · · ,
1

hK
) + ∑

fl∈L1

El.

By Lemma 12, hi(ti(Ψi)) > 0 for every H > 0. Therefore, matrix Ā is a summation of
positive semi-definite matrix ∑ fl∈L1

El and a positive definite matrix Diag( 1
h1

, 1
h2

, · · · , 1
hK
),

which means that Ā is positive definite and det(Ā) > 0 for every Ψi ∈ (|Mi|, ∞) and
H > 0. We now apply Cramer’s rule to determine m′

1(H) for every H > 0. We first
calculate the determinant of matrix A1, which is formed by replacing the first column
of matrix A with vector b:

det(A1) = det(


−(∑ fl∈M1

Zl (∑j∈Gl hj)

H ) (∑ fl∈(M1∩M2) Zl)h2 · · · (∑ fl∈(M1∩MK) Zl)hK

−(∑ fl∈M2
Zl (∑j∈Gl hj)

H ) 1 + (∑ fl∈M2
Zl)h2 · · · (∑ fl∈(M2∩MK) Zl)hK

...
... . . . ...

−(∑ fl∈MK
Zl (∑j∈Gl hj)

H ) (∑ fl∈(MK∩M2) Zl)h2 · · · 1 + (∑ fl∈MK
Zl)hK

),

= det(


(∑ fl∈M1

Zl(∑j∈Gl hj)) (∑ fl∈(M1∩M2) Zl)h2 · · · (∑ fl∈(M1∩MK) Zl)hK

(∑ fl∈M2
Zl(∑j∈Gl hj)) 1 + (∑ fl∈M2

Zl)h2 · · · (∑ fl∈(M2∩MK) Zl)hK
...

... . . . ...
(∑ fl∈MK

Zl(∑j∈Gl hj)) (∑ fl∈(MK∩M2) Zl)h2 · · · 1 + (∑ fl∈MK
Zl)hK

)
︸ ︷︷ ︸

Subtract all other columns from the first column

(− 1
H
),

= det(


(∑ fl∈M1

Zl)h1 (∑ fl∈(M1∩M2) Zl)h2 · · · (∑ fl∈(M1∩MK) Zl)hK

(∑ fl∈(M2∩M1)
Zl)h1 − 1 1 + (∑ fl∈M2

Zl)h2 · · · (∑ fl∈(M2∩MK) Zl)hK
...

... . . . ...
(∑ fl∈(MK∩M1)

Zl)h1 − 1 (∑ fl∈(MK∩M2) Zl)h2 · · · 1 + (∑ fl∈MK
Zl)hK

)(− 1
H
),

= det(


(∑ fl∈M1

Zl) (∑ fl∈(M1∩M2) Zl) · · · (∑ fl∈(M1∩MK) Zl)

(∑ fl∈(M2∩M1)
Zl)− 1

h1

1
h2
+ (∑ fl∈M2

Zl) · · · (∑ fl∈(M2∩MK) Zl)
...

... . . . ...
(∑ fl∈(MK∩M1)

Zl)− 1
h1

(∑ fl∈(MK∩M2) Zl) · · · 1
hK

+ (∑ fl∈MK
Zl)

)(− 1
H

K

∏
j=1

hj),

= det(Ā + uvT)(− 1
H

K

∏
j=1

hj),

where
u = (− 1

h1
)
[
1 1 · · · 1

]T
, and v =

[
1 0 · · · 0

]T
.
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We now apply the matrix determinant lemma to simplify det (A1).

det(A1) = (1+ vT(Ā)−1u)det(Ā)(− 1
H

K

∏
j=1

hj) = (1− 1
h1

R1(Ā−1))det(Ā)(− 1
H

K

∏
j=1

hj),

where the function Ri(Ā−1) denotes the sum of the entries in row i of matrix Ā−1.
Therefore, we obtain

m′
1(H) =

det(A1)

det(A)
= −

1 − 1
h1

R1(Ā−1)

H
.

Similarly, for any final product i ∈ S1,

m′
i(H) =

det(Ai)

det(A)
= −

1 − 1
hi

Ri(Ā−1)

H
.

Within the first separable component S1,

d(∑i∈S1
hi(ti(mi(H)))

H )

dH
=

(∑i∈S1
(−hi

∂mi
∂H H))− ∑i∈S1

hi

H2 = −∑i∈S1
Ri(Ā−1)

H2 .

