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1. Introduction

This paper presents a dynamic principal-agent model in which a principal seeks to make a selection
from a set of possibilities. These possibilities emerge over time, and our main question is how
the selection mechanism should evolve as a result. While our model is theoretical, it aims to
capture essential trade-offs of broad practical relevance. One setting where the issues we study
are particularly salient is the problem firms face when seeking to be acquired. In these situations,
the task of determining a viable acquirer typically falls to the CEO, who may know whether a
given merger will advance shareholder interests, but whose primary incentive is often simply
in having an acquisition go through While the CEO can make proposals over time, the board
ultimately decides whether to approve one, along with whether to assess quality on their own
first as part of due care activities. Our focus is on how such activities may be used to counteract
the aforementioned incentive conflict between the board (on behalf of shareholders) and the CEO.

Our model broadly captures the key features of this application, in particular studying in-
teractions between two capabilities highlighted: First, the retention of decision rights to specify
choices to overcome the subordinate’s bias. And second, the ability to verify, at a cost, whether
the subordinate has misrepresented their information. A distinguishing feature of our exercise
stems from the observation that in situations where particular choices are sought, new options
can be found if a given prospect is deemed inadequate. The dynamic aspect of this setting raises a
fundamental question: How should verification and selection rules evolve over time?

In the context of acquisition solicitation, boards are obligated to ensure that these capabilities
are appropriately exercised. This obligation was highlighted after the 1980 sale of TransUnion,
whose CEO solicited acquisition from Marmon Group. The board approved the acquisition after
a mere twenty-minute presentation by the CEO and a short legal briefing featuring no written
materials (Miller| [2017). Shareholders subsequently sought damages, noting a preferred acquirer
emerged after the merger was signed and that the CEO’s eagerness for swift approval had lead him
to advance the first solicitation (Hetzel, |1986). In a landmark decision, Smith v. Van Gorkom, the
Delaware Supreme Court held the TransUnion board negligent for failing to adequately inform
itself. This ruling helped establish that meaningful efforts to become informed are a central
component of boards’ legal obligations under the duty of care (Muir and Schipani, [2005).

Economists have emphasized the significance of information asymmetries within organizations,

particularly in shaping incentives and organizational design (since at least/Alchian and Demsetz

"While specifics differ across cases, past empirical work broadly shows these features to be salient. For instance,
Pastena and Ruland| (1986) provide evidence that mergers of financially distressed firms tend to benefit managers at
the expense of shareholders. |Masulis and Simsir| (2018) document that target-initiated acquisitions are common,
while Fidrmuc and Xia| (2019) show such acquisitions are heavily influenced by target firm CEO incentives.



(1972) and Jensen and Meckling (1976)). Continuing in this tradition, we study the use of costly
verification, focusing on the dynamics that arise when prospects emerge over time. We show
how the optimal evolution of selection rules and verification depends on, for instance, the ease
of verification and degree of agent bias. The literature on organizational governance has studied
the interaction between discretion on the one hand and oversight in the form of monitoring
or verification on the other—not only in the context of boards managing CEOs (Adams and
Ferreira, 2007), but also for within-organization capital budgeting problems (Harris and Raviv,
1996). We contribute to this work by providing prescriptions and predictions for settings featuring
dynamic selection. Correspondingly, we strive toward minimality to provide clear intuition for
our conclusions, modeling the conflict and available mechanisms in a stylized manner.

That said, two features clarify our precise contribution: First, we posit a single selection is
sought (e.g., a single acquirer), consistent with past work on delegated project selection which we
discuss below. Second, we disallow transfers (e.g., if the board cannot contract on acquirer quality
before agreeing to acquisition), consistent with past work in organizational economics which has
observed that within-firm contracting generally does not feature such payments Both properties
are defining features of Ben-Porath et al. (2014) which inspired a large body of work on costly
verification without transfers. But while much of this work has focused on static environments,
our interest is in how verification evolves dynamically when new options emerge over time.

We summarize our model as follows. In each period, the agent learns the quality of a single
new project with quality drawn i.i.d according to a known distributionf| We refer to the total
length of time available to sample projects as the horizon, which we assume for most of the paper
is infinite but allow to be finite in an extension to draw a contrast for our results. After observing
the quality of that period’s project, the agent reports to the principal. We allow the principal to
fully specify when to perform (costly) verification and whether to select that period’s project; we
relax commitment in our extensions. Quality determines the principal’s payoff from the selected
project (gross verification costs), whereas the agent obtains one unit of utility whenever selection
occurs; outside options (e.g., bankruptcy for a distressed firm) for both players are 0. Both parties
discount future payoffs with a common discount factor 4, but to avoid trivialization, we assume

the principal would prefer to wait for high quality were verification costless.

?In the acquisition solicitation context, a CEQ’s contract may stipulate a golden parachute provision that cannot
practically be adjusted to align the CEO’s incentives with the board. |Gordon|(2025) suggests this case is the dominant
one, documenting how the structure and magnitude of golden parachutes induce a strong CEO preference for
acquisition—even when not value-maximizing for the firm. A previous version of this paper showed that our main
message is unchanged if transfers are allowed when the agent is protected by limited liability, provided the value of
selection is sufficiently large relative to the value of transfers.

SEquivalently, a default low-quality option is available, with high-quality arriving with fixed probability each period.
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Figure 1: Dynamics of verification with a long horizon and low verification cost

Our headline result is that when the horizon is long and the verification cost is low, optimal
verification dynamics satisfy a property we dub decreasing skepticism: The principal verifies
claims of high quality with an intermediate probability that declines over time. Figure 1| plots a
representative solution for the evolution of verification. We interpret the decreasing probability
of verification as reflecting the principal’s diminishing concern of misrepresentation, explaining
our terminology. The verification probability hits zero at some (endogenously chosen) terminal
date, at which point the principal selects a project irrespective of quality. We refer to this time as
the deadline. Before this deadline, the principal never selects a project following a report of low
quality, but always selects one after a report of high quality—provided that no verification occurs
or verification confirms the report. If verification confirms a lie, outside options are selected. The
agent, in turn, follows a strategy of proposing selection only if the project is of high quality.

