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Consider the original equation

fle=F) = f(f(x) = fly) — 1. ()
Replacing y with f(x), we get that
flz— f(f(x)) =—1. (2)
Now we know there exists a such that f(a) = —1. Replacing y with a in Equation (1), we have
fle+1) = f(a = f(a) = [(f(2) = fla) = L = [(f(2)). 3)
On the other hand, when we replace = with f(y) in Equation (1), we get that
FO) =1 w)) = fly) = 1= JIUW) = fy) = fO0) + L. ()

Combining Equations (3) and (4), we have

fHy+10)) = fy) = fO0)+1= fly+2) = fly) = f(O) + 1. (5)

The above in turn implies that

fly) = %

where the constant ¢ depends on the parity. Assume ¢ = g for even z, and ¢ = ¢ for odd =. Replacing y with 0
allows us to see ¢ = f(0). For even x, we can rewrite Equation (3) as

“y + e, (6)

fO)+1  fO)+1

0)+1
TOAT g e = L0 0L ) e )
where ¢ depends on the parity of w - & 4 cg. Comparing the coefficient of = on both sides, we get that
f(0) = £1. However, if f(0) = —1, then f(y) would be a constant for each parity of y, contradicting that

neither f(0) nor f(1) is the maximum of f(). Hence ¢y = 1, which implies that f(x) = x + 1 for even z, and
flx) = x4+ ¢ forodd .
For odd x, easy to see

r+2=flr+1)=f(f(x)) = flz+ ). (8)

The right hand side is equal to = 4+ ¢ + 1 if ¢ is odd, and = 4 2¢; if ¢1 is even. By comparing the constant terms
of both sides, we definitely get ¢; = 1. Therefore, f(x) = x 4 1. We can easily check that it satisfies the original
equation.
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First we recall a symbol: For a positive integer n and prime p, by v,(n) we mean the largest &k such that p* .
For any prime p and positive integer k, for any n > kp, we always have

Sn = Skp1+(kp)!+...+n! = 5,1 (mod prrlke)y,

Hence, if vp(Skp—1) < vp((kp)!), then v,(S,) = vp(Skp—1) < vp((kp)); if vu(Skp—1) = vp((kp)!), then
vp(Sn) = vpl(kp)!).

Based on the above observation, now we prove the proposition by contradiction. Assume P is a finite set. We
classify the primes p € P into two categories: type A and type B. We say p is of type A if there is a £ such that
Up(Skp—1) < vp((kp)!). Otherwise, we say p is of type B. Note that for any type A prime p, v,(S,) becomes a
constant (i.e., does not change as n grows) when n is sufficiently large. So we can choose a large constant N,
such that for all type A primes p, v,(Sy,) is a constant when n > N.

We define ¢ to be the product of all type B primes. Choose a multiple (Q of ¢ such that > 2N. Hence, for
any type B prime p, we have v,(Sg_1) > v,(Q!). Keeping this in mind, consider

Sg1=8 2+ (@ -pNQ—-p+1)...(Q—1).

Since vp((Q —p)(Q —p+1)...(Q —1)) = v,((Q — p)!) < vp(Q'), we must have v,(Sg_2) = v, ((Q — p)!).
Since p is of type B, if p > 3 we also have v,(Sg_3) = v ((Q — p)!) = vp(Sg_3) = vp(Sg_2). On the
other hand, since every S, is odd, v2(Sg_3) = v2(Sg_2). For type A primes p, () > 2N guarantees that
vp(SQ-3) = vp(Sg-2).

Combining all the above, we see that no prime p has a larger value of v, in Sg_5 than in Sg_3, which
contradicts that Sg_2 > Sg_3.
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