The numerator in the equation above, ∑i∈S1
Ri(Ā−1), is the summation of all entries

in the matrix Ā−1. The fact that Ā is a positive definite matrix implies that Ā−1 is also
a positive definite matrix, which has the property that ∑i∈S1

Ri(Ā−1) > 0. As a result,
we can determine that, for every H > 0,

d(∑i∈S1
hi(ti(mi(H)))

H )

dH
< 0.

We then derive similar results for other separable components of the network, and
conclude that

Γ(H)

H
=

∑J
α=1 ∑i∈Sα

hi(ti(mi(H))) + H0

H
,

is strictly decreasing on (H0, ∞) for any H0 > 0. Therefore, by Lemma 13, the function
Γ(H) has a unique fixed point on (H0, ∞), and the pricing equilibrium is unique under
MNL demand.

B.10 Proof of Proposition 9

Proof. By Theorem 1, the uniqueness of a pricing equilibrium under CES demand can
be proved by showing that the aggregate fitting-in function Γ(H) has a unique fixed
point on (H0, ∞). This is equivalent to showing Γ(H)

H = 1 has a unique solution H∗ ∈
(H0, ∞). The method in the proof of Proposition 8 cannot be used with CES demand in
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an arbitrary network, and we will use a different approach to show that Γ(H)
H is strictly

decreasing in H on (H0, ∞).
Under CES demand, we know that by Lemma 3, hi(Pi) = σ

σ−1 γi(Pi) = aiP1−σ
i for

every i ∈ N , where ai > 0 and σ > 1. Assumption 2a also requires that limPi→∞ ηi(Pi) =

σ > |Mi| for every i ∈ N . Then, for every H ∈ (H0, ∞),

Γ(H)

H
=

σ

σ − 1
∑i∈N γi(ti(mi(H)))

H
+

H0

H
.

We now show that Γ(H)
H is strictly decreasing in H ∈ (H0, ∞) with CES demand under

the conditions specified in Proposition 9. By Lemma 12, for every H ≥ H0 > H0,
firms’ η-markups (µk = gk(H)) fk∈Lα

in a separable component Sα ∈ S satisfy

µk − 1
µk =

∑i∈Gk γi(ti(Ψi))

H
, ∀ fk ∈ Lα. (51)

Then, Proposition 2 and Lemma 2 imply that, within any (S) or (A1) separable com-
ponent Sα ∈ S, there exists a firm fl ∈ Lα such that Gl = Sα and gl(H) is strictly
decreasing in H on (H0, ∞). Let Γα(H) = σ

σ−1 ∑i∈Sα
γi(ti(mi(H))) for every H ≥ H0

and Sα ∈ S. This shows that, by equation (51), in any (S) or (A1) separable component
Sα,

Γα(H)

H
=

σ

σ − 1
∑i∈Sα

γi(ti(mi(H)))

H
=

σ

σ − 1
gl(H)− 1

gl(H)
,

which is strictly decreasing in H on (H0, ∞).
We now study the case where Sα ∈ S is an (A2) network. It is obvious that |Lα| ≥ 2.

We first show that when |Lα| = 2, d Γα(H)
H

dH ≡ (Γα
H )′ ≤ 0 for every H > H0. Assume for a

contradiction that (Γα
H )′ > 0 at some H = H′ > H0. This means that there exists i ∈ Sα

such that (γi
H )′ ≡ d γi(ti(mi(H)))

H
dH > 0 at H = H′, and we fix this final product i. By Lemmas

3, 10 and 12, for every j ∈ Sα and H > H0, |Mj| < mj(H) < σ, γj(tj(mj(H))) > 0, and

(
γj

H
)′ =

γj(tj(mj(H)))(− σ−1
σ−mj(H)

Hm′
j(H)− 1)

H2 . (52)

Hence, m′
i(H′) < −σ−mi(H′)

(σ−1)H′ < 0, which means that, by Lemma 12, there exists a firm

fk ∈ Mi such that (gk(H′))′ = dgk(H)
dH

∣∣∣
H=H′

< 0. Then, by equation (51) for firm fk,

∑j∈Gk(
γj
H )′ < 0 at H = H′. Since Gk ⊆ Sα and (Γα

H )′ > 0 at H = H′, there exists final
product q ∈ Sα \ Gk such that (γq

H )′ > 0, and we fix this final product q. By the same

argument for final product i, we know that m′
q(H′) < −σ−mq(H′)