For some intuition, suppose project selection exogenously takes the form specified above—i.e.,
the principal only accepts high-quality projects until a deadline at which anything is selected.
While the principal wants to select only once high quality is realized, the agent always prefers
immediate selection. Thus, verification can dissuade an agent with a low-quality project from
misrepresenting, lest it reveal their lie and end the possibility of any allocation at all. The higher
the agent’s payoff when reporting low quality, the lower the verification probability needs to
be. Now, allocation will finally occur once the deadline arrives. So while selection only occurs
before the deadline if high quality arrives, the agent’s payoff absent selection also increases as the
deadline approaches. Thus, the agent’s losses following the detection of a lie—namely, the forgone
future continuation value—increase over time as well. The principal can therefore save on costs
by decreasing the verification probability.

Our message that the verification probability decreases over time has important qualifiers. The
above intuition is incorrect if verification costs are high or the interaction horizon is short. In

these cases, different verification dynamics emerge.
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Figure 2: Dynamics of verification and selection with a high verification cost (and long horizon)

Regarding the former case, deterministic project selection is suboptimal if the cost of verification
is large—in particular, we show that (some) randomization of the selection rule is optimal if and
only if verification ensures a negative ex-post principal payoff. In that case, optimal mechanisms
must be augmented with an initial “screening via randomization” phase. In this phase, the principal
does not utilize the verification technology. Instead, the principal incentivizes truth-telling by
reacting to a report of high quality by selecting the outside option with intermediate probability
(and otherwise allocating)[{| This screening benefits the principal by inducing the agent to sample
again after a low-quality draw rather than falsely claiming high quality, which could risk forgoing
selection entirely. Over time, the probability of selecting outside options declines.

The key take-away from the above discussion is that verification is optimally backloaded.
Specifically, the verification phase, which resembles the optimal mechanism described with
low verification costs, begins only once the randomization phase ends. Figure [2]illustrates a
representative two-phase mechanism, with non-degenerate selection probabilities in the first
phase and non-degenerate verification probabilities in the second. The dashed line depicts the
time at which phases switch. While the principal either randomizes the allocation rule or verifies
with positive probability (but never both), verification always occurs after randomization. While
the principal verifies reports of high quality with a probability that declines over time once the
verification phase starts, the verification probability is initially zero while randomizing selection.
These dynamics yield non-monotonic verification probabilitiesf| Briefly, the intuition behind
backloading of the verification phase stems from the observation that the agent’s expected payoff
is higher in any period where the principal utilizes verification. Traditional intuition from the

dynamic contracting literature suggests these rewards should be backloaded to relax incentive

*Mechanisms involving screening via randomization were shown to be optimal in a similar model without costly
verification by [Kovac et al{(2013); we discuss the relationship with our exercise extensively.

5One could interpret decreasing probabilities of withholding high-quality projects as “decreasing skepticism in
selection,” analogous to decreasing skepticism in verification; our paper simply focuses on verification dynamics.
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Figure 3: Dynamics of verification with a short horizon and static bias (and low verification cost).

constraints. In our case, utilizing verification in later periods leads to accumulated gains in earlier

periods, implying that backloaded verification can be useful even if the verification cost is high.

The second shortcoming of the intuition for decreasing skepticism is that when the horizon
is short, the verification probability may increase over time when low quality is worse for the
principal than her outside option. This case is precisely when the principal and agent disagree
about the optimal decision in the static (one-period) problem. Here, the optimal one-period
mechanism involves no selection following a low-quality draw and selection-with-verification
following high-quality (provided verification is not too costly)| If the conflict between principal
and agent is large in the one-period problem, then the principal should verify with probability
1 in the final period with a short horizon. The optimality of verification in the static problem
underlies the emergence of increasing skepticism. This difference flips the above intuition and
yields opposite dynamics. Figure [3|illustrates a representative solution. Before the deadline, the
principal can dispense with verification to some extent, as the possibility of future allocations
dissuades the agent from misrepresenting quality and risking punishment. But as the prospect
that allocation never occurs grows, the verification probability must increase.

This discussion distinguishes the roles of static and dynamic bias in determining optimal
verification dynamics. Decreasing skepticism necessarily obtains if there is no static bias, in that
both principal and agent would do at least as well from allocating rather than not, despite dynamic
bias, in that the principal prefers waiting, whereas the agent does not. In our setting, static bias
means that verification has value even in the one-shot problem. But given a sufficiently long
horizon, any static bias can be overcome. As the probability of being stuck with low quality

shrinks, environments with static bias resemble those without it, and decreasing skepticism is

®One interpretation of this mechanism is that the agent requests verification, after which the efficient action is taken.
This implementation coincides with the “escape clause” mechanisms of Halac and Yared|(2020); from this perspective,
our analysis describes how such mechanisms should be modified once dynamics are present.



optimal. Still, whether skepticism is decreasing or increasing is endogenously determined by
the dynamic nature of our problem. Our results delineate the amount of static bias necessary to
reverse the verification dynamics given any fixed horizon length.

In the context of our leading application, our results identify how the appropriate exercise of
verification activities should vary of time, findings which would be relevant for determinations of
board negligence, for instance[| We obtain empirically relevant predictions on how institutional
factors—such as CEO bias, the size of the acquirer pool, and the ease of verification—affect the
level and evolution of oversight in dynamic selection settings. However, the intuition behind
decreasing skepticism strikes us as broadly relevant to selection problems with costly verification
where resampling is possible. For instance, Gompers et al. (2020) discusses how VC firms often
task analysts with finding new investment opportunities, a process that takes time given a large
number of possibilities to evaluate. Costly verification can take a variety of forms—e.g., the costs
associated with hiring a third-party, or simply the need to undertake extra effort with less expertise
to determine quality independently. While our model may apply more to some situations than
others, Graham et al. (2020) provides broad empirical support for the general finding that optimal
oversight of CEOs by boards decreases over time. We believe our model captures salient elements

of many selection problems, with our analysis being relevant to such situations as well.

2. Related Literature

We study a dynamic version of delegated project selection, where a biased agent has information
regarding the payoffs associated with each project in some set. Static models studying project
selection have a long tradition in economic theory, applicable to organizational economics (Aghion
and Tirole, |1997), corporate finance (Berkovitch and Israel, |2004), and merger choice (Armstrong
and Vickers, [2010; Nocke and Whinston, [2013)f| The dynamic decision problem partly resembles
McCall (1970)’s (single-agent) job search model, where job offers yield i.i.d. payoffs available for
one period. Lewis and Ottaviani (2008); Lewis| (2012) study principal-agent versions of this modell’]

Adams et al{(2010) provide an authoritative discussion of the role of boards in corporate governance, both in terms
of monitoring the information available to CEOs and guiding organizational decisions. The interest in the former
is driven in part by the requirement of the Sarbanes-Oxley Act of 2002 that a board’s audit committee maintain
independence from the organization; this point is discussed in |Song and Thakor|(2006);|Goel and Thakor]| (2008);
DeFond et al. (2005). In particular, incentives of auditors should depend solely on the work provided by the audit,
rather than other organizational characteristics, a feature of our model.

