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During the past decade, research on carbon nanotubes has revealed potential advances
in thermal engineering applications. The present study investigates the radiative absorp-
tion and reflection of vertically aligned carbon nanotubes (VACNTs) in the broad spec-
trum from the near-infrared to far-infrared regions. The optical constants of VACNT are
modeled based on the dielectric function of graphite and an effective medium approach
that treats the CNT film as a homogenized medium. Calculated radiative properties show
characteristics of near-unity index matching and high absorptance up to around 20 lm
wavelength. The packing density and degree of alignment are shown to affect the pre-
dicted radiative properties. The Brewster angle and penetration depth of VACNTs are
examined in the infrared spectrum. The radiative properties for VACNT thin films are
also evaluated, showing some reduction of absorptance in the near-infrared due to trans-
mission for film thicknesses less than 50 lm. This study provides a better understanding
of the infrared behavior of VACNT and may guide the design for its applications in
energy harvesting, space-borne detectors, and stealth technology.
[DOI: 10.1115/1.4030222]
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1 Introduction

It has been demonstrated that aligned CNTs exhibit high
absorptance from the visible to infrared wavelength region due to
interband transitions and free-electron absorption, as well as
impedance matching with air [1]. Because of this, CNT thin films
and coatings hold promise in thermal radiation detection and heat
transfer applications. For example, they have been used on space-
craft radiometers and bolometers [2,3], pyroelectric radiation
detectors and calibrators [4–7], solar microcells [8], and solar
thermophotovoltaic devices [9]. Understanding the optical and
radiative properties of CNT films in the broad infrared wavelength
region is critical for these applications.

The benefit of vertically aligned CNT (VACNT) arrays was
noticed two decades ago when similarities between VACNT films
and antireflecting glassy carbon were observed through ellipsome-
try measurements [10]. To obtain the near-unity refractive index
to match air or vacuum, single-walled VACNT arrays were grown
sparsely packed, resulting in extremely low reflectance in the visi-
ble wavelength range [11]. More recent experimental studies
also showed ultralow reflectance and near-blackbody emission at
the mid-infrared wavelengths from 3 lm to 13 lm [12]. Mizuno
et al. [13] reported VACNT absorptance exceeding 0.98 across a
wide wavelength range from the ultraviolet (UV) (wavelength
k¼ 200 nm) to the far-infrared (k¼ 200 lm) using combined
spectroscopic reflectance and emission measurements. Wang et al.
[14,15] demonstrated high absorptance of multiwalled VACNTs
having either diffuse or specular characteristics. Ye et al. [16]
demonstrated that the alignment has a strong effect on the infrared
absorption coefficient of VACNT films. While the optical

properties of single-walled and double-walled CNTs have been
investigated by several groups [17–22], these studies used ran-
domly aligned CNTs and obtained relatively high reflectance in
the far-infrared region. Paul et al. [23] used transmission ellipsom-
etry to obtain the ordinary and extraordinary components of the
optical constants of multiwalled VACNT films in the limited fre-
quency region from 0.4 THz to 1.6 THz (i.e., 750 lm to 190 lm
wavelengths). Their experiment demonstrates the potential of
VACNT as highly absorbing coatings in the far-infrared. There-
fore, it is important to predict the spectral radiative properties of
VACNT arrays in the broad infrared spectrum.

The purpose of this paper is to theoretically investigate the radi-
ative properties for VACNT coatings from the near- to far-
infrared wavelengths (1 lm to 1000 lm). The optical constants of
individual CNTs are modeled based on the available data of
graphite, treated with a coordinate transform. The anisotropic
dielectric functions of the VACNT array are obtained using an
effective medium approximation that treats the VACNT array
with a certain volume filling ratio (packing density) as a homoge-
neous film. Misalignment is also considered using a component
weighting method that has been shown to be valid for multiwalled
CNT arrays from the visible to mid-infrared [16]. Radiative prop-
erties are calculated with both incidence angle and wavelength
sweeps to illustrate the conditions needed for effective absorption
by the VACNT films.