(σ−1)H′ < 0, and there exists

fl ∈ Mq such that (gl(H′))′ < 0. Also, since Sα is (A2) with |Lα| = 2, Gk ∩ Gl ̸= ∅,
Gk ⊈ Gl, and Gl ⊈ Gk. If, for every j ∈ Gk ∩ Gl, (

γj
H )′ ≥ 0 at H = H′ or, for every
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y ∈ Gk \ Gl, (γy
H )′ ≤ 0 at H = H′, then, since (gk(H′))′ < 0 and (gl(H′))′ < 0 and

by equation (51) for fk and fl, we can see that ∑y∈Gk∪Gl(
γy
H )′ < 0 at H = H′, where

Gk ∪ Gl = Sα. Hence, this contradicts the assumption that (Γα
H )′ > 0 at H = H′, and

there exists j ∈ Gk ∩ Gl such that (
γj
H )′ < 0 at H = H′ and y ∈ Gk \ Gl such that (γy

H )′ >

0 at H = H′. We fix such a final product j, and by equation (52), m′
j(H′) > −σ−mj(H′)

(σ−1)H′ .
This implies that

m′
j(H′)− m′

q(H′) = (gk(H′))′ >
mj(H′)− mq(H′)

(σ − 1)H′ =
gk(H′)

(σ − 1)H′ > 0,

which contradicts the property that (gk(H′))′ < 0. Therefore, (Γα
H )′ ≤ 0 for every

H > H0.
Next, we show that when |Lα| = 3, (Γα

H )′ ≤ 0 for every H > H0. Assume for a
contradiction that (Γα

H )′ > 0 at some H = H′ > H0. We first show that there exist
firms fk and fl in Lα such that (gk(H′))′ < 0, (gl(H′))′ < 0, (γi

H )′ > 0 at H = H′ for
some i ∈ Gk \ Gl, denoted Tk, (γq

H )′ > 0 at H = H′ for some q ∈ Gl \ Gk, denoted
Tl, and (

γj
H )′ < 0 at H = H′ for some j ∈ Gk ∩ Gl, denoted Wkl. Let Pα denote

the set of final products y ∈ Sα with (
γy
H )′ > 0 at H = H′, and let L−

α denote the
set of firms fk ∈ Lα with (gk(H′))′ < 0. By the same argument as in the case with
|Lα| = 2, every y ∈ Pα is supplied by some firm in L−

α and |L−
α | ≥ 2. The same

argument also identifies such firms when Pα ⊆ Gk ∪ Gl for some fk, fl ∈ L−
α , which

is the case when |L−
α | = 2. Hence, we only need to consider the case where L−

α = Lα

and Pα ⊈ Gk ∪ Gl for any two firms fk, fl ∈ Lα. Then, for any two firms fk, fl ∈ Lα,
with fm denoting the remaining firm, a final product in Pα \ (Gl ∪ Gm) belongs to
Gk \ Gl, so Tk ̸= ∅ and, similarly, Tl ̸= ∅. Moreover, since (gk(H′))′ < 0 for every
fk ∈ Lα, equation (51) implies that ∑ fk∈Lα ∑z∈Gk(

γz
H )′ = ∑z∈Sα

|Mz|(γz
H )′ < 0 at H = H′,

whereas (Γα
H )′ = σ

σ−1 ∑z∈Sα
(γz

H )′ > 0 at H = H′. Therefore, ∑z∈Sα
(|Mz| − 1)(γz

H )′ < 0
at H = H′, so there exists j ∈ Sα with |Mj| ≥ 2 and (

γj
H )′ < 0 at H = H′, and any two

firms fk, fl ∈ Mj satisfy j ∈ Wkl. In the following, i, q, and j denote arbitrary elements
of Tk, Tl, and Wkl.

We now study the intermediates offered by the third firm fm and argue that Tk ∪
Tl ⊆ Gm. Assume for a contradiction that i ∈ Tk and i /∈ Gm. Since (γi

H )′ > 0 at H = H′

and (
γj
H )′ < 0 at H = H′, this implies that, by equation (52),

m′
i(H′) < −σ − mi(H′)

(σ − 1)H′ , m′
j(H′) > −

σ − mj(H′)

(σ − 1)H′ , and

m′
j(H′)− m′

i(H′) >
mj(H′)− mi(H′)

(σ − 1)H′ .
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Then, we must have j ∈ Gm and

m′
j(H′)− m′

i(H′) = (gm(H′))′ + (gl(H′))′ >
gm(H′) + gl(H′)

(σ − 1)H′ > 0.