8In these papers, firms (as agents) have private information regarding the profitability of mergers and an antitrust
authority (as principal) can decide which mergers to approve. Nocke and Whinston|(2010) introduce dynamics into
this setting by studying a repeated version of this problem.

Chade and Kovrijnykh| (2016) studies delegated search featuring moral hazard, where the agent exerts effort to
acquire information about that period’s project. [Ulbricht (2016) incorporates ex-ante adverse selection jointly with



A defining feature of our model is the ability to verify private information at a cost. While
Townsend (1979) introduced costly verification in a principal-agent model with transfers, we follow
work where monetary transfers are infeasible—notably Ben-Porath et al. (2014), characterizing
optimal costly verification for (static) multiagent object (or project) allocation. Other previously
studied applications include voting (Erlanson and Kleiner, 2020), delegation (Halac and Yared,
2020), or more general mechanism design problems (Ben-Porath et al}; 2019)["| In dynamic settings,
Popov: (2016) studies repeated risk sharing with costly verification, whereas Epitropou and Vohra
(2019) studies a version of Ben-Porath et al|(2014) with short-lived agents arriving sequentially.
Piskorski and Westerfield (2016) study a principal-agent project-management problem featuring
moral hazard. Outside of project selection,Wang et al. (2016) studies a dynamic mechanism design
problem where a regulator, able to use both transfers and costly inspections, incentivizes a firm
to disclose an adverse event arriving at a Poisson rate. The optimal policy features inspection at

deterministic dates, with rewards varying between inspections and resetting afterward.

Since our principal cannot directly reward the agent, the agent prefers to terminate search
earlier. This conflict is common in organizations. [Varas (2018); Grenadier et al. (2016); Escobar
and Zhang (2021) study different ways organizations can navigate agent preferences for sooner
action. Our paper builds on the principal-agent stopping problem in Kovac et al|(2013) most
directly. The most significant substantive difference is the availability of costly verification in
our setting, absent there. Verification provides an additional tool for the principal, and we show
how it influences the tradeoffs that would otherwise give rise to randomized selection rules, as in

Kovac et al. (2013). Still, our analysis applies and extends the innovations of Kovac et al|(2013).

In our model, high quality arrives at an exponentially distributed time in the limit as period
length vanishes. Other work uses similar formulations to study verifiable disclosure. Costly verifi-
cation produces hard information as in disclosure, but with probability endogenously determined
by the principal as a way of managing the agency conflict. Knoepfle and Salmi (2024) consider
disclosure policy design when information is generated by product adoption by forward-looking
agents. Che and Horner| (2018) study a similar problem with myopic agents. Marinovic and Varas
(2016)) consider disclosure of an underlying state in a model where this state switches between

good and bad according to a Poisson process. |Gratton et al. (2018); Zhou! (2024) consider an agent

moral hazard, while Bajoori and Wirtz (2022) considers a version of that problem without transfers or moral hazard.

0Also related is|Mylovanov and Zapechelnyuk|(2017) on ex-post punishments instead of ex-ante verification, where
the prospect of an exogenous fine deters lying. Another related technology previously studied in dynamic settings
is costly inspections, where inspections provide information about past actions. By contrast, costly verification in
our setting only provides information about the current period’s project. Ball and Knoepfle|(2023); Varas et al.| (2020)
consider infinite-horizon problems where an underlying state evolves according to a Poisson process; the resulting
solution is stationary (unlike ours). Marinovic et al[(2018) study a version of the latter model with disclosure.



receiving information privately and deciding when to start an exogenous disclosure process; the
latter in particular also studies the incentives to stop disclosing. Our use of costly verification
as part of a project-selection problem is a distinguishing feature of our exercise. Verification
influences project selection by essentially rewarding the agent with commitment; our intuitions
thus hinge on the principal acquiring the hard information, rather than the agent revealing it.

Beyond disclosure models, Antler et al|(2023) study a two-player game where players acquire
information via a Poisson learning technology one after the other, meaning the second mover
effectively can verify the first mover’s claims. In a setting absent verifiable information, Green
and Taylor (2016) consider incentivizing an agent to reveal privately-observed intermediate
breakthroughs arriving at an exponential rate, showing “soft deadlines” with stochastic termination
are optimal. Curello and Sinander| (2025) study a principal, able to determine a utility profile for
herself and the agent, incentivizing an agent to disclose a breakthrough when biased against doing
so (unlike in our case, where the agent prefers selection to occur sooner). Curello and Sinander
(2025) identify a deadline structure for mechanisms satisfying an undomination criterion.

The single-selection constraint in our model is also present in Ben-Porath et al. (2014) and much
subsequent work. A contrasting assumption is that the principal faces a stream of projects which
do not a priori interact. Among these papers, Malenko (2019) is likely closest, studying capital
allocation with both costly verification (like us) and transfers (unlike us). While details differ,
it is precisely the single-selection constraint in our problem that yields non-trivial verification
dynamics even absent a conflict between principal and agent in the static problem. By contrast,
Malenko| (2019) obtains nontrivial dynamics via the static conflict that results from the presence of
an intensive margin. Without costly verification, Lipnowski and Ramos| (2020); Guo and Horner
(2018)) study repeated allocation to a biased agent. While we study the implications of relaxed

commitment, our main model assumes full commitment.

3. Model

A principal (she, e.g., the board of directors) and an agent (he, e.g., the CEO) interact in discrete
time, at timest = 1- A,2- A, ..., where we take the horizon to be infinite throughout the paper
except in Section[6.1] The principal can make a selection once and only once and must decide when
to do so. We refer to selection and allocation interchangeably. At each time ¢, the agent observes
the quality of a newly sampled projec (e.g., a new potential acquirer); we interchangeably refer
to project quality as “project type.” Project type can take one of two numerical values, denoted
by 6 € © = {h,l} (where h > max{l,0}), with h referring to “high quality” and [ “low quality.”

