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The near-field radiative heat transfer for two hyperbolic metamaterials, namely, graphite and

vertically aligned carbon nanotubes (CNTs), is investigated. Graphite is a naturally existing

uniaxial medium, while CNT arrays can be modeled as an effective anisotropic medium. Different

hyperbolic modes can be separately supported by these materials in certain infrared regions,

resulting in a strong enhancement in near-field heat transfer. It is predicted that the heat flux

between two CNT arrays can exceed that between SiC plates at any vacuum gap distance and is

about 10 times higher with a 10 nm gap. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4832057]

Carbon nanotubes (CNTs) have been extensively studied

for potential applications as absorbers in the visible and

infrared regions,1,2 thermal interface materials,3 and trans-

parent conducting electrodes.4 Near-field radiative heat

transfer (NFRHT) between closely spaced bodies has been

demonstrated to surpass the limit governed by Planck’s law

due to photon tunneling, especially when surface plasmon

polaritons (SPP) or surface phonon polaritons (SPhP) are

excited.5–11 Therefore, NFRHT could be used for noncontact

localized thermal management such as radiation-based cool-

ing of nanoelectronic devices and transport enhancement at

nanometer distances.12,13 However, surface modes are inher-

ently narrow band due to resonances, which preclude greater

heat flux enhancement. Because of the unbounded isofre-

quency contours of hyperbolic metamaterials (HMMs),

broadband super-Planckian thermal radiation may be

achieved by exciting resonance-free hyperbolic modes.14–16

Recently, CNTs were demonstrated to support hyperbolic

dispersion in the broadband17,18 and thus might enable large

NFRHT. Other heat flux enhancement methods involving

CNTs were suggested, such as interdigitized arrangement

of CNTs between two close substrates.18 NFRHT between

CNTs and different substrates has also been investigated

focusing on the coupling of SPPs and SPhPs.19 However, the

effect of hyperbolic modes on the NFRHT between CNTs

has not been examined.

A uniaxial anisotropic medium can be modeled using

two dielectric functions: an ordinary one eord (when the elec-

tric field is perpendicular to the optical axis) and an extraordi-

nary one eext (when the electric field is parallel to the optical

axis). Unlike type I HMMs (with e0ord > 0 and e0ext < 0 where

prime denotes the real part)20 that support low-loss negative

refraction such as nanowires21,22 and metal-dielectric multi-

layers,23 graphite is a naturally existing uniaxial material

that supports broadband type II hyperbolic dispersion (with

e0ord < 0 and e0ext > 0) in the infrared region. Though negative

refraction cannot be supported, resonance-free hyperbolic

modes may augment NFRHT since propagating waves can

exist in type II HMMs at large (parallel) wavevectors. This

letter describes an investigation of the radiative heat transfer

between CNT arrays as well as between graphite plates,

which are type I and type II HMMs in certain infrared

regions, respectively. The mechanism of the heat transfer

enhancement with CNTs is elucidated. The insight gained

from this study may help design effective near-field local

cooling devices.

The schematic of NFRHT between two films of CNTs at

different temperatures is shown in Fig. 1. Each CNT array or

film is treated as a homogeneous semi-infinite medium. This

assumption is reasonable because the fabricated CNTs could

be as long as several millimeters and have high absorption

coefficients.24 In the calculation, each film is assumed to be

at an equilibrium temperature, T1¼ 300 K and T2¼ 0 K.

Furthermore, the optical constants of the two media are

assumed to be the same based on the room-temperature val-

ues. The dielectric functions (i.e., relative permittivities) of

graphite at room temperature for ordinary (e?) and extraordi-

nary (ek) waves from near infrared to millimeter region are

obtained from Refs. 25 and 26, and their real parts are shown

FIG. 1. Schematics of radiative heat transfer between vertically aligned

CNTs separated by a vacuum gap of d. The CNT film on each side is treated

as a semi-infinite homogeneous medium at thermal equilibrium.
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in Fig. 2(a). Two (type II) hyperbolic regions are delineated:

one at angular frequencies below 2.1� 1013 rad/s (due to

free electrons) and the other ranging from 3.0� 1013 rad/s to

1.8� 1014 rad/s (associated with the interband transition).

Some infrared active phonon features are also shown, but the

lattice vibration modes are too narrow to affect the overall

heat transfer.

