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Abstract：Owing to lead a higher structural rigidity and less error accumulation, a TTTTR 
type five-axis machine tool is proposed in this paper. Equipped with an orientable-spindle 
machine, this hybrid parallel-serial CNC machine tool is presented to verify the regenerated 
smooth tool-paths proceeding across singular positions by inverse kinematics. Approaching 
singular configurations give rise to cause the tool-paths unstable, where collisions may occur 
between the tool and working parts of the milling machine. Although singular positions can be 
avoided through the rearrangement of tool-paths and employing control methods to evade 
singular configurations during operation, or by designing mechanisms with more feasible 
handling to prevent the occurrence of approaching singular positions, the best way is to 
generate the appropriate movements for each driving axis robustly and continually traversing 
singularities in working space. This paper presents a hybrid parallel-serial mathematical 
model to analyze a structural configuration of singularities by Jacobian matrix. This model 
can be a transition between cutter contact (CC) path and cutter location (CL) code and be 
implemented on computerized CAD/CAM systems. The experimental results show the quality 
and feasibility of solutions are dependent on the tool-path satisfying certain orientation 
constraints, perfect smooth tool-path can be reached. 

：Keywords Five-axis, machine tools, Singularity, Jacobian matrix, Inverse kinematics, Post-
processor. 
 
1.Introduction. The machined pieces must meet the requirement of a machine tool that 
completes all or part of the work pieces with minimal number of clamping operations. For this, 
multi-axial structure has become the tendency of precision machining. CNC machining has 
evolved from the automated machine tools to the modern multi-axis computer numerical 
control machining centers, which provide more flexible and versatile control than ever. 
Sometimes the complicate frames of the machine tools lead to an inaccuracy at the tool tip 
caused by kinematics parameter deviation resulting from manufacturing errors, assembly errors 
or quasi-static errors. Instead of obsessively emphasizing [1-3] to relocate the tool near 
singular positions, a novel inverse kinematics transformation procedure to generate continuous 
smooth tool-paths to traverse the singular positions for a hybrid 5-axis CNC is presented in this 
study. In modern scenario, owing to the increasing demand of higher precision parts, the 



 
 
 
 

 

challenges lead to manufacture high quality product and to pay for minimal tool wear on the 
cutting tools with a limited cost and time constraints. In order to support the inquired trend, 
machining performance, machining conditions, machines have sketched in a suitable and 
systematic technique which ensures qualified surface finish. Thus the CNC may bring out the 
advantages of productivity improvement with the demand to minimize the production expenses 
economically. The rotary axis in a common 5-axis machine tool is driven by a single motor that 
holds the platform for the axial rotation. However, with different weights of work pieces and 
the motor loaded, the rotating speed should be in reverse proportion to the weight. As a result, 
the axis-to-axis synchronization is poor, resulting in dramatic decrease in machining precision. 
Therefore, a 2PRP planar parallel platform is designed by connecting the two PRP connectors 
and moving table with a round bar. The motor drives ball-screws and propels these PRP 
connectors. The two parallel ball screws acquire both effects on movement or rotation by 
generating different displacements of these two connectors. In parallel to the advances in 
hardware design, the programming requirements of the machines have increased in complexity 
and a nimiety of computer aided systems collectively are now utilized to manufacture 
extremely complex components on the machines.  
Compared with serial kinematic machine tools, parallel structured machine tools have many 
advantages. Parallel kinematic architectures are commonly claimed to offer several advantages 
over their serial counterpart, such as compact structure and higher structural rigidity. It also 
shows significantly higher load-bearing capacity. Parallel structures are not easily bent or 
changed. Another benefit can be the reduced dynamic errors by avoiding accumulated error to 
perform high precision. Employment with availability for modular design and assembly, simple 
structure, small inertia is achievable. The flow of force through the structure is short and 
reduced effect of thermal expansion with symmetry structure. The determination of the joint 
coordinates as function of the tool tip position by inverse kinematics is much easier. 
Important characteristics of parallel mechanisms are high accuracy, high load capacity, high 
rigidity, and high speed operation [4]. Parallel mechanisms are often said to be more precise 
than serial robots because they do not suffer from error accumulation. While this might be true 
in theory [5], the real reason is that parallel robots can be built to be stiffer without being more 
massive. Most precision positioning prototypes based on planar parallel mechanisms count on 
the use of flexures [6]. Between the few existing planar 3-DOF parallel mechanism prototypes 
that do not employ flexures, one is based on a symmetric 3-PRP architecture, where the base 
actuators form an equilateral triangle and the platform linear guides form a star. This robot has 
a very limited working space though. In contrast, the 3-RRP mechanism of which a new 
prototype was proposed in [7], offers unlimited rotation in addition to excellent stiffness in the 
vertical direction [8]. Generally mechanical kinematics is divided into two categories, direct 
kinematics and inverse kinematics. Inverse kinematics the location of the end-effector is given 
and the target is to find the joint variables. In the direct kinematics the joint variables are given 
and the problem is to calculate the position of the end-effector [9-13].  
 