The “project” terminology follows|Armstrong and Vickers|(2010) on delegation applied to merger choice.



In every period, # = h with probability ¢ = MA € (0,1) and # = [ with probability 1 — ¢,
independently across rounds. We let r = gh + (1 — )l denote the expected value of quality.

The value of selection at time ¢ depends on project quality at time ¢ only. If the principal selects
at time ¢ when the project type is 6, then the principal obtains (undiscounted) payoff equal to 6.
We take the agent’s value of selection to be normalized to 1; that is, the agent only cares about the
probability of selection and not on the project type. The principal can alternatively withhold the
allocation, which delivers a payoff of 0 to both the principal and the agent at time ¢.

The agent observes project quality perfectl and privately in every period, and does not incur
costs when evaluating projects[’| The agent also has no private information about future projects
and only learns the quality of a given project once it is drawn. The principal cannot (costlessly)
observe project quality, despite knowing that the agent observes a new project every period (so
that there is no moral hazard, as in |Malenko| (2019); Escobar and Zhang| (2021))—for instance,
if the firm can costlessly see the prospective acquirer does in fact exist, even without knowing
its quality. At each time, the principal can verify that period’s project at a cost ¢ > 0; doing so
perfectly reveals the project type. The agent’s cost of providing information is zero.

The two parties share a common discount factor § = =2, Thus, if the allocation of a project
of type 6 occurs at time ¢, and the principal verifies the agent’s type at times ¢y, ..., t; < ¢, then

from the perspective of time 1, the payoff of the agent is ', whereas the principal’s is:

k

50—y b

j=1

We briefly discuss the solution when the type is observable, which we use as our first-best
benchmark. In this case, observing a type h always implies allocation should occur. Following
type [, the principal can still allocate or wait further. The payoff from waiting for a type h agent is

the solution for V' in the following equation:

_ah
1—-0(1—q)

From now on, we assume that the first-best solution does not involve immediate allocation—that

V=¢gh+i(l-qV=V=

is, allocation in the initial period with probability 1 (irrespective of project quality). Thus, we take

gh+ (1 —q)l < #}Lq); we note that this holds in the A — 0 limit when [(\ + p) < hA\.

2The assumption on observed project quality is common in the literature on verification, as in Ben-Porath et al.
(2014); it is relaxed in Khalfan|(2023), illustrating different distortions in the second-best solution when verification
contains additional information about project quality relative to when the agent observes this perfectly.

13 Assuming sampling were costly for the agent would not meaningfully change the analysis, but the costless benchmark
is sensible when sampling is not difficult.



We highlight that the principal may or may not do worse from allocating a project of quality
[ than not allocating. If [ < 0, this presents a second source of conflict. Still, allocations of
low-quality projects when [ < 0 may be useful toward incentivizing the agent to be truthful about
project quality. This type of bias is more common in static settings, which often feature agents
preferring “higher actions” and principals preferring actions more tailored to the state.

The principal can access two independent public randomization devices in each period, whose
outcomes in period t are a; € A; = [0, 1] and b, € B, = [0, 1] drawn according to some continuous

distribution.

« A (stochastic) stage mechanism at period t is a mapping m; : Ay — (Sy, x4, p;) where S is
the message space for the agent, x; : S; x By — {0, 1} specifies the verification decision,

and p; : Sy x {h,l,0} x B, — {0, 1} specifies the allocation decision.

« We denote by H? the set of histories on which the principal can condition her mechanism

at each period ¢, with typical element:
P _
ht — (mlv ai, S1, blv T1ye oy My—1, Qg—1, St—1, bt—lv rt—l)a

where m; is the mechanism announced at period j, a; and b; denote the realizations of the
two public randomization devices, s; is the agent’s message at period j, and r; € {h,{,0}
denotes the verification outcome at period j. Since the game ends immediately if the

principal allocates, it is without loss to omit the allocation outcomes.

« A stage mechanism strategy M, is a mapping from HY to the set of all stage mechanisms at

period t. A (dynamic) mechanism M is a sequence of stage mechanism strategies, namely:

M:(Ml,Mg,...).

« An agent strategy at period t is a mapping oy : H} — A(S};), where H}' is the history the

agent has access to at period ¢. A typical element is:
h? - (mla ay, 917 S1, b17 T1y v ey My, Ay, et)a

where 0; € O is the type at period j, and all other components are as described above.

In principle one could allow the agent to send messages after verification, or allow multiple stages

of verification within period. However, these capabilities would not change our analysis so we

10



will omit them from our model. Our baseline model assumes that the principal can commit to an
arbitrary dynamic mechanism, although we will subsequently relax this commitment power.

We conclude with a discussion of our model. The literature on corporate governance has
studied project selection recognizing the importance of CEO private information (e.g., Baldenius
et al.[(2014); Gregor and Michaeli|(2024), as well as those discussed in the introduction), which may
arise from a variety of channels—for instance, experience with the industry or access to network
connections (see El-Khatib et al. (2015) for a discussion of this idea). However, the literature has
also recognized the potential for CEO bias; Decaire and Sosyural (2024) empirically show how a
CEQ’s private asset holdings influence company investment decisions. Allowing these possibilities
to emerge over time incorporates a realistic feature into these settings (Feng et al., 2024).

While our leading example involves boards tasking a CEO with making a choice, our framework
also extends to capital budgeting within organizations more broadly. For instance, headquarters
may need to allocate capital to a division whose manager is biased toward more investment. In
these applications, the assumption of a single selection (investment) may seem more limiting,
but in practice, organizations have many reasons to limit consideration to a single investment
decision at a time—e.g., if organizational focus is limited (Rotemberg and Saloner, 1994, |2000;
Dessein et al., 2016). In our model, if an investment could be made every period, the problem
would be trivialized when [ > 0: the principal would simply allocate without verifying in every

period. The capacity constraint generates nontrivial dynamics, motivating our focus.

4. Optimal Mechanisms

We now turn to a description of the optimal mechanism for the model in Section 3] In the process,
we describe the intuition for why the mechanism takes the form that it does and highlight the
practical implications. We defer our more formal derivation to Section [5]

We start by invoking a revelation principle argument for our setting. Concretely, it turns out

to be without loss to restrict to mechanisms where:

« At every time ¢, the agent reports a type 0 e {l,h},

+ The stage mechanism at time ¢ specifies a verification probability which only depends on

the current report, and

+ The stage mechanism then decides whether to allocate in that period, where this decision

depends on the current report and verification outcome within the period.