2 Dielectric Functions

To determine the optical properties of VACNT arrays, the
molecular structure of the constituent CNT filaments must be
understood. CNTs have been formed by thermal catalytic decom-
position of hydrocarbons at metal catalyst particle sites during a
plasma-enhanced chemical vapor deposition process [24–26].
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Multiwalled CNTs were characterized to have graphitic layers
formed parallel to the growth direction [27]. For VACNTs, one
can visualize them as many graphene sheets rolled together into
tubes and positioned on a flat horizontal substrate at one end of
the tube. Considering the structure similarity, it is reasonable to
model the optical properties of the multiwalled VACNT array
based on those of graphite, which is an anisotropic material, as
discussed in Sec. 2.1.

2.1 Dielectric Functions Graphite. Graphite is a semimetal
and characterized by its layered structure, where each individual
layer or sheet is called graphene. The electrical conductivity along
the sheet (in the x–y plane) is much higher than that across the
layers (in the z direction). Graphite is also an optically anisotropic
medium whose optical axis is parallel to the z-axis. The dielectric
permittivity is characterized by a diagonal tensor. The in-plane
component (exx or eyy) is for the ordinary waves, for which the
electric field is perpendicular to the optical axis, and can be
denoted by e?. The out-of-plane component (ezz) is for the extraor-
dinary wave, for which the electric field is parallel to the optical
axis, and can be denoted by ejj.

The absorption of carbon-related materials in the visible and
UV is due to the electronic transition between the p and p* bands
at the M point of the hexagonal Brillouin zone that has a bandgap
in the UV region [28–30]. On the other hand, the far-infrared
absorption for ordinary waves in graphite is due to the interband
transition and free electrons [31,32]. The interband absorption
was first observed by Sato [31] and can be attributed to the inter-
layer interactions that result in a bandgap of about 0.01–0.02 eV
at the H point of the Brillouin zone [30]. A similar bandgap or
pseudogap was observed for CNTs in the far-infrared, although
with varying strengths and locations, which have been attributed
to the curvature and intertube interactions [17,20,22,33]. For
extraordinary waves, only weak free-electron absorption exists in
graphite that dominates its optical properties at wavelengths lon-
ger than 20 lm [34]. Lattice vibrations were also observed with
sharp absorption peaks in the mid-infrared for both ordinary and
extraordinary waves [35].

Due to the difficulties in preparing highly oriented crystalline
graphite, there exist large variations in the experimental spectro-
scopic data [36,37]. The Kramers–Kronig relations have com-
monly been used to obtain the dielectric function if the normal
reflectance of a material is obtained in a large spectrum and rea-
sonably extrapolated to zero and infinite frequencies [38]. The
tabulated optical constants listed in Palik’s handbook do not cover
wavelengths beyond 62 lm and there are no data between 0.7 lm
and 10 lm for the extraordinary component [36]. Philipp [32] per-
formed a comprehensive analysis of the reflectance of graphite for
ordinary waves by combining their earlier experimental data from
0.04 eV to 26 eV [39] with those from Sato [31] between
0.006 eV and 0.04 eV. The far-infrared dielectric function was fit-
ted to a Drude free-electron model, allowing the extension to lon-
ger wavelengths up to 1240 lm [32,37]. Philipp’s work [32] was
re-analyzed by Draine and Lee [37] in combination with results
published by other groups, added with the lattice vibration band
around 1587 cm�1 (6.30 lm) using the Lorentz model parameters
obtained by Nemanich et al. [35]. Venghaus [34] measured the
reflectance of pyrolytic graphite for normal incidence on a cleaved
surface with electric field parallel to the optical axis in the wave-
length region from 2.5 lm to 100 lm and fitted with a Drude
model for the far-infrared. Draine and Lee [37] combined this
work with other studies on the extraordinary dielectric function
of graphite, including the Lorentz model centered at 868 cm�1