 

 

 

 



 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.  A typical process for NC code creation. 
 

Owing to the simultaneous interpolation movement both with the linear and rotary axes on a five 
axis machine, the derivation of the five-axis feeding path is more complex than that of the three-
axis feeding path. Therefore a postprocessor must be utilized to transfer the cutter location (CL) 
data from the CAM system into the machine control data. The postprocessor may be positioned 
within the task shown in Figure 1, which illustrates the concept that the postprocessor is not 
definitely a part of the CAM system, but can also be a stand-alone system. Although the 
advanced controllers can accept the CL data to machine the working piece in real-time without 
the need of postprocessor [14], they are relatively expensive and only used in some specific 
works. According to the researches from the papers published, the methods of developing multi-
axis postprocessors can be mainly divided into three categories, graphical [15], numerical 
iterative [16] and coordinate transformation [17-19]. Whereas the coordinate transformation 
method leads to the analytical equation of NC data most efficiently, it has been used regularly in 
recent work. Therefore, almost all of these methods involve postprocessor methods for five-axis 
machine tools with orthogonal rotary axes. Only few studies have addressed non-orthogonal 
configuration for translate or rotary axes. A generalized method for coordinate transformation 
applied to machines with non-orthogonal rotary axes was suggested by Zaidman [20]. Sorby [21] 
has stated a closed-form solution for a table tilting type five-axis machine tool with a nutating 
table. An optimal postprocessing module for tool-tip milling tasks based on the velocity 
relationship of the machine tool was proposed by Baron and Rolland [2].  Another example is the 
spindle-tilting type five-axis machine tool with a nutating head [22]. 



 
 
 
 

 

 

Figure 2 Flowchart of the presented main procedure for generating hybrid NC codes. 
 

The remainder of the current paper is organized as follows. Section 2 describes the hybrid five-
axis machine tool and the homogeneous transformation. Section 3 constructs the forward and 
inverse kinematics with mathematical model. Section 4 establishes the Jacobian matrix and the 
postprocessor system to convert CL data to NC code. Two machining samples are illustrated to 
show the feasibility of the proposed method in section 5. Finally, section 6 concludes. 
 
2. Transformation by modified D-H notation. Conventionally, the rotary axes are defined as 
A axis, B axis and C axis which rotate about the X axis, Y axis and Z axis respectively. 
Common configuration for five-axis machine tools can be classified into three basic types [23]: 
(1) Double Rotary Table: the rotary axes orient the working-piece in the machine coordinate 
system, (2) Rotary Table and Pivoting Spindle Head: the rotary axes orient the tool axis and the 
working-piece in the machine coordinate system, and (3) Double Pivot Spindle Head: the 
rotary axes orient the tool axis in the machine coordinate system. Tools can be designated 
according to rotary axes features, such as AB, AC and BC types. Each type has two appropriate 
cutter orientations to support the five-axis machining function. Basically, the cutter orientation 
is defined as the Z axis; the five-axis machine tools can be classified as AB type, AC type and 
BC type. 
RRTTT type: this type with two rotary axes on the table 
RTTTR type: this type with one rotary axis each on the table and spindle 
TTTRR type: this type with two rotary axes on the spindle 
TTTTR type: this type with only one rotary axis on the spindle 
Figure 2 gives a flowchart for the main procedure of the proposed method. The directional CL 
data which first have to be clarified, the two orientation parameters are verified by the 
proposed determination method from two domains of solutions. Simplified the structure, a 
machine tool may be regard as a set of links joined in a set of connectors. Standard definition 
of five-axis machine coordinate frame consists of the X, Y and Z axes in right-hand rectangular 
coordinates. Among the six common kinematic pairs (prismatic, revolute, planar, spherical, 
cylindrical, and helicoidal), prismatic and revolute are the most employed manipulators in 
industrial configuration (both providing only one degree of freedom, DOF). The proposed 
geometric postprocessor method consists of the following four steps. First, step 1 determine the  



 
 
 
 