11



Online Appendix D] presents a formal proof”]

Whether the optimal allocation rule is deterministic as a function of type reports and verifica-
tion outcomes hinges on whether ¢ < h. In general, the principal may benefit from randomized
allocation as a means of facilitating screening["| Indeed, if the principal were to allocate deter-
ministically without verification, the agent would simply choose the message sequence yielding
the highest discounted probability of allocation, no matter what the actual type sequence were.
Screening is thus impossible under such mechanisms. However, suppose the principal were to
use a stage mechanism which, after a report of h, allocates with intermediate probability and
otherwise never allocates. Promises to increase this probability over time can induce an agent
with a type-l project to report truthfully, exploiting the agent’s indifference between receiving
more favorable terms tomorrow and the possibility of allocation today. While the principal may
fail to allocate after some h draws under such a mechanism, such losses can be worthwhile if they
allow the principal to discriminate on quality.

However, when ¢ < h, mechanisms that rely on randomized selection in order to screen the
agent can be improved by instead using the verification technology. To see why, suppose the
principal uses a mechanism that screens in the way described above—specifically, allocating in
period ¢ following a report of h with probability p; and withholding forever with probability
1 — p;. Denote the agent’s continuation payoff following a report of /[ under this mechanism
as 0uy+1. While incentive compatibility requires p; < dus41, optimality requires this hold with
equality (since the principal would maximize the probability of allocating following type-h). If
the principal instead uses verification, she can promise to withhold allocation only when a lie is
verified. Suppose she were to do so in period ¢, keeping the continuation mechanism otherwise
unchanged. If the principal verifies with probability z;, then incentive compatibility requires
1 — xy < duyyq. Since verification is costly, x; should be minimized. Thus, this inequality should
bind, so that z; = 1 —du;1. So, while the cost of verification following a report of h is ¢(1 — Juy1),
the probability of allocating at this history increases by 1 — du; ;. This modification maintains
incentive compatibility, while yielding a net gain for the principal proportional to A — c.

While this particular modification no longer benefits the principal when ¢ > h, there may
still be gains to verification in this case. The reason is that the benefits of verification do not

emerge only in the period that the principal utilizes it, but may relax incentive constraints in other

“The version of the revelation principle we prove considers various cases of principal commitment power, which
we study in extensions. While the version for commitment follows from known results (e.g.,|Sugaya and Wolitzky:
(2021)), the elaborations we show are new to the best of our knowledge.

15As far as we know, Kovac et al.|(2013) first identified such screening via randomization mechanisms as optimal in
stopping problems. One of our contributions is to show how verification enables the principal to dispense with this
randomization, and in particular that verification is optimally backloaded.

12



periods as well. The observation that the principal may utilize verification even when doing so
ensures negative ex-post payoffs is a consequence of dynamics. When ¢ = 0, for instance, the
principal would never verify when ¢ > h. Similar observations hold in other static settings (e.g.,
Ben-Porath et al. (2014), where verification is not useful if more costly than the maximum benefit
from allocation). Thus, we find an empirically relevant consequence of the presence of dynamics:

verification may yield benefits even when its costs are large relative to the gains from quality.

4.1. Decreasing Skepticism with c < h

We start with the headline setting, when verification costs are sufficiently low (that is, ¢ < h):

Theorem 1. Supposec < h, and set T™ := [%] The optimal mechanism lasts for a finite

number of periods, and can be implemented as follows:

1. The agent reports when the project type is h in the first T — 1 periods; when the agent reports

that the project type is l, the interaction continues to the next period.

2. If the agent reports h in the ith period, the principal verifies with probability

(1—0) [1—[(1—q)a]" ]
1—[(1—=¢q)]

Y (1)

where this verification probability is such that when the project is type [, the agent is indifferent
between truth-telling and misreporting. Allocation occurs if (i) the principal does not verify or
(ii) the agent is verified to be truthful.

3. No allocation occurs if the agent is ever verified to have lied. On path, the agent is truthful.

4. Any project is selected—irrespective of quality—at time T™ if the agent does not report that the
project type is h in the first T — 1 periods.

The first notable feature of the optimal mechanism is the existence of an endogenous deadline,
T, at which point allocation occurs with probability 1. This feature arises since the agent is
optimally given successively larger utility promises until the only sufficiently large reward involves
allocation with probability 1. This property of backloading rewards to induce truth-telling is
common in dynamic incentive problems and often leads to an endogenous deadline of the kind
stated. The deadline itself balances the value of waiting for additional draws against the costs of

overcoming the agency conflict:

13



« The term 6r — [ reflects the relative value of another quality draw compared to selecting low
quality. When an additional sample is more valuable by either increasing h or decreasing [,

the interaction is (weakly) longer.

+ A lower verification cost makes it easier for the principal to overcome the agency conflict,

making her more willing to wait longer.

« Fixing r and [, lowering A (where we recall that ¢ = AA) decreases the arrival rate of
high-quality projects, leading the principal to set a (weakly) larger deadline to achieve

sufficient confidence one will arrive.

Theorem [1|also characterizes the optimal dynamics of verification: only reports of / are ever
verified, with a verification probability (1) that is strictly decreasing over time. This declining
verification probability represents the decreasing skepticism feature highlighted above. To see why
it emerges, note that due to the deadline structure, the agent obtains a payoff of 1 in the final
period. Before this deadline, allocation occurs only once an & project is drawn. Under such an
allocation rule, the agent’s payoff increases over time as the deadline approaches. While the agent
would be tempted to misreport in hopes of being allocated, the cost of doing so is the chance
the lie is found out, in which case no allocation is ever made. Since the agent’s expected utility
increases over time, the loss associated with losing out on allocations correspondingly decreases.
Thus, less verification is needed to induce truth-telling as the mechanism progresses.

We comment on some other features of the optimal mechanism. The verification path the
principal chooses is determined by the deadline, and set to make an agent with a / project indifferent
between lying (and risking losing out on allocation if the principal verifies) and continuing to
the next period. Fixing the deadline, these incentives depend only on the discount factor and the
probability of drawing a high quality project. But in addition to these parameters, the principal’s
payoff and the cost of verification influence the principal’s optimal choice of deadline. As ¢
decreases, the deadline increases as well; in the ¢ — 0 limit, the deadline approaches oo, and the

principal’s payoff converges to the payoff achieved in the first-best.