(11.5 lm) due to the out-of-plane phonon mode [35].
In the present study, the dielectric functions (excluding the pho-

non vibration and free-electron contribution) are extracted mainly
from the plots of Ref. [37]. Then, the Drude model [32,34] and
Lorentz model [35] are superimposed to the extracted dielectric
functions. The complex dielectric function is related to the optical

constants by e ¼ nþ ijð Þ2, where n and j are the refractive
index and extinction coefficient, respectively. The optical con-
stants of graphite thus obtained are shown in Fig. 1 for both
ordinary and extraordinary waves in the wavelength region:
1 lm < k < 1000 lm. Both n? and j? increase with wavelength
and clearly show a metallic behavior [40]. Interband transition
plays an important role on the optical constants for 30 lm
< k < 100 lm as shown in Fig. 1(a). On the contrary, nk is nearly
constant and jk � nk for 1 lm < k < 10 lm, as shown in
Fig. 1(b). Hence, graphite behaves as an absorbing dielectric in
this wavelength region. Free-electron absorption dominates
beyond 20 lm and toward long wavelengths, nk � jk, and both
increase with wavelength according to the Hagen–Rubens relation
[40]. In the far-infrared, however, the values of nk and jk are
much smaller than their counterparts n? and j?. Lattice vibrations
give rise to sharp peaks at k¼ 6.3 lm and 11.5 lm in the ordinary
and extraordinary components, respectively. These peaks may not
necessarily be observed for CNTs [16,17].

Fig. 1 Optical constants (n and j) of graphite: (a) electric field
perpendicular to the optical axis and (b) electric field parallel to
the optical axis
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2.2 Effective Medium Approximation for VACNT
Films. Figure 2(a) shows a representative array of VACNTs on a
silicon substrate. The inset shows a square unit cell viewed from
above with a CNT of diameter d and width a, assuming that the
CNTs form an aligned periodic array. Perfectly aligned CNTs ver-
sus imperfectly aligned CNTs are schematically shown in
Figs. 2(b) and 2(c), respectively.

The VACNT coating or film is an inhomogeneous medium
since it is composed of periodic CNTs and voids (either air or vac-
uum). The effective medium theory (EMT) can be applied to
homogenize the medium [41–43], provided that the wavelength of
the incident electromagnetic radiation is much longer than the
period a, which typically ranges from 50 nm to 150 nm, based on
the 10–30 nm diameter of CNTs [1,44]. These dimensions are
much smaller than the shortest wavelength of interest of 1000 nm.
Although EMT does not consider the local diffraction and antenna
effects that are accounted for in finite-difference time-domain
analysis [45], it is a reasonably fast and simple method that is
well-suited for modeling the far-field optical properties of CNTs
especially in the infrared spectrum [46].

In essence, VACNT arrays can be treated as a uniaxial medium
whose optical axis is parallel to the tube or along the z-axis. Based
on the Maxwell–Garnett theory and coordinate transform, the
effective dielectric functions for perfectly aligned CNT films can
be expressed in terms of the filling ratio and the dielectric func-
tions of graphite as [15,41]

eeff;O ¼
ejjð1þ f Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ejj=e?

p
ð1� f Þ

ejjð1� f Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
ejj=e?

p
ð1þ f Þ

(1)

eeff;E ¼ f e? þ ð1� f Þ (2)

where f is the volume filling ratio that can be estimated by
pd2=4a2 using notation from Fig. 2(a). The subscripts O and E
signify ordinary and extraordinary components, respectively.