 

rotational parameters. Second, step 2 transforms the coordinate systems. Step 3 calculates the 
virtual RTTTR data and step 4 find the TTTTR NC data. 
From a perspective of robot kinematics, the mechanical model of the proposed five-axis 
machine tool considered in this paper can be regarded as a system of several links as shown in 
Figure 3. This structure proposed in the study is the basic model of the planned reconfigurable 
multi-axis machining system for HSC-milling of aluminum, epoxy tooling board as well as 
small size model making, plastic and foam machining. The machine has a unique 2-DOF 
structure of parallel mechanism to execute one translational motion and rotational motion on 
working table. Compare with the previous discussion, the proposed machine is similar to the 
type of rotary table and pivoting spindle head. To implement the position and orientation of the 
cutting tool and the machine tool, the relationship of the coordinate system between the 
adjacent links and joint should be built. Typically a five-axis machine tool can be regarded as a 
robot equipped five degree of freedom, each provided by an individual joint.  These prismatic 
or revolute joints are linked together to construct and open loop kinematic chain. The 
propulsion of a prismatic joint moves the link along the joint axis, while a revolute joint rotates 
the link about the joint axis. The kinematics model of a five-axis machine too can therefore be 
seen as a combination of the individual kinematic models of the links. An illustration of the 
proposed five-axis machine tool is shown in Figure 3. In order to describe the location of each 
link relative to its successive link, a coordinate system is attached to each link. The coordinate 
system is named by the number of the link which it is attached; for instance, the coordinate 
system  is attached to the link . The symbols  represent the links of the kinematic 

chain. 
 

  



 
 
 
 

 

Figure 3 Kinematic transformation chain of the proposed five-axis machine tool. 
 
As The widely used parametric representation for spatial mechanisms is the Denavit-
Hartenberg (D-H) representation [24]. In this representation a spatial mechanism is formulated 
in terms of four parameters for each link in the linkage. These parameters are termed the link-
length, link angle, link-offset, and twist-angle. Under normal situation a mechanism with 
revolute, prismatic and cylindrical joints, depending upon the type of joint, the link-lengths and 
twist-angles typically remain static during operation, and the link-angles and link-offsets vary. 
Deficiently, the Denavit-Hartenberg representation presents insufficient number for error 
analysis when mechanisms have parallel or nearly parallel joint axes. Small variations in the D-
H parameters result in large errors in the output function. For this paper we adopt the 
representation of [25-26] that adds an extra link-length for next link, resulting in a better 
representation of the link shape as shown in Figure 4. The extra parameter will not affect 
anything to the kinematic description of the mechanism but is beneficial for error analysis.  
Denavit and Hartenberg proposed a systematic notation for assigning classic orthogonal 
coordinate frames. A modified D-H notation proposed by Lin and Chen is used in this paper. 
The added fifth parameter  can ensure that the joint is located on the link. That means the 

adjacent two links can be assembled on correct locations by the transformation matrix. The 
transformation from one link to its successive link can be described completely by five 
kinematic parameters called the modified D-H parameters. The homogeneous transformation 
matrices are used to treat the description of the position and orientation. This spatial 
transformation from one coordinate system to the successive one can therefore be decomposed 
into combining five homogeneous transformation matrices as shown in Eq.1. The 
transformation matrix between adjacent coordinate frames for the modified D-H notation 
changes as follows: 
 

                

 
As shown in Figure 4, the coordinate systems  and  are defined as follows. The origin 

 is located on  of the  link and the common normal to both  and  joint axis, 

the  is coincident with the  joint axis, the  is along the common normal to 

both  and  joint axis, and the  is determined by the cross product of the 

 and .  

(1) 



 
 
 
 

 

 

 
Figure 4 Modified D-H representation for spatial linkages. 

 
Summarize the procedure based on the modified D-H convention in the proposed algorithm for 
deriving the forward kinematics for any manipulator. First, it has to be given the definition for 

 link. Second, locate and label the joints  and . Third, construct the base frame. 
Establish the ,  is the linear moving axis for translation movement,  is the rotary 

axis for rotation movement. Forth, locate the origin   between link  and link . The  

and  axes are chosen conveniently to form a right-hand frame. Fifth, establish  

along the common normal between  and ,  pass through  and 

perpendicular to , where . Sixth, establish to 

complete a right-hand frame, where . Seventh, create a table of link 

parameters , , , , . Eighth, form the homogeneous transformation matrices  by 

substitution the previous parameters into Eq.1. Ninth, form . Thus 

then finds the position and orientation of the tool frame expressed in base coordinates. 
Until the coordinate system is defined, the modified D-H parameters can be obtained as:  

: joint offset, the distance from point  to the common normal along , 

: joint angle, the angle between the  and the  measured about the 

, 

: link length, the distance between  and  along the common normal, 

: link twist, the angle between the  and the  measured about the , 

: link offset, the distance from the common normal to point  along . 