4.2. Backloaded Verification when ¢ > h

We now turn to optimal mechanisms when verification costs are high—i.e., when verification
ensures negative ex-post principal payoff. A version of the argument presented before Section
shows that any optimal dynamic mechanism in this case should be stochastic. If ¢ > h, a
mechanism from Theorem 1| could be improved by instead imposing incentive compatibility in the

first period by randomizing the allocation decision (i.e., following an & report, either allocating in
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that period or never allocating at all) without utilizing verification in that period. Indeed, ¢ > h is
a necessary and sufficient condition for this modification to be beneficial.

One simple observation is that the principal would never optimally simultaneously utilize
verification and randomize allocation in the same period (except perhaps in knife-edge cases)—
within any period, there are no interactions between these capabilities. Thus, in any period, the
principal induces incentive compatibility using one tool or the other.

Define ¢ to be the maximum cost such that verification is used in the principal’s optimal
mechanism whenever ¢ < ¢. In Online Appendix[F, we calculate ¢ explicitly[™| but for our main
observations it suffices to note that it is not hard to find parameters such that ¢ > h (for instance,

taking p small so that § = e"* is close to 1). We have the following:

(h—c— l(fg)(l—Q)J The

qgc

Theorem 2. Suppose h < ¢ < ¢. Let T = Lllggg((ffz)ﬂ +1landT*=Tg+ |

optimal mechanism involves two phases:
+ A randomization phase whent < Tg, where:

— If the agent reports | in period t, the interaction continues to the next period, and

— If the agent reports hin period t, the mechanism randomizes between allocating at time
t or never allocating, with the randomization probability set so an agent with a type-1

project is indifferent between misreporting and truth-telling[”|

« A verification phase at all times after Ty and before the deadline. The mechanism in the

verification phase coincides with the description from Theorem|]| (conditional on the deadline).

At the deadline, allocation occurs irrespective of quality; the deadline is either att = T* ort = T*+1[F|

The main insight of Theorem [2|is that when c is so high that verification yields a negative
ex-post payoff for the principal, it is optimal for randomization to occur before utilizing the
verification device—In other words, verification is backloaded. The intuition driving backloaded

verification stems from the observation that utilizing it acts as a reward for the agent: it guarantees

18Qur explicit calculation of ¢ in Online Appendix[ﬂ shows that it is “increasing with plateaus” as a function of § (i.e.,
increasing and flat on alternating intervals).

"Note that if the allocation probability is set so an agent with a type-I project is indifferent between misreporting
and truth-telling, an agent with a type-h project will also be indifferent between misreporting and truth-telling.
This feature contrasts with the verification phase, where incentives are strict for the high type.

BQur proof explicitly delineates when the deadline is 7* as opposed to T* + 1. The ambiguity arises since the optimal
continuation path for the principal may involve replacing one period of the verification phase with randomization.
Fixing the length of the randomization phase, the length of the verification phase thus depends on whether this
replacement delivers a higher payoff to the principal. See the proof for the precise condition.
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that allocation occurs whenever h is realized, albeit at a significant cost to the principal when
¢ > h. Under randomization, since the agent obtains the same payoff whether % or [ is realized,
the prospect of future verification therefore makes the agent more willing to be truthful for earlier
[ realizations. This change, in turn, allows the principal to increase allocation probabilities when
h is realized in the randomization phase. The longer the randomization phase, the more periods in
which these gains accumulate. Since verifying earlier yields the same static costs but does not
facilitate the aforementioned accumulation of gains in the randomization phase, we conclude that
backloading verification is a feature of the optimal mechanism/"|

We illustrate this accumulation of gains more precisely. Consider a mechanism M that (i)
allocates with probability 1 at some arbitrarily chosen time 7™ (provided allocation has not
occurred before T™), and (ii) does not utilize verification up to and including time s. Assume that
M involves randomization probabilities following a report of / at or before time s determined
in the way described by Theorem |2| For mechanisms of this form, we can straightforwardly
determine how the principal’s payoff changes when switching from M to a mechanism otherwise
identical to M except that the verification technology is utilized at time s.

If the agent’s payoff under M starting at time s+1 is u, 1, then incentive compatibility requires
that allocation following a report of 4 in period s’ < s occurs with probability 6°+1~*u,. ;. Now, if
instead the mechanism utilizes verification in period s, the verification probability should optimally
be set as 1 — du,y1, since this makes an agent with type [ indifferent between misreporting and
truth-telling—increasing the verification probability would simply introduce unnecessary added
costs. But since the added verification only occurs if / is first realized at time s, and since this

event occurs with probability ¢(1 — ¢)*~!, the added cost of verification in period s is:

Discounted probability / is first drawn at s Probability of verification if A is first drawn at s
7\

511 —q)* g : (1 — dugyq) - 2)

To identify the benefits, notice that verification ensures that the principal obtains & with
probability 1 if first drawn in period s, implying a gain of h multiplied by the same factor on c in
(2). Crucially, however, since verification increases the probability of allocation, the agent’s utility
under the modified mechanism starting at period s increases by ¢(1 — du,1) with verification at
time s, from dusyq to g + (1 — ¢)ousi1. So, the principal can increase the probability of allocation
following h with probability §°~'¢(1 — du,, 1) in period s’ < s. We have that the principal’s stage

payoff in period s’ therefore increases by:

9Several papers have identified backloaded rewards as a property of optimal contracts that arises to relax incentive
constraints; see, for instance, Lazear|(1981); Harris and Holmstrom| (1982); [Thomas and Worrall| (1988); [Ray| (2002).
Our contribution is to show that this phenomenon also arises when verification is costly but not prohibitive.
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Discounted probability / is first drawn at s’ Increased allocation probability if k is first drawn at s’
7\ 7\

I I 0 g(1 = duyi) - ©
Comparing (2) and (3), we see that all terms involving ¢ cancel. We conclude that changing the
mechanism in the way described leads to a loss in period s proportional to (c—h) - (1 —q)*~ !¢, but
gains proportional to h - (Zz,_:ll(l — ¢q)* ') (¢)*. In particular, while the costs in (2) are incurred
only at time s, the gains in (3) are obtained in every period before s.