Considering defects from sample fabrication such as random
tilting and entanglements, the dielectric functions are modified
with a weighting constant x called degree of alignment or align-
ment factor. The alignment factor for a perfectly aligned albeit
experimentally unfeasible VACNT array is x¼ 1, as illustrated in
Fig. 2(b). The misalignment is quantified with x< 1 as shown in
Fig. 2(c). For typical CVD-grown VACNT samples, x ranges
between 0.950 and 0.995 [16]. The dielectric functions, obtained
from spectroscopy fitting of fabricated VACNT films with varying
concentrations of defects, are calculated from the following [15,16]:

eO ¼ xeeff;O þ ð1� xÞeeff;E (3)

and

eE ¼ xeeff;E þ ð1� xÞeeff;O (4)

The dielectric function of CNT films approximated by EMT is
therefore dependent on both filling ratio and alignment factor. It
should be noted that the component weighted model is only
applied for slight misalignment, when x is sufficiently large. Fur-
thermore, for perfectly aligned case when x¼ 1, the extinction
coefficient for ordinary waves will be extremely small, resulting
in an unrealistically large penetration depth at near normal inci-
dence. Using this dielectric function model, the present authors
have recently shown that CNT films can greatly enhance near-
field radiative heat transfer [46].

The predicted optical constants of VACNT films are plotted in
Fig. 3 for wavelengths from 1 lm to 1000 lm. A filling ratio
(f¼ 0.05) and alignment factor (x¼ 0.98), obtained experimen-
tally by Ye et al. [16], are taken as the base case. Both parameters
are slightly varied individually to illustrate the effect of these
deviations on the CNT optical constants. The range of filling ratio
in fabricated VACNT films is typically from 0.01 to 0.15 [15]. At
wavelengths from 1 lm to about 30 lm, nO is close to 1 and jO is
relatively small; this results in an impedance matching and high
absorptance for incidence from air at least for normal incidence.
In this region, nO is insensitive to both f and x, jO depends on
both because decreasing the packing density or alignment factor
can result in less loss (or a reduction of jO). Beyond 30 lm, the
effect of interband transition results in a resonance feature that
appears in the optical constants of VACNT. Furthermore, free-
electron absorption becomes important beyond 100 lm, resulting
in an increase in the predicted optical constants of CNTs toward
longer wavelengths. While the trends of extraordinary optical con-
stants are similar, the values are much higher than the correspond-
ing ordinary optical constants, especially jE, which is about an
order of magnitude higher than jO. At longer wavelengths, the
filling ratio affects the optical constants significantly. On the other
hand, only the ordinary components appear to be dependent on
the alignment factor. This is because the extraordinary optical
constants are much greater than the ordinary counterparts; subse-
quently, a small change in alignment factor has a bigger impact
on the weighted average according to Eq. (3).

The dielectric function model presented in Eqs. (1) and (2) is in
good agreement with the mid-infrared transmittance measure-
ments at normal incidence [16]. The optical constants obtained in
the far-infrared, especially for the extraordinary components, are
much higher than those reported in Ref. [23], by transmission
ellipsometry in the wavelengths between 750 lm and 190 lm.
The disagreement could be due to the CNT density or filament
structure of the fabricated VACNT samples. It should also be
mentioned that while interband transitions were also observed for
single-walled CNTs, the strength is often much weaker than that
in graphite [17]. Because of the limited data on the far-infrared
optical properties of CNTs, the optical constants of graphite are
adopted in the present work.

3 Radiative Properties of VACNT Films

The radiative properties of a semi-infinite uniaxial medium can
be formulated using the surface admittance or impedance [47].

Fig. 2 (a) Illustration of a VACNT film of thickness H grown on
a silicon substrate, where the inset shows a unit cell of width a
containing a multiwalled CNT of diameter d for a periodic array;
(b) perfectly aligned CNTs with an alignment factor x 5 1.0; and
(c) imperfectly aligned CNTs where x < 1. Typical VACNT coat-
ings have alignment factor ranging from x 5 0.95 to x 5 0.99.
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Detailed formulation including the thin film case can be found
from previous publications [48,49]. For VACNT, however, since
the optical axis is perpendicular to the interface, the method for
calculating the radiative properties for isotropic medium [40] can
be used with a modification to the perpendicular wave vector
component. Note that for a plane wave incident at an angle hi in
the x–z plane, the wavevector components in air (medium 1) are
kx ¼ k0 sin hi and kz;1 ¼ k0 cos hi, where k0 ¼ 2p=k. Note that kx

is the same in all layers. For transverse electric wave or s-
polarization, the VACNT behaves like an isotropic medium with
the ordinary wave optical constants. The z-component wavevector
in the VACNT layer (medium 2) for s-polarization is therefore

kz;2 ¼
2p
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eO � sin2 hi

q
(5)