The geometric parameters for the example machine tool shown in Figure 5 are listed in Table 1. 



 
 
 
 

 

Link 0 and link 1 implement a rotary variable. Link 1 and link 2, link 2 and link 3, link 3 and 
link 4 all implement translate variables. Link 4 and link 5 implement another rotary variable. 
Finally, link 5 and link 6 employ the cutting tool length. 

 

Figure 5 Relationship between axes of the proposed five-axis machine tool. 
 

Table 1  Geometric parameters of the example serial chain manipulator in Figure 5. 

Link      Axis 

0/1  0+     R 

1/2      P 

2/3      P 

3/4      P 

4/5  0+     R 

5/6 0 0 0 0   

 
The forward kinematics is to find the relative position and orientation of any two designated 
members given the geometric structure of the manipulator and the values of a number of joint 
positions equal to the number of degrees of freedom of the mechanism. For the proposed 
serial-chain machine shown in Figure 5 the transformation is 
 

                      

 
Using homogeneous transformations can provide a compact notation, but are computationally 
inefficient for solving the forward kinematics problem. A reduction in computation can be 
achieved by separating the position and orientation portions of the transformation  
 

(2) 



 
 
 
 

 

                                              

 
3. Forward and inverse kinematics. For direct kinematic modeling, given the active-joint 
variables, it is straightforward to uniquely define the position and orientation of the tool tip. 
From Eq.3, the forward kinematics found from the matrix multiplications are 
 

                                                        

 
where the position of three components: 
 

     

    

         

and 
                                                   

 
the orientation of three components: 
 

                                      

                                                 

         

The inverse kinematics problem for a serial-chain manipulator is to find the values of the joint 
positions given the position and orientation of the end-effector relative to the base and the 
values of all of the geometric link parameters. Once again, this is a simplified statement 
applying only to serial chains. A more general statement is: given the relative positions and 
orientations of two members of a mechanism, find the values of all of the joint positions. This 
amounts to finding all of the joint positions given the homogeneous transformation between the 
two members of interest. Reviewing the formulation of this transformation of Eqs. 4-11, it is 
clear that the inverse kinematics equations can be found as follows 
 

                 

                

                

                  

  

           
From Table 1 and Figure 5, the solution to the inverse position kinematics problem for such a 
structure is summarized as: parameter  represents the freedom of Y-axis,  represents the 

(3) 

(4) 

(5) 

(6) 
(7) 

(8) 

(9) 

(11) 

(10) 

(14) 

(12) 

(13) 

(16) 

(15) 



 
 
 
 

 

freedom of X-axis,  represents the freedom of Z-axis,  represents the freedom of B-axis, 

and  represents the freedom of C-axis, respectively.  

 

 Figure 6 Frame arrangement of the proposed parallel mechanism. 
 

Instead of applying three actuators on the platform [27-29], the proposed planar parallel table is 
driven by two identical mechanisms and illustrated in Figure 6. The parallel Y-C table, shown 
in Figure 6, is a planar parallel platform with two PRP legs (  and ) and one independent 

prismatic leg ( ). The directions of the actuators  and  in the PRP legs are parallel to the 

y-axis of the base reference frame, while the direction of the actuator  in the prismatic leg is 

parallel to the x-axis. Another PRP joint  between  and  provides two degree of 

freedoms, Y and C, by a crossed roller bearing restricted on the linear guides. These two 
compliant prismatic joints in  and  on the mobile platform are parallel, and the axes of the 

three revolute joints are parallel and collinear. As the two parallel actuators travel 
synchronously, the moving table is only driven along the y-axis. If the two actuators move in 
opposite directions synchronously, it performs a pure rotation about the Z-axis. The other 
independent actuator directly controls the X coordinate of the tool tip. The platform’s center 
always lies on the center line between two parallel linear guides. 
This proposed three degree of freedom system equipped three translational inputs which play 
the roles as the joint space variables, named , , and  respectively. Therefore, the local 

working space variables are x, y and  by turns describe the position and orientation of the 

end-effector. The base reference frame  is fixed at the ground, so that the axis of the 

revolute joint of  always lies on y-axis, and the mobile reference frame  is fixed to the 

mobile table so that the axes of the revolute joints of   and  always intersect the X’-axis. 