Since (gl(H′))′ < 0, (gm(H′))′ > 0. By equation (51), this implies that there exists
y ∈ Gm such that (γy

H )′ > 0 at H = H′. Since (gm(H′))′ > 0, |Lα| = 3, and m′
y(H′) <

−σ−my(H′)
(σ−1)H′ < 0 by equation (52), we see that y /∈ Sα \ (Gk ∪ Gl) and y ∈ Gk ∪ Gl. It

follows that

m′
j(H′)− m′

y(H′) >
mj(H′)− my(H′)

(σ − 1)H′ . (53)

Note that since j, y ∈ Gm, j ∈ Gk ∩ Gl, and y ∈ Gk ∪ Gl, inequality (53) cannot hold.
Therefore, Tk ∪ Tl ⊆ Gm. Similarly, if z ∈ Gk ∩ Gl and (γz

H )′ > 0 at H = H′, then
z ∈ Gm.

Let Tkl denote final products z ∈ Gk ∪ Gl such that (γz
H )′ > 0 at H = H′. We now

know that Tkl ⊆ Gm. If (gm(H))′ = (gm(H))2(∑y∈Gm(
γy
H )′) ≤ 0 at H = H′ by equation

(51), then since, Tkl ⊆ Gm, and any y ∈ (Gk ∪ Gl) \ Gm satisfies y /∈ Tkl with (
γy
H )′ ≤ 0

at H = H′,

(
Γα

H
)′ =

σ

σ − 1
( ∑

y∈Gm
(

γy

H
)′ + ∑

y∈(Gk∪Gl)\Gm

(
γy

H
)′) ≤ 0 at H = H′.

This contradicts the assumption that (Γα
H )′ > 0 at H = H′. Hence, at H = H′,

(gm(H))′ = (gm(H))2(∑y∈Gm(
γy
H )′) > 0. Since m′

j(H′)− m′
y(H′) >

mj(H′)−my(H′)
(σ−1)H′ for

j ∈ Wkl and y ∈ Tk, we see that j /∈ Gm, which implies that (gl(H′))′ − (gm(H′))′ >
gl(H′)−gm(H′)

(σ−1)H′ . Since (gl(H′))′ − (gm(H′))′ < 0, it follows that gl(H′) < gm(H′). For

any q ∈ Tl, by equation (52), m′
q(H′) = (gl(H′))′ + (gm(H′))′ < −σ−mq(H′)

(σ−1)H′ < 0.

Then, by equation (51) for fl and fm, (gl(H))′ = (gl(H))2(∑y∈Gl(
γy
H )′) < 0 at H = H′

and (gm(H))′ = (gm(H))2(∑y∈Gm(
γy
H )′) > 0 at H = H′. Therefore, at H = H′ with

1 < gl(H′) < gm(H′), (∑y∈Gl(
γy
H )′) + (∑y∈Gm(

γy
H )′) < 0. Note that since Tkl ⊆ Gm,

any z ∈ (Gl ∩ Gm) \ Gk must have (γz
H )′ > 0 at H = H′ by equation (52). Then, since

(gk(H′))′ < 0, gk(H′) > 1, and (γz
H )′ > 0 for any z ∈ (Gl ∩ Gm) \ Gk at H = H′, equa-

tion (52) also implies that any y ∈ (Gl ∩ Gm ∩ Gk) must have (
γy
H )′ > 0. Therefore, we

see that, at H = H′,

(
Γα

H
)′ =

σ

σ − 1
( ∑

y∈Gk∪Gl∪Gm

(
γy

H
)′)

=
σ

σ − 1
( ∑

y∈Gl

(
γy

H
)′ + ∑

y∈Gm
(

γy

H
)′ − ∑

y∈Gl∩Gm

(
γy

H
)′ + ∑

y∈Gk\(Gl∪Gm)

(
γy

H
)′)

< 0,
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where ∑y∈Gk\(Gl∪Gm)(
γy
H )′ ≤ 0 because Tkl ⊆ Gm. This contradicts (Γα

H )′ > 0 at H = H′.
Hence, (Γα

H )′ ≤ 0 for every H > H0.
Finally, suppose that Sα is (A2), |Sα| = 3, and Gk ̸= Gl for any fk, fl ∈ Lα, and

assume for a contradiction that (Γα
H )′ > 0 at some H = H′ > H0. By the same argument

as in the case with |Lα| = 2, there exist fk, fl ∈ Lα with (gk)′ < 0 and (gl)′ < 0
that supply two different final products y, z ∈ Sα with (