For transverse magnetic wave or p-polarization, we have [49]

kz;2 ¼
2p
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eO �

eO

eE

sin2 hi

r
(6)

The Fresnel reflectance and transmittance for extraordinary
waves (p-polarization) between air and VACNT can be expressed
as

r12;p ¼
kz;1 � kz;2=eO

kz;1 þ kz;2=eO

(7)

and

Fig. 3 Effective optical constants of VACNT films with varying filling ratios f and alignment factors x: (a) and (b) refractive index
for ordinary and extraordinary waves, respectively and (c) and (d) extinction coefficient for ordinary and extraordinary waves,
respectively
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t12;p ¼
2kz;1

kz;1 þ kz;2=eO

(8)

The reflectance of a semi-infinite VACNT medium is calculated
by R0k ¼ jr12j2 for each polarization. Furthermore, Airy’s formulae
can be applied to obtain the reflectance and transmittance for a
CNT film on a substrate [40].

3.1 Reflectance of Semi-Infinite CNT Films. The normal
reflectance of a VACNT medium is shown in Fig. 4 for varying
filling ratios and alignment factors. At k< 20 lm, the reflectance
R0k < 0:01 for all cases and R0k < 0:0015 in the case for f¼ 0.05
and x¼ 0.98 (default). Reducing the filling ratio can further
reduce the reflectance. In the interband transition region
(30 lm< k< 100 lm), the reflectance increases to 0.03–0.04 in the
default case and differs greatly with the changes in either f or x.

Fig. 4 Normal reflectance spectra of a semi-infinite VACNT
films with varying filling ratios and alignment factors. The inci-
dence angle upon the VACNT film is illustrated in the inset.

Fig. 5 Contours of the reflectance versus wavelength and inci-
dence angle for: (a) s-polarization and (b) p-polarization. The
VACNT film is assumed to be semi-infinite with filling ratio
f 5 0.05 and alignment factor x 5 0.98.

Fig. 6 (a) Correlation of the Brewster angle hB and the princi-
pal angle hP with the wavelength. The abscissa and ordinate are
interchanged in order to compare the traces with Fig. 5(b). (b)
The reflectance as a function of the incidence angle for both
polarizations at four distinct wavelengths.
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VACNT becomes highly reflecting at far-infrared (R0k > 0:5)
when the wavelength exceeds 200 lm for the default case and the
reflectance is smaller with reduced filling ratio or increased align-
ment factor. It appears that the filling ratio affects more in the
near- to mid-infrared region, while the alignment factor has a
stronger effect in the far-infrared. The absorptance, a0k ¼ 1� R0k,
is very close to unity in the near- and mid-infrared region. In the
far-infrared, the absorptance decreases; however, reducing the fill-
ing ratio and improving alignment can increase the absorptance. It
should be noted that high absorptance was reported for single-
walled VACNT films at wavelengths up to 200 lm [13]. The
observed high absorptance may be due to the reduction of the
interband and free-electron absorption, along with surface rough-
ness effects that could enhance radiation absorption.

To study the angular and polarization dependence, the contour
plots of reflectance for s- and p-polarization are shown in Fig. 5
for f¼ 0.05 and x¼ 0.98. The contour traces identify the isoreflec-
tance lines. For s-polarization, the reflectance increases with the
angle of incidence for all wavelengths, as shown in Fig. 5(a). Fur-
thermore, the reflectance increases with wavelength similar to the
case for normal incidence. At the grazing angle, hi¼ 90 deg, the
reflectance for both polarizations approaches unity as expected.
However, for p-polarizations, the reflectance may reach a mini-
mum at an oblique angle. As shown in Fig. 5(b), there is a global
minimum at k¼ 4.6 lm and hi¼ 20.2 deg, where reflectance
sharply drops by several orders of magnitude. This phenomenon
is further explored in Sec. 3.2.