The origin C always lies on the center line between two parallel linear guides. The orientation 
 is the angle between x and X’ about the z-axis. The active-joint  is the variable associated 

with , which is defined as the distance between the y-axis and the axis of the revolute joint 



 
 
 
 

 

of . 

Give the active-joint variables, it is able to uniquely define the position and orientation of the 
mobile platform. Forward kinematics refers to use of kinematic equations of the mechanism to 
determine the position and the orientation of the end-effector from the base reference frame 

 using the joint space parameters ( , , and ). Thus the orientation angle and the 

position of the mobile platform is obtained as 
 

,   ,          

Inverse kinematics refers to the use of the kinematics equations of a robot to determine the joint 
parameters that provide a desired position of the end-effector. The inverse kinematics are also 
simple. Given the position and orientation of the platform, the active-joint variables are defined 
by 

,  

,   ,         

The proposed 2PRP/1PRP planar parallel mobile platform conceptual solid model is presented, 
which has two kinematic legs. The active prismatic actuators consist of ball screws powered 
servo motors. The mobile table is a sandwich-like mechanism, restrict the mobile table slid 
along the rigid rod, while the bottom table is restricted along on two linear guides. Connect 
these two tables is a bigger crossed roller bearing and provide a revolute degree of freedom for 
the platform.  
 
4. Postprocessor and avoidance of singularity. From the proposed 5-axis mechanism, if 
regard  as a CL position vector in the working space, and 

 as a joint variable vector in the machine space. (  represents the 

freedom of Y-axis,  represents the freedom of X-axis,  represents the freedom of Z-axis, 

 represents the freedom of B-axis, and  represents the freedom of C-axis )  As described 

above, the forward kinematics equation can be derived as , where is a nonlinear 

mapping. Thus  can be calculated by solving inverse function  for 5-axis CNC 

machine. The differential relationships of the kinematics is written as , where 

 is the Jacobian matrix. 

(17) 
 

(18) 
 



 
 
 
 

 

                                    

 
To calculate the inverse kinematics for the proposed postprocessor, the provision for existence 
of the inverse function is that the Jacobian determinant is not zero at specific positions. 
Disastrously uncertain movements may occur during the tool traverses some specific positions 
over the workpieces. At these so-called singular positions, owing to the orientation of the tool 
abruptly changed it can easily damage the workpieces or the machine components. As often 
happens in the case of causing incoherent movements of rotary axes at singular positions.  
Such a problem occurs when one rotary axis is parallel to the cutting tool axis. As the proposed 
5-axis CNC machine in this paper, the configuration of the machine table is horizontal and the 
Virtual C-axis is parallel to the cutting tool axis. Without any further additional operations, the 
problem with the singular configuration is that in order to generate the desired tool motion, the 
C-axis may often create a 180° quick turn. A practical way to solve this problem is to control 
the tool retract along the tool axis at a safe height above the workpiece, rotate the C-axis to the 
desired angle and then approach along the tool axis to the workpiece at the same position. One 
disadvantage of this method is that the approaching step will make a significant machining 
mark on the surface. Another disadvantage is that the method needs additional cumbersome 
movements, reduce the productivity. Another known method, a software-based linearization is 
used, that generally affects a trade-off between accuracy and machine position so that accuracy 
is compromised in order to maintain small machine motions. In order to calculate the inverse 
kinematics for the proposed postprocessor, one can solve either the former for  or the later for 

. From the parameters in Table 1 one can derive the Jacobian matrix. 
In workpiece coordinate system, each point  is defined as a set of six components. Whereas 
each position  is defined as a set of five components in machine coordinate system. 
Generally, from Eq.19 the ( ) Jacobian matrix is non-square and the inverse cannot be 
defined. The orientation parameters  are direction cosines of the tool axis vector 

and . According to this relation one can reduce the number of the linearly 

independent equations to five. Finally a ( ) Jacobian matrix can be derived. 
 

(19) 
 



 
 
 
 

 

          

 
There are two different types of singular configurations, one is structural singularities and 
another one is kinematic singularities. Structural singularities are architecture singularities, rely 
only on the mechanism architecture; they are independent of the joint variables. Kinematic 
singularities indeed rely on the joint variables in as 5-axis machine architecture. As 

 the configuration of the machine will degenerate and limit the tool tip trajectories 
of the machine in solving inverse kinematics. Besides, the most cumbersome problem of the 
singularity is not only at the singular point but also in the neighborhood of the singular point. 
Within the considerable area, even a tiny variation of  may cause immense change of . 
Such incoherent movements often make large errors happen in real cut. It results the overcuts 
and undercuts, reduces the effectiveness and efficiency of the machining surface and increases 
the production cost all the time. From Eq. 20, the proposed 5-axis CNC machine and its 
forwards kinematics equation, the singular configuration of the machine can be evaluated by 
solving following equation 
 