γy
H )′ > 0 and (γz

H )′ > 0 at
H = H′. Since (Γα

H )′ > 0 at H = H′, equation (51) implies that each of fk and fl

supplies exactly one other final product w ∈ Sα with (γw
H )′ < 0. Hence, we can assume

without loss of generality that Sα = {1, 2, 3}, Gk = {1, 2}, Gl = {2, 3}, (gk)′ < 0,
(gl)′ < 0, (γ1

H )′ > 0, (γ2
H )′ < 0, and (γ3

H )′ > 0 at H = H′. Let fm, fx1, fx2, fx3, and fx4

denote the firms with Gm = {1, 3}, Gx1 = {1}, Gx2 = {2}, Gx3 = {3}, and Gx4 = Sα

when they are in Lα, and set g f ≡ 0 for those that are not. By equation (51), (gm)′ > 0,
(gx1)′ > 0, (gx3)′ > 0, and (gx4)′ > 0, and (gx2)′ < 0 at H = H′ when these firms
are in Lα. By equation (52) for final products 1 and 2, m′

2 − m′
1 > m2−m1

(σ−1)H′ , where

m′
2 − m′

1 = (gl)′ + (gx2)′ − (gm)′ − (gx1)′ < 0. Then, we know that m2 < m1, which
means that

gl + gx2 < gm + gx1, and similarly, gk + gx2 < gm + gx3. (54)

Equation (52) for final products 1, 2, and 3 also gives

m′
1 = (gx1)′ + (gk)′ + (gm)′ + (gx4)′ < − σ − m1

(σ − 1)H′ < 0,

m′
2 = (gk)′ + (gl)′ + (gx2)′ + (gx4)′ > − σ − m2

(σ − 1)H′ ,

m′
3 = (gx3)′ + (gl)′ + (gm)′ + (gx4)′ < − σ − m3

(σ − 1)H′ < 0.

(55)

We distinguish three cases.
Case 1: fm /∈ Lα. Equation (54) shows that gl < gx1 and gk < gx3. Then, by equation

(51) at H = H′, γ2 + γ3 < γ1 and γ1 + γ2 < γ3, contradicting γ2 > 0.
Case 2: fm ∈ Lα and gm > gl (the case gm > gk is symmetric). The third inequality

in (55) gives (gm)′ < −(gl)′, so (gm)′

(gm)2 < −(gl)′

(gl)2 . By equation (51), this implies that

∑z∈Gm(γz
H )′ + ∑z∈Gl(

γz
H )′ < 0 at H = H′. Since Gm ∪ Gl = Sα and Gm ∩ Gl = {3}, this

shows that σ−1
σ (Γα

H )′ + (γ3
H )′ < 0, contradicting (γ3

H )′ > 0.
Case 3: fm ∈ Lα and gm ≤ min(gk, gl). By equation (54), gx1 > gl − gm + gx2 ≥ gx2

and similarly, gx3 > gx2. Hence, fx1, fx3 ∈ Lα, and fx2 /∈ Lα, because gx1 > gx2 with
fx2 ∈ Lα would lead to γ1 > γ2 and thus gm > gl by equation (51). Therefore, any firm
in Lα is in M1 or M3, and |M1| = |M3| = q with q ∈ {3, 4} (the existence of fx4 affects
q, but it does not affect the remaining analysis). Let ḡ = max(gk, gl). By equation (51)
for fk, fl, and fm,
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2(σ − 1)
σ

(Γα

H

)′
=

(gk)′

(gk)2 +
(gl)′

(gl)2 +
(gm)′

(gm)2 > 0,

which gives (gm)′ > (gm)2(−(gk)′

(gk)2 + −(gl)′

(gl)2 ) ≥ ( gm

ḡ )2(−(gk)′ − (gl)′). Combining the

first and third inequalities in (55) and using (gx1)′, (gx3)′ > 0 gives 2(gm)′ < −(gk)′ −
(gl)′ − 2(gx4)′ − 2σ−m1−m3

(σ−1)H′ . Therefore,

(1 − 2(
gm

ḡ
)2)(−(gk)′ − (gl)′) > 2(gx4)′ +

2σ − m1 − m3

(σ − 1)H′ > 0,

which implies that 1 − 2(gm)2

ḡ2 > 0 as (gk)′ < 0 and (gl)′ < 0. Since −(gk)′ − (gl)′ <

(gx4)′ + σ−m2
(σ−1)H′ by the second inequality in (55), it follows that (1 − 2( gm