The accumulation of gains under verification is concretely reflected in this calculation by the
factor 325", (1 — q)¥~! scaling the benefits from the verification phase. This delivers backloading,
While the value of introducing verification at time s depends on discounting, this argument shows
the benefits of verification scale proportionally to its cost times a function that increases in the
number of periods before verification. Therefore, whether doing so is beneficial depends only on
the length of the initial randomization phase and ¢; the discount factor matters only in terms of
its influence on the deadline. If it is optimal to switch from randomization to verification at time s,
then it is also optimal to do so at any time after s.

In fact, using the identity "% (1 — ¢)*~' = %, algebra reveals that this argument

implies verification at time s is optimal whenever:

c(1—¢q)* ' <h.

This observation yields the form of T in Theorem [2] However, we emphasize that this argument
does not constitute a proof of ’lheorem First, it assumes that the mechanism takes the form
identified in the Theorem. By contrast, Theorem 2| claims that such mechanisms are optimal
among all those described in Section Second, ’Iheorem also shows that verification costs will
influence the deadline, which our proof takes into account but this argument does not. Still, the
simplicity of this intuition strikes us as suggestive that the backloading phenomenon emerges due

to fundamental economic forces, underscoring its potential empirical relevance.

5. Deriving the Optimal Mechanism

We describe the recursive formulation underlying our formal analysis. We characterize the
principal’s utility by a value function, V'(+), using the agent’s reservation utility, u, as the state
variable. As mentioned in Section [4] the revelation principle implies we can assume that at every

time, the principal decides:
« whether or not to verify the agent’s type given a report of 0, which we denote Ty
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« whether to allocate as a function of the report and verification outcome; we let p; denote
the allocation decision if the agent reports 6 and there is no verification, and pj, denote the

allocation decision if the agent reports 0 and the principal verifies the agent’s type is 6.

We let i; denote the promised continuation payoff following a 6 report and no verification, and

uz, denote the promised continuation payoff if the principal verifies the type is 0 after a 6 report.

5.1. Preliminary Simplifications

Appendix [A.1| presents our complete Bellman equation, without any simplifications. To start our
analysis, we provide some simple observations that will help us reduce the number of variables

we must optimize over. The most immediate observations are the following:

Lemma 1. The value function V (-) is a concave function supported on [0, 1]. The following are

properties of the optimal solution in the Bellman equation:

1. up, = uy;, = 0 andp;; = p};, = 0.

These results are relatively straightforward and follow familiar intuition. Concavity of V'(-) follows
from that the principal has access to public randomization devices. Intuition for the enumerated
properties follow from noting that a high report is one which the principal should be skeptical of
and that verified lies should not be rewarded. Notice that since the low type is never verified in
the optimal mechanism (since x; = 0), we do not have to consider allocation probabilities after
the verification of the low type.

We next determine how the principal should deliver utility to the agent over time on-path:
Lemma 2. The following hold in the solution to the Bellman equation:

1. ap =up, =0;

2. Seta = p; + (1 — p;)dtw,. We have:

a. pp=0andu, =a/d ifa <9.

b. oy =3 and iy =1 ifa > 0.
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The first part follows from the fact that it is better to promise as much utility to the agent
as possible immediately once h is realized, and not defer any promises to the future. Indeed,
future utility promises only matter to the agent if allocation occurs with probability less than
1. But in this case, setting a positive utility promise to an h-type agent leaves scope to increase
the allocation to this type. Since the best the principal can do is obtain a payoff of h, increasing
the allocation probability—while simultaneously lowering the continuation utility to keep the
agent indifferent—can only make the principal better off. The second part inverts this logic for
the low type, implying that p; should not be any larger than necessary to satisfy the constraints
on the promised utility of the agent. Here, this means that the principal should set the allocation
probability to be 0 if and only if the latter is strictly less than 1—that is, to only start allocating
once it is no longer possible to further increase the agent’s continuation utility.

Lastly, we have the following result:

Lemma 3. The low type’s incentive compatibility constraint holds with equality; the high type’s

incentive constraint holds even if dropped.

The intuition for this result follows from the fact that the information asymmetry is less significant
for the high type than the low type. While the high type may also be indifferent between reporting
truthfully and lying, we need not consider their incentives in our optimization problem.

Using these lemmas, our problem now involves four free variables—xy, py, 9y, 4;—and, in
addition to the restrictions on p; identified in Lemma|2] two other constraints: First, the low type’s

incentive compatibility constraint:
P+ (L= p)oty = (1 — zp)pn, (4)
and second, a promise-keeping constraint:
u=qlzy+ (1 —ap)pp] + (1 — @) [pr + (1 — pr)oty).

Note that in particular we can write (4) as an equality, rather than an inequality, due to the
observation in Lemma [3| that this constraint binds.
5.2. Three-Region Form

Though simpler, the Bellman equation still involves choice variables that interact with each
other non-linearly—specifically, the allocation and verification probabilities for the high type.

We address this nonlinearity by performing a simple change of variables. The idea is to replace
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this non-linear term with a single variable representing the probability a high-type report is not

verified but allocated. Specifically, we set y = (1 — x1,)py, and rewrite the problem as:

V(u) = max q[(h—c)xp + hy] + (1 —q)[lp + (1 — pr)oV ()] (5)

Th,YsP,UL

subject to the low type’s incentive compatibility constraint:
P+ (1= p)diy =y,

where, by Lemmal[2] p, = O and 4, = y/d if y < &, while p, = (y —6)/(1 — ) and @, = 1 if y > 4.

Furthermore, since the incentive-compatibility constraint binds, promise-keeping becomes:
u =Y+ qrp.

Our general analysis involves calculating the derivative of the value function to determine
how the value function changes as u decreases from 1. Let 2, (u) and y(u) denote the solutions
for z;, and y in the principal’s maximization problem for some promised utility u. The following
result identifies a three-region form of the value function, characterizing how the optimal stage

mechanism changes as the promised utility changes and identifying how to set xj,(u) as u changes:

Lemma 4. Suppose ¢ < . There exist Uiy < Upign Such that:

1 xp(u) =0 when u € [0, Ujpy)-

dV (u)

2. =

= h — c when u € (U, Unign), and
3. xp(u) +y(u) =1 when u > upg.