3.2 Brewster Angle and Principal Angle. The incidence
angle at which the reflectance becomes zero for p-polarization is
defined as the Brewster angle hB, at which all the incident energy
is transmitted into the medium [40,50]. Perfect transmission holds
for a lossless dielectric medium only. For real materials, the angle
at which R0p is minimized is called the Brewster angle, which may
not exist for a high loss medium. Materials with well-defined
Brewster angles are frequently used as angular polarizers. The
wavelength-dependent Brewster angles of VACNT coatings are
shown in Fig. 6(a). The abscissa and ordinate are interchanged so
that one can refer the location of the Brewster angle with the mini-
mum of R0p in Fig. 5(b). Note the Brewster angle is not defined for
28 lm < k < 39 lm and for 110 lm < k < 142 lm. The principal
angle hP is defined as the minimum of the ratio of the p-polarized
to the s-polarized reflectance [50]. The principal angle is also
shown in Fig. 6(a) and can be defined for all wavelengths.

At wavelengths k< 10 lm where loss is small, the Brewster
angle and principal angle are close to each other. For an isotropic
dielectric medium with n> 1, the Brewster angle is always greater
than 45 deg. This does not hold in general for an anisotropic
medium [14].

The angular behavior is further explored by calculating the
angular-dependent reflectance for each polarization at different
wavelengths, as shown in Fig. 6(b). At k¼ 4.6 lm, the
p-polarization reflectance drops sharply at the Brewster angle
(hB¼ 20.2 deg), by several orders of magnitude. At this wave-
length, the Brewster angle and principal angle are coincident. In
the case of k¼ 32 lm, the Brewster angle is undefined and R0p
increases monotonically with hi. For k¼ 64 lm, R0p exhibits a
shallow dip around 34 deg, and there is a large mismatch between
hB and hP. At k¼ 1000 lm, where hB � hP, there is a distinct dip
in R0p at 81.3 deg. Therefore, the mismatch between the Brewster
angle and principal angle in Fig. 6(a) indicates the wavelength
region where the Brewster angle becomes poorly defined.

Fig. 7 Hemispherical absorptance spectra for s- and p-
polarization, and the average of the two

Fig. 8 Radiation penetration depths for: (a) s-polarization and
(b) p-polarization at incidence angles hi 5 0 deg, 30 deg, and 60
deg, with f 5 0.05 and x 5 0.98
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3.3 Hemispherical Absorptance. The directional-spectral
emittance is integrated over the solid angle (dX ¼ cos hi sin hi

dhid/i) to obtain the hemispherical emittance ehem;k [40]

ehem;k ¼
1

p

ð2p

0

ðp=2

0

e0k cos hi sin hidhid/i (9)

According to Kirchhoff’s law, the directional-spectral absorptance
is equal to the directional-spectral emittance e0k, if the temperature
of the material is uniform at least within several penetration
depths [40]. This states that e0k ¼ a0k ¼ 1� R0k for a semi-infinite
medium. If the intensity of the incident radiation is independent of

the direction (diffuse incidence), then the hemispherical absorp-
tance equals the hemispherical emittance: ahem;k ¼ ehem;k.

The hemispherical absorptance spectra are shown in Fig. 7, for
both s- and p-polarizations, as well as their average, for the default
f and x values. In the near- and mid-infrared region, the hemi-
spherically integrated absorptance is higher (exceeding 0.98 at
k< 15 lm) for s-polarized incident waves. At wavelengths longer
than 40 lm, the hemispherical absorptance for p-polarization is
higher than that for s-polarization. In general, the hemispherical
absorptance is smaller than the normal absorptance due to angular
dependence, although surface roughness can give rise to increased
hemispherical absorptance [12].