Following Refs. 24 and 27, the effective dielectric func-

tions of CNTs for the ordinary wave (eeff;O) and extraordi-

nary wave (eeff;E) can be expressed as functions of the

dielectric functions of graphite, along with two parameters:

the volume filling ratio (f) and the alignment factor (x),

which is slightly less than 1 to account for the unavoidable

misalignment. In the present study, x is taken as 0.98 with

f¼ 0.05 corresponding to fabricated multiwall CNT sam-

ples.24 The effective dielectric functions of CNTs are shown

in Fig. 2(b) (real parts only). Two (type I) hyperbolic bands

are identified: a low frequency region at angular frequencies

from 1.4� 1013 rad/s to 2.1� 1013 rad/s and the other from

3.0� 1013 rad/s to 1.3� 1014 rad/s. Note that the real part of

eeff;O is close to one and the imaginary part is much smaller

than one, making CNT arrays excellent thermal absorbers or

emitters in the far field.1,2,24

The heat flux (Q) between two uniaxial medium sepa-

rated by a vacuum gap d can be calculated based on fluctua-

tional electrodynamics using the dyadic Green functions15

Q¼ 1

4p2

ð1
0

Hðx;T1Þ�Hðx;T2Þ½ �dx
ð1

0

b
X
j¼s;p

njðx;bÞdb; (1)

where Hðx; TÞ is Planck’s mean energy of a harmonic oscil-

lator, x is the angular frequency, and b represents the magni-

tude of the wavevector in the x-y plane.10 Expressions of the

(energy) transmission coefficients njðx; bÞ for propagating

and evanescent waves can be found from Ref. 15 for s- and

p-polarizations, respectively. Note that for s-polarization, the

uniaxial medium behaves like an isotropic medium with

ordinary properties. Figure 3 plots the radiative heat flux

(divided by that between blackbodies QBB) as a function of

gap distance for graphite and CNTs. For comparison pur-

pose, the heat flux for SiC is shown since it is widely used in

thermal radiation analysis and experiments due to its capabil-

ity of supporting SPhPs in the mid-infrared region. In terms

of heat transfer enhancement, CNTs can outperform SiC for

any gap distance ranging from deep submicron to the far

field. When d¼ 10 nm, QCNT/QSiC is as high as 9.7, confirm-

ing that CNT arrays are very promising for near-field local-

ized thermal management and thermal imaging. In the far

field, QCNT/QBB is 0.90 which follows the far-field formula

with a total hemispherical emissivity of 0.95.10 Therefore,

the CNT array behaves like a quasi-blackbody in terms of

far-field radiative transfer. Although graphite does not sup-

port SPPs or negative refraction, due to its type II hyperbolic

dispersion in the infrared region, it can also enhance NFRHT

to a level close to that of SiC. While it has been reported that

the emissivity of graphite could exceed 0.8,28 these samples

FIG. 2. Dielectric functions (real part only) for ordinary and extraordinary

waves with respect to angular frequency: (a) graphite whose ordinary dielec-

tric function is scaled down by a factor of 10; (b) CNT array with f¼ 0.05

and x¼ 0.98. The shaded regions indicate hyperbolic bands (type II for

graphite and type I for CNTs).

FIG. 3. Radiative heat flux (divided by the blackbody heat flux in the far

field) for d from 10 nm to 100 lm.
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have rough surfaces with textured structures. For highly pol-

ished smooth surfaces, the large absolute values of e? make

graphite a low-emissivity material in the mid-infrared.25 The

filling ratio can also affect heat flux, and increasing the

filling ratio beyond 0.05 would cause additional loss that

impairs the heat transfer. On the other hand, decreasing f can

further increase the heat flux up to a maximum when

f¼ 0.013 for d¼ 10 nm. Further reducing the filling ratio

would diminish the SPP and hyperbolic effect, resulting in a

lower heat flux. The heat transfer enhancement for T2 close

to T1 is also evaluated. For T1¼ 300 K and T2¼ 299 K,

the calculated heat flux at d¼ 10 nm for CNTs is

5.3� 104 W/m2, which is equivalent to a heat transfer coeffi-

cient of 5.3� 104 W/m2 K. The heat flux (or heat transfer

coefficient) obtained with CNTs is nearly six times that for

SiC under the same conditions.

The spectral heat fluxes between CNTs and graphite

plates separated at d¼ 10 nm are plotted in Fig. 4 along with

that between two blackbodies in the far field using the same

parameters as for Fig. 3. The low- and high-frequency type I

hyperbolic peaks for CNTs are located at 1.52� 1013 rad/s

and 4.97� 1013 rad/s, respectively. An interesting phenom-

enon is that the spectral heat flux at frequencies lower

than 2.1� 1013 rad/s (shaded region) only contributes

0.64% for blackbodies, while for CNTs (at d¼ 10 nm), the

low-frequency contribution would be as high as 14.3% due to

hyperbolic modes along with the coupled SPPs. These values

are obtained by integrating the spectral heat flux over the fre-

quency range from 0 up to x. It can be seen from Fig. 4 that

the peaks in the spectral heat flux due to the hyperbolic modes

are at lower frequencies than that for far-field blackbodies

(BB). In this respect, vertically aligned CNTs can be a good

candidate for NFRHT at cryogenic temperatures, since more

radiative energy will be distributed toward lower frequencies.

Figure 5 shows the transmission coefficient np(x,b) at

d¼ 10 nm for CNTs and graphite. Only p-polarization is

considered since the contribution of s-polarization is negligi-

ble at such small gap spacing. The arrows indicate the hyper-

bolic bands corresponding to the shaded regions in Fig. 2.

The transmission contour does not have shape discontinuities

across regions with different dispersions. This is due to loss,

i.e., the imaginary parts of the permittivities are nonzero.