   

 
 Solve equation , the solution is ,  is an integer. Because of 

, the singular configuration is found at . Take a semi cylinder test 

piece for example, the problem with the singularity is that the virtual-C axis sometimes has to 
make a quick turn in order to generate the desired tool-path, the quick turn is often 180°. 
Facing this case without any further additional operations, the unpredictable movement will 
make harmful cutting on the workpiece. One can certainly use a practical way to control the 
tool retract along the tool axis at a safe height above the workpiece, rotate the workpiece or the 
spindle to the desired angle and then approach along the tool axis to the workpiece. The 
disadvantage is to lose the productivity. Another way is to employ linearization algorithm to 
force the tool-path maintain continuous. The price is that the accuracy has to be compromised 
in order to maintain small machine motions.  Instead of using the above two methods to avoid 
singular positions, this paper resort the data and regenerate the optimum tool-path to traverse 
the singular positions for a hybrid 5-axis CNC machine by using a novel inverse kinematics 
transformation procedure to generate continuous smooth tool-paths is presented. 

(20) 
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Table 2  Determination of the geometric rotary parameters. 

                          
 

   

    

    

    

 
 
Table 3  Determination of the CNC rotary parameters. 

                          
 

   

    

    

    

 
 

 

 
Figure 7 Schematic flowchart of the proposed determination of rotary parameters. 

 
Firstly, Table 2 shows that the CL data provide the possible domain to determine the 
parameters of rotary axes   and . Which play the role as step 1 in Figure 2, it depend on the 



 
 
 
 

 

tool orientation in workpiece coordinate system. The flow diagram in Figure 7 illustrates the 
algorithm that performs the determination of rotary parameters in coding. Second, after  and 

 are defined, input these two angular parameters into the transformation procedure as step 2 
in Figure 2. At this step, new positions and orientations for the machine are calculated. Another 
solution domain provides the principle, Table 3, to determine the rotation angle B and Virtual C 
for the machine coordinate system as step 3 in Figure 2. The flow diagram in Figure 8 
interprets the algorithm that performs the determination of rotational angles in coding. Finally, 
decompose the Y*-axis and Virtual C-axis to Y and V components. 

 

 

Figure 8 Schematic flowchart of the proposed determination of CNC rotary parameters. 
 

The machine has three orthogonal translational axes, while rotary axis B on the spindle and 
virtual rotary axis C on the table of the machine. A postprocessor is utilized to transform the 
data from the model spatial space in CAM to the machine spatial space in the CNC. The 
corresponding file will be transferred to the controller and will be used to machine the work 
piece. As a postprocessor is a unidirectional translator, the completeness of the data transferred 
to the machine will be compromised as soon as any modifications are made in the information 
at the controller on the shop floor. As mentioned above, inverse kinematics is used to determine 
the set of axis variables X, Y, Z, B, and V) that will produce the desired CL information given in 
the CL data file. Postprocessing primarily utilizes the inverse kinematics. The direct kinematics 
is used to calculate the CL from the machine axis variables. This is used in postprocessors for 
checking tool path accuracy in the linearization algorithm. To verify the effectiveness of the 
proposed methodology, a window-based postprocessor software has been developed under the 
Windows-based environment with programming language. 
 

 



 
 
 
 

 

Table 4 Modified D-H parameters of the proposed five-axis machine tool.  
 

Link      Limits Axis 

0/1 -62.5 0+  0  0 120° -120° R 

1/2 308+y  279.5  0 +360 -60 P 

2/3 0+x  77  167.5 +580 -20 P 

3/4 -80+z  0  -189.5 +20 -225 P 

4/5 -41.5 0+  0  -
100.6

1 

+110° -
110° 

R 

5/6 0 0 0 0 -33.61   

 
According to Figure 5, as the kinematics model has been configured completely, the user enter 
the relevant parameters, as shown in Table 4, for NC machining, e.g. the offset vector from the 
program origin to the centre of the virtual rotary table, the offset vector from the centre of the 
virtual rotary table to the center of the Y-axis, and then X-axis, and then Z-axis. Finally, the 
offset vector from the centre of the rotary spindle to the centre of the tool tip vector. Follow the 
procedure, the target CL data are captured and the NC data will be generated accordingly. 
Moreover, since the presented system is a generalized postprocessor, the corresponding CL 
data can also be transformed if the user opens the NC data for the configured machine tool. In 
addition, to confirm the feasibility of the proposed algorithm, a typical configuration, namely 
the hybrid parallel-serial type is tested. In the following, a test will show a cutter contact point 
is transformed to cutter location position. Given a point with initial control points as follows: 
(x:23.193, y:-76.899, z:-7.464, i:-0.612, j:0.354, k:0.707).  First the solution is meet the virtual-
C axis coordinate system as shown in Figure 9: (X:-31.044, Y*:-51.8864, Z:209.6055, 
B:45.0087, C:30.0464). Next these corresponding data regenerate to Y/V-axis coordinate 
system: (X:-31.044, Y:-131.247, Z:87.4746, B:-45.0087, V:27.4746).  
 