Fig. 9 Absorptance of VACNT film of different thicknesses with f 5 0.05 and x 5 0.98, at inci-
dence angles of hi 5 0 deg, 30 deg, and 60 deg: (a) s-polarization, H 5 10 lm; (b) p-polarization,
H 5 10 lm; (c) s-polarization, H 5 25 lm; (d) p-polarization, H 5 25 lm; (e) s-polarization,
H 5 50 lm; and (f) p-polarization, H 5 50 lm
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3.4 Penetration Depth. It is important to examine the pene-
tration depth in order to determine how thick the VACNT film is
needed for it to be opaque so that the substrate effect is negligible.
The radiation penetration depth is defined as where the power of
the electromagnetic wave entering the medium will decay by
e–1� 37% from the interface. The spectral penetration depth can
be expressed as [40]

dk ¼
1

2Imðkz;2Þ
(10)

where kz,2 is the z-component wavevector given in Eqs. (5) and
(6) for s- and p-polarizations, respectively. The predicted penetra-
tion depths for both polarizations are shown in Fig. 8 from the
near- to far-infrared. At normal incidence, the penetration depth
becomes dk ¼ k= 4pjOð Þ regardless of the polarization status,
where jO is plotted in Fig. 3(c). In the near-infrared, penetration
depth increases up to dk¼ 21 lm around k¼ 15 lm. Because of
the interband transition, the penetration depth decreases to about
dk¼ 10 lm around k¼ 50 lm. The penetration depth then
increases to reach a peak at wavelength slightly longer than
100 lm, which is beyond the interband transition and before the
Drude model takes effect in the far-infrared. Here, the penetration
depth reaches up to dk¼ 23.6 lm. There is another minimum in
dk at wavelengths between 200 lm and 300 lm. As the wave-
length further increases, dk increases with the square root of wave-
length, as predicted by the Drude free-electron model [40].

The angular dependence of the penetration depth is different for
s- and p-polarizations. This can be understood by the different
expressions in Eqs. (5) and (6). In the near-infrared, the penetra-
tion depth decreases with increasing incidence angle in a similar
way for both polarizations since the ordinary and extraordinary
dielectric functions are of the same order of magnitude close to
unity. At very long wavelengths beyond 500 lm, the term with
sin2 hi in Eqs. (5) and (6) has little effect and therefore, the pene-
tration depth is independent of the angle of incidence. In the inter-
mediate region, because the magnitude of eO is smaller than that of
eE, the penetration depth for p-polarization becomes independent of
hi at a relatively shorter wavelength of about 50 lm. Based on the
penetration depth, CNTs with a thickness greater than 100 lm can
generally be considered opaque, because the height or thickness H
of the CNT film is greater than four times the maximum penetration
depth. Thinner film coatings are often desired to reduce material
consumption and growth time. The effect of thickness and substrate
on the absorptance of CNT films is discussed next.

3.5 Thin Film Effects. The absorptance spectra of VACNT of
different thickness on Si substrate are shown in Fig. 9 for both
polarizations at different angles of incidence and with varying CNT
film thicknesses. The absorptance is calculated by
a0k ¼ 1� R0k � T0k, so that only the absorptance by the CNT film is
included. In the calculation, the optical constants of lightly doped
Si are taken from Ref. [51] and extended to the far-infrared by
assuming a constant refractive index of 3.42 and negligible loss. At
normal incidence, the results for both polarizations are the same.