Distinct boundaries can be seen in the contour plots when

losses are intentionally removed, although the results are not

shown here. The contour plots correspond well to the spec-

tral heat flux (Fig. 4) in terms of maximum and minimum for

both CNTs and graphite since a large transmission coeffi-

cient at large b values (i.e., a greater cutoff wavevector)

means more modes or channels for NFRHT.

Figure 5(a) suggests that hyperbolic modes in CNTs are

broadband with greater cutoff wavevectors. These hyper-

bolic modes dominantly contribute to the large heat flux

between CNT arrays. Below 1.4� 1013 rad/s, both e0eff;O and

e0eff;E are negative. As a result, the bright low-frequency

region with high transmission coefficients is due to the sym-

metric coupling of SPPs at the two interfaces adjacent to the

vacuum gap. The coupled SPP dispersion can be obtained by

zeroing the denominator of np(x,b), yielding29

FIG. 4. Comparison of the spectral heat fluxes (in nW/m2 per rad/s) for

CNTs and graphite (scaled up by 10) at d¼ 10 nm, as well as that between

blackbodies (BB scaled up by 104) in the far field. The shaded region repre-

sents the contributions to NFRHT for CNTs by the symmetrically coupled

SPP and low-frequency hyperbolic modes.

FIG. 5. Contour of the transmission coefficients for p-polarization at

d¼ 10 nm: (a) CNTs for which the dotted line depicts the symmetrically

coupled SPP branch; (b) graphite for which the dashed-dotted lines indicate

the critical wavevectors separating evanescent waves (left) and propagating

waves (right) inside graphite. Arrows between horizontal lines indicate the

hyperbolic bands according to the shaded regions in Fig. 2.
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kz0 ¼
kz1

eeff;O

coth
ikz0d

2

� �
; (2)

where kz0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 � b2
q

and kz1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eeff;Ok2

0 � b2eeff;O=eeff;E

q
are the z-component of the wavevector in vacuum and

CNT array, respectively. Note that k0 is the wavevector in

vacuum. The dispersion governed by Eq. (2) is shown in

Fig. 5(a) as the white dashed curve. The asymmetrically

coupled SPP mode does not exist since e0eff;O becomes posi-

tive at x> 1.4� 1013 rad/s, where the dispersion becomes

hyperbolic.

For graphite as shown in Fig. 5(b), the two type II hyper-

bolic bands also result in high transmission coefficients for

large b values. Although electromagnetic waves are always

propagating in the type I hyperbolic band, for type II HMMs,

propagating waves are supported only when b > kc ¼ k0
ffiffiffiffi
ek
p

according to kz1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e?k2

0 � b2e?=ek
q

. The critical wavevec-

tor (kc) is depicted in Fig. 5(b) as the dashed-dotted lines in

the hyperbolic bands. The argument made here is based on

low-loss materials; for materials with high loss, the distinc-

tion between propagating and evanescent waves becomes

obscure. Nevertheless, it can be seen from Fig. 5(b) that the

transmission coefficients are very small when b < kc, result-

ing in negligible contribution to the heat flux from this

region. Once b > kc, the imaginary part of the Fresnel coeffi-

cient, r00p ¼ ImðrpÞ, becomes nontrivial and the transmission

coefficient can be very large at small gap distances.30

For graphite, both the number of contributing modes

and transmission coefficient are higher than those in the non-

hyperbolic regions, but still much lower than those with

CNTs. When b� k0, in the hyperbolic region (both type I

and type II), the Fresnel reflection coefficient may be simpli-

fied as15

rp �
s� i

sþ i
¼ jsj

2 � 1� i2s0

jsþ ij2
; (3)

where s ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�eordeext
p

and s0 ¼ ReðsÞ. Note that eord ¼ eeff;O

and eext ¼ eeff;E for CNTs, while eord ¼ e? and eext ¼ ek for

graphite. Furthermore, it can be shown that np x; bð Þ
� 4r00p

2e�2bd. The uniqueness of hyperbolic modes lies in the

propagating nature of high-b electromagnetic waves.

Graphite has a much smaller r00p than CNTs do across the fre-

quency range of interest (not shown here), resulting in a

much smaller transmission coefficient than that of CNTs.

From Eq. (3), it can be seen that when jsj � 1, jr00p j
� 2s0=jsj2. Note that s0=jsj approaches 1 with diminishing

loss. Therefore, small values of jsj together with low loss in

CNTs are responsible for its high transmission coefficients

and large near-field enhancement. Low loss is essential for

enhanced NFRHT with surface modes, which require that

the real part of the dielectric function to be �1.9

In summary, both CNTs and graphite are shown to

strongly enhance NFRHT mainly due to the existence of

broadband hyperbolic modes. CNTs are demonstrated to

outperform graphite as well as other bulk materials, such as

SiC, at any gap distance. It is found that reducing loss and

minimizing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jeordeextj

p
can enhance NFRHT in HMMs. This

work may benefit local thermal management and near-field

thermal imaging.
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