 

 
Figure 9 Hybrid parallel-serial five-axis machine tool. 

 



 
 
 
 

 

 

      Figure 10 A schematic flowchart of the hybrid parallel-serial postprocessor. 
 

5. Experimental results and illustrative implementation. Because the machined surface 
results from each step of the process, several parameters must be considered to ensure the 
accuracy of the final parts (Figure 1). The machining of freeform parts relies on the 
computation of a tool path based on a computer-aided design model, which establishes and 
approximates the model according to the linear or polynomial interpolation format, driving tool 
orientation, and CAM parameters such as machining tolerance and chord height error. The 
selected variation in parameters affects the surface quality directly. Merging the tool-path 
optimization, a novel postprocessor for hybrid 5-axis CNC is proposed. Figure 10 shows a 
schematic development of the proposed postprocessor. Follow this procedure, given the 
progenitor CL path, the distances between each two consecutive positions and the angles 
between these adjacent locations are examined. They are used as measures to determine 
whether the corresponding points are improvable points or not. If the points are improvable 
points, the linear interpolation algorithm is applied to smooth the tool path for each two control 
points. The corresponding tool orientation vectors are calculated by linear interpolation to the 
progenitor vector on the smoother tool center point path. A new refined CL path which 
composed of denser tool tip center points and cutter orientation vectors is then obtained.  
 



 
 
 
 

 

 

Figure 11 Left: A semi-cylinder model; Right: tool-path in wireframe. 
 

 

Figure 12 Progenitor tool-path positions of tool tip from CL path. 
 

 

Figure 13 Progenitor tool-path positions of tool orientation from CL path. 
 

     

   Figure 14 Left: tool-path in solid model; Right: tool-path simulation in CAD/CAM system. 
 

In multi-axis CNC machining, driving axes that are equipped with more degrees of freedom 
often cause singularities. These faults occur when the tool is vertical or almost vertical as 
described in section 4. The problems are related with solutions for forward and inverse 
kinematics ttransformation. However, advance near these singular positions, the conventional 



 
 
 
 

 

strategy of the tool axis orientation may cause disconnected movements, resulting in retard of 
the actual feedrate during the execution of the tool path and influencing the workpiece surface 
quality and productivity. The worst is that approaching singular points may cause the tool-path 
to become unstable, where collisions may occur between the tool and parts of the milling 
machine. Although singular points can be avoided through the rearrangement of safer too-paths 
and employing control methods to avoid singular positions during execution of the part 
program, or by designing mechanisms with more feasible handling to prevent the occurrence of 
approaching singular points, yet the best way is to regenerate the appropriate stable movements 
for each driving axis robustly and smoothly near singularities during machining in machine 
space. 
 

 

 
Figure 15. Angular degree distributions of B and Virtual-C axes of progenitor data. 

 
 

Figure 16. Machine configuration and test piece with an overcut error in CAM system. 
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Figure 17. NC code simulation with an overcut error. 
 