For the 10 lm-thick VACNT thin film, as shown in Figs. 9(a)
and 9(b), the absorptance is significantly reduced. For normal inci-
dence, the maximum absorptance is a0k¼ 0.8 at k¼ 1 lm and
decreases with wavelength until k¼ 20 lm. Interference effects
can be clearly observed in the near- and mid-infrared region. The
interband transition causes an absorptance peak at wavelengths
between 50 lm and 100 lm. At k¼ 100 lm, corresponding to the
maximum penetration depth peaks, the CNT absorption is mini-
mum at a0k¼ 0.1. At short wavelengths, increasing the angle of
incidence gives rise to a higher absorptance due to the decreasing
penetration depth as shown in Fig. 8. However, for p-polarization,
the absorptance is higher at hi¼ 30 deg than 60 deg due to the
Brewster angle at which the reflection coefficient at the air–CNT
interface is minimized around 20 deg. The outcome is

complicated due to the interplay of interference, internal absorp-
tion, and surface reflection. Interestingly, at longer wavelengths
(k> 100 lm), the absorptance improves toward oblique incidence
for p-polarization, but reduces for s-polarization. This can be
explained by interface reflection being higher for s-polarization
than that for p-polarization as illustrated in Figs. 5 and 6(b). Fur-
thermore, the Brewster angle is relatively large and the reflection
coefficients decrease with increasing hi for p-polarization. This
trend is the same for all three CNT thicknesses because it is
related to the interface effect rather than internal absorption.

Increasing the thickness of the VACNT film improves absorptance
(especially in the near- and mid-infrared) and reduces interference
effects. This can be seen by comparing the trends from figures for
each polarization in Fig. 9 from top to bottom. The interference
effect almost diminishes for H¼ 50 lm, as shown from Figs. 9(e)
and 9(f) and the absorptance is closer to that of semi-infinite medium
except for regions with large penetration depths. Calculations were
also made for H¼ 100 lm with slight differences from those for
H¼ 50 lm; this suggests that for most wavelength regions, a CNT
thickness of H¼ 50lm can be approximated as semi-infinite.

4 Conclusions

The radiative properties of multiwalled VACNT coatings are
investigated by assuming that the nanotubes exhibit similar dielec-
tric properties as that of coordinate-transformed graphite. Due to the
refractive index matching in the near- to mid-infrared, surface
reflection is low and the material becomes a good absorber. Due to
the interband transition at k� 100 lm and free-electron effect in the
far-infrared, the reflectance is high, resulting in a rather low absorp-
tion at k> 100 lm. Generally, low packing density and high degree
of alignment can reduce surface reflection. Also, the Brewster angle
is best defined only in the near- and far-infrared, as matching with
the principal angle is qualified. For thin CNT films, absorptance in
the near- and mid-infrared is deteriorated due to high penetration
depth and reflection at the CNT–substrate interface. It is thus recom-
mended to grow the coating of thickness greater than 50 lm to pre-
serve the characteristic high absorptance of VACNT. The method
present here and the detailed results may assist in the design of
VACNT coatings for broadband infrared applications.
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Nomenclature

a ¼ CNT unit cell period (m)
d ¼ carbon nanotube diameter (m)
f ¼ filling ratio (i.e., packing density)

H ¼ CNT coating thickness (m)
k ¼ wavevector (m�1)
n ¼ refractive index
r ¼ Fresnel reflection coefficient

R0 ¼ directional reflectance
t ¼ Fresnel transmission coefficient

T0 ¼ directional transmittance
x ¼ alignment factor

Greek Symbols

ahem ¼ hemispherical absorptance
a0 ¼ directional absorptance
d ¼ penetration depth (m)
e ¼ dielectric function

ehem ¼ hemispherical emittance
e0 ¼ directional emittance
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h ¼ polar angle (deg)
j ¼ extinction coefficient
k ¼ wavelength in vacuum (m)
/ ¼ azimuthal angle (deg)
X ¼ solid angle (sr)

Subscripts

B ¼ Brewster angle
eff ¼ effective medium

E or O ¼ extraordinary or ordinary waves
i ¼ incident

m,n ¼ index
p or s ¼ p- or s-polarization

P ¼ principal angle
1 or 2 ¼ medium 1 or 2

k ¼ spectral
k ¼ parallel (extraordinary)
? ¼ perpendicular (ordinary)
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