ḡ )2)((gx4)′ +
σ−m2

(σ−1)H′ ) > 2(gx4)′ + 2σ−m1−m3
(σ−1)H′ , and therefore, as 0 < 1 − 2( gm

ḡ )2 < 2 and (gx4)′ ≥ 0,

m1 + m3 − m2 − σ > 2(
gm

ḡ
)2(σ − m2). (56)

As shown in the proof of Lemma 12, Assumption 2a and the definition of H0 imply that
g f (H′) < µ f = mini∈G f

µ̄i
|Mi|

= σ
q for every f ∈ Lα at H = H′. Since m2 = gk + gl + gx4

and |M2| = q − 1, σ − m2 > σ
q > ḡ. Since m1 + m3 − m2 = gx1 + gx3 + 2gm + gx4,

with gx1, gx3 < gm by equation (51) and σ > (max(ḡ, gx4))q ≥ 3ḡ + gx4, we have m1 +

m3 − m2 − σ < 4gm − 3ḡ. Then, by inequality (56) and σ − m2 > ḡ, 4gm − 3ḡ > 2(gm)2

ḡ ,
which is equivalent to 3ḡ2 − 4gm ḡ + 2(gm)2 < 0. This cannot be satisfied because
3ḡ2 − 4gm ḡ + 2(gm)2 = 3(ḡ − 2

3 gm)2 + 2
3(gm)2 > 0. This contradiction completes the

proof of (c), and hence (Γα
H )′ ≤ 0 for every H > H0.

In summary, if every Sα ∈ S satisfies the conditions in Proposition 9, then (Γα
H )′ ≤ 0

on (H0, ∞), which means that, at every H > H0,

d Γ(H)
H

dH
=

d(H0

H + ∑Sα∈S
Γα(H)

H )

dH
= −H0

H2 + ∑
Sα∈S

(
Γα

H
)′ < 0.

Therefore, Γ(H)
H is strictly decreasing on (H0, ∞), and by Lemma 13, Γ(H)

H = 1 has a
unique solution H∗ ∈ (H0, ∞).

B.11 Example 2: Multiple Pricing Equilibria under CES Demand

Consider a market with one separable component, where N = {1, 2, 3} and F =

{ f1, f2, f3, f4, f5, f6}. Also, G1 = {1, 2}, G2 = {2, 3}, G3 = {1}, G4 = {1}, G5 = {3},
and G6 = {3}. The demand for any final product i ∈ N follows the CES demand
specification with hi(Pi) = aiP1−σ

i , where σ = 4.95 and a1 = a2 = a3 = 1. Moreover,
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H0 = 0.00003, C1 = 0.01, C2 = 0.1, and C3 = 0.01. According to Lemma 11, firm-
level costs affect the pricing equilibria only through the total costs of final products,
so we do not specify firm-level costs here, and we focus on the equilibrium prices
of the final products (P∗

i ), firms’ equilibrium η-markups (µk∗), and the equilibrium
consumer surplus (log(H∗)) in this example. µk∗ − 1 for any fk ∈ F also gives firm
fk’s equilibrium profit.

Equation (13) in Lemma 11 has three solutions, corresponding to three pricing equi-
libria, as shown in the table below. In all three pricing equilibria, the choice probabili-
ties of the outside option are below 0.61%.

Table 1: Three pricing equilibria in this market.

log(H∗) P∗
1 = P∗

3 P∗
2 µ1∗ = µ2∗ µx∗ (x ∈ {3, 4, 5, 6})

−5.299131 5.387957 4.612773 2.421345 1.259734
−2.323932 2.492937 2.209501 2.362984 1.283580

3.817280 0.489463 0.534694 2.012118 1.418375

Note that by setting H = H∗ = 45.480354, which corresponds to log(H∗) =

3.817280, firm f1’s equation (14) has no solution with Ψ1 < σ when µ2 = 1 and
µ3 = µ4 = 1.4, as its right-hand side is strictly greater than its left-hand side for every
µ1 ∈ (1, σ− µ3 − µ4). Its solution with the extension t1(Ψ1) = ∞ for Ψ1 ≥ σ by Lemma
10 is µ1 = 2.723118, with Ψ1 = 5.523118 > σ and Ψ2 = 3.723118 < σ. Therefore, firm
f1 chooses an infinite price for final product 1 in response to H = 45.480354 > H0 and
finite η-markups and prices chosen by other firms.
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