In order to verify the proposed method, a simple diagonal tool-path with maximum chordal 
deviation 0.01 mm cross over a semi-cylinder is demonstrated in Figure 11. This problem is 
typically examined in five-axis machining of a workpiece as a semi-cylinder. As the tool 
travels over the top of the cylinder the singularity must be passed and makes an error on the 
top. The corresponding position of the virtual-C axis in such a situation is illustrated in Figure 
11. The machined characteristic was an arced slot on a cylindrical surface, produced by a 
cutting tool of the same size used for demonstration. In this tool-path the tool axis is always 
normal to the surface of the workpiece. The figure presents the surface we have tested with a 
10mm diameter tool and 2mm cutting depth groove. Figure 12 shows the tool tip positions with 
141 steps throughout the path, while Figure 13 shows the corresponding 141 orientations of the 
tool. As it can be seen from the above two figures, no doubt, the CL path have to be smooth to 
achieve the required surface quality as shown in Figure 14. The ideal tool-path simulates a 
perfect groove on the surface without any error. By conventional transformation, the angle 
distribution of B axis and Virtual-C axis are shown in Figure15. The discontinuity of Virtual-C 
axis may cause workpiece surface error or even damage of collision. This issue with the 
singularity is that the Virtual-C axis has to make an abrupt change to produce the desired tool 
motion. The motion change abruptly is often 180° at singular positions as illustrated in Figure 
15. We have confirmed the unexpected error by two distinct ways to simulate the results. The 
first verification is to simulate in the same CAM system, where the model build, with 
kinematic configuration provided. The outcome of the error is specified in the red circle as 
shown in Figure 16. It is obvious to that the overcut error occurs on the top of the designed 
model. The default output data from a CAM system may conceal discontinuity of the tool-path. 
The second verification is to simulate by an independent simulation system AlphaCUT 
software with kinematic configuration provided for virtual machining. From Figure 17, it 
shows the tool-path equipped with a cutter imitate the machine motion followed the G-code 
program is executed. 



 
 
 
 

 

 

Figure 18. Angular degree distributions of B and Virtual-C axes of optimum data. 
 

 

Figure 19. NC codes simulation with an optimum tool-path. 
 
This machining test was managed to demonstrate tool-path optimization through the singular 
configuration. With the use of the proposed approach, not only the tool-path can be smoothen 
and also the accuracy of overcut can be adjusted to meet the required accuracy by changing the 
position and orientation. The result obtained by using the proposed algorithm in Figure 10 is 
shown in Fig 18. The motion has been improved to cope with the abrupt change as illustrated 
in Figure 15. Postprocessing without optimization gave a NC path that machined a groove with 
an error. Postprocessing with optimization generated a groove with the intended geometry. No 
tool-path deviation could be observed on this groove can be seen in Figure 18. The improvable 
simulation by an independent simulation system AlphaCUT software with kinematic 
configuration provided for virtual machining is shown in Figure 19, it shows the tool-path 
equipped with a cutter imitate the machine motion followed the regenerated G-code program is 
executed. As a result, if one can identify a better selection, then one can create higher 
performance cutting conditions; thus under the quality requirement, one can save much more 
cutting time. Figure 20 shows the groove surface comparison between the progenitor tool-path 
and the optimized tool-path by the proposed method. More details can be clairfied in Figure 21. 
The proposed algorithm can be customized for any five-axis machine, and it can be used to 
automate the programming of the tool-path for the machining of a free-form surface. The 
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problem with the singularity is that the virtual-C axis has to make a fast turn in order to 
generate the desired motion.  

 

Figure 20. Comparison of groove surfaces. 
 

 

Figure 21 Detail of comparison of groove surfaces at singular position. 
 
6. Conclusions. To obtain better performance in accuracy, a tool-path optimization 
regenerating method was proposed for avoiding 5-axis singularities. In order to machine the 
designed surface correctly, the position and orientation of the workpiece and the cutter must be 
implemented adequately according to the appropriate NC codes. The NC codes are generated 
by the postprocessor from the corresponding CL data. Essentially, the CNC machine tool 
requires its own unique postprocessor which is developed according to the kinematic model of 
that NC machine tool. This paper has proposed a methodology based on the generalized 
kinematics model for a hybrid parallel-serial five-axis postprocessor. The analytical equations 
of NC data for various five-axis machine tools with three orthogonal linear axes and two 
orthogonal rotational axes can be explicitly expressed in terms of CL data. Moreover, the NC 



 
 
 
 

 

data for the specific virtual-C axis machine tool can be transformed to the hybrid parallel-serial 
five-axis machine tool configuration using the derived analytical equations so that the 
portability of the NC data can be greatly promoted. The results presented in the paper are 
useful when a fast and robust calculation of the inverse kinematics is necessary, for example in 
real-time postprocessing of CL data on hybrid parallel-serial five-axis machine tool control 
units. The proposed methodology shows a general procedure that can make the generation of 
hybrid parallel-serial five-axis postprocessors more systematically and efficiently. 
The configuration information of machine tools and modified D-H notation is employed to 
develop the postprocessor of five-axis machine tools. Finally D-H modified notation is used for 
coordinate conversion program. CC path is converted to CL path to produce NC Code of 
machining. NC Code is imported into the controller for machining and the precision of finished 
products is measured to make sure that the requirements of dimension in the design are met. 
The user interface of the system will be implemented and displayed by Visual Studio, 
according to the preliminary setting of machining conditions; the optimization for the 
machining characteristics can be enforced to increase the precision of surface finishing. 
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