An important observation is that h — c reflects the marginal benefit of verification. To see why,
notice that if y is fixed, say at y*, then increasing z;, to x5, + € corresponds to an increase in u
of ¢ - €. On the other hand, the objective in (5) increases by g(h — ¢) - €. Thus, on any region
where y(u) is fixed, the slope of the value function is h — ¢, corresponding to the second case. In
particular, this slope is constant in u, while concavity implies %&u) is weakly decreasing. As a
result, the feasibility constraints on xj(u) must be binding outside of the interval where the slope
is h — c¢. Which feasibility constraint binds hinges on how the marginal change in V' (u) compares
to the marginal change achievable by adjusting the verification probability. In the third case, the
slope of the value function is less than i — ¢, so z;,(u) is maximized and xj,(u) + y(u) = 1. In the

first case the slope is greater than h — ¢, so z,(u) is minimized, implying that xj (u) = 0.
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Using Lemma[4] we therefore set z;, = 1 — y for high values of v and z), = 0 for low values of
u. In either of these cases, we see that y is a linear function of wu. Lemma also implies that in the

region where x}, adjusts as u changes, the slope of the value function is exactly h — c.

5.3. Tracing Procedure

Our previous observations allow us to derive the solution to this Bellman equation by “tracing
out” the value function. We now describe how this procedure works.

We first observe that the value V(1) is immediately determined—i.e., V(1) is achieved by
setting y = 1 and x;, = 1, which implies p; = 1 as well by Lemma [2| And in fact, for any u
sufficiently close to 1, we must also have y > ¢, which in turn implies that @; = 1 (and thus
pinning down the continuation mechanism to be allocation with probability 1). Inspecting (5) and
its constraints, and noting that z;, = 1 — y, we see that V' (u) is linear in « for an interval of values
whose right endpoint equal to 1; in this interval, u = y 4+ ¢(1 —y) and y = p; + (1 — p;d). It is only
when y = ¢ (so that p, = 0) that 4; begins to change. While p; and #; interact multiplicatively
(and hence nonlinearly), only one of the two variables changes at a time—in particular, at high
values of u, p; adjusts and 1, is fixed, and at lower values of u, 4; adjusts and p; is fixed. At the
value of u such that y = d—i.e., when switching from Case 2 to Case 1 for p;—the added constraint
on the solution implies the slope of the value function changes, yielding a kink.

Once we leave the region where p; > 0 and u; = 1, the (binding) low-type IC constraint,
P+ (1 —py)du; =y, can be simplified as du; = y. Since x;, = 1 — y for high values of u by Lemma
promise keeping immediately implies decreases in u are achieved by decreases in y. Having
showed that V' is a linear function of u in the region where @, = 1—say, for u € [u;, 1]—we have
that the value function is also linear if y/d € [uy, 1], as turns out to be the case for u in an interval
with right endpoint u;. Any kink at u; generates a further kind at © when 4;(u) = u;. The same
reasoning holds as we continue to trace out V.

Our calculations show that, for each  in case (3) of Lemmal[4] the slope of V' increases by a
fixed amount each time a successive (lower) kink is reached. Once the implied slope from these
iterations would be greater than h — ¢, we switch to case (2), where % = h — c. In this region,
changes in u are generated by changes in x;,. Thus, ;, adjusts from 1 — y to 0. For lower values of
u, we have x;, = 0, with the same observations implying that the value function is (piecewise)
linear.

Putting all of this together, Figure 4 illustrates the payoff frontier that emerges from this
analysis for representative values of the parameters. While our main case of interest is when

¢ > 0, observe that when ¢ = 0, verification is costless and the principal achieves the first-best.
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Figure 4: Payoff frontier and optimal mechanism dynamics. The dashed line illustrates the first-
best frontier. The solid line shows the value function for h = 1,/ = 0,¢ = 1/2,9 = 4/5 and
¢ = 1/2. Arrows illustrate the payoff evolution under the optimal dynamic mechanism. Here, the
mechanism lasts for up to four periods, and allocation occurs with probability 1 in the final period.

When ¢ > 0, verification costs lower the principal’s payoff and introduces additional kinks as
described above. Figure [4]also illustrates how continuation values move along the frontier under
the optimal mechanism. Crucially, since the optimal initial v places the value function at a kink,

each successive movement brings the continuation value to a new kink.

5.4. Concluding Observations

Translating these steps into the optimal mechanisms described in Theorems|[1|and [2]simply requires
(a) determining the value of u such that the sign of the derivative of the value function switches,
and (b) unravelling the resulting movements in the agent’s promised utility to describe the implied
optimal mechanism. The above reasoning reduces part (a) to an algebra exercise, since this value of
u corresponds to the kink where the slope of the value function switches from positive to negative,
which our proofs calculate. Part (b) simply involves associating the optimal v with a deadline, and
interpreting each realized 1, as the appropriate continuation mechanism following an [ report.
To conclude, we emphasize that Lemma 4| also clarifies why backloaded verification emerges.
Recall that the optimal initial u is where the (left) derivative of V' (u) switches from negative to
positive (when tracing from u = 1). If h — ¢ > 0, then the optimum is achieved at a value of u
satisfying case (3). Thus, tracing from u = 1 down to this value of u does not leave this case, so that
the mechanism involves only a verification phase. But if 1 — ¢ < 0, the derivative is still negative
when case (2) occurs, and hence the optimum is achieved at value of u such that x(u) = 0.
Backloading of verification is a consequence of the observation that the agent’s promised utility

increases over time, together with the observation that the kinks where x; (1) = 0 are consecutive
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Figure 5: llustration of the tracing procedure for values of u where d‘(/i—i") = h — c. Arrows point

from the value function at some u to u;(u); the dashed part line illustrates the remaining part of
the interval before the next kink. In Figure [5a] case (2) of Lemma[4 occurs when the derivative
is positive, so this region is never reached in the optimal mechanism on-path. By contrast, the
derivative is negative in this region in Figure |5b| so that it is reached on-path in this case.

by Lemma [4] Figure [5|illustrates this contrast by showing the tracing of the value function when

u is in the intermediate interval in both the 2 > ¢ and ¢ > h cases.

6. Extensions and Modifications

Our analysis provides a sharp characterization of how entities making a selection should perform
costly verification when a biased agent with expertise assesses quality. In our leading application
of acquisition solicitation, the optimal response to the tradeoff between verification costs and the
duty to safeguard shareholder interests involves decreasing the verification probability over time,
provided such activities are not too difficult. If such oversight is instead quite costly, then the
board should initially rely more heavily on its approval authority to discipline the conflict with
the CEO. These results have clear empirical relevance, and we view our work as a roadmap for
how costly verification should be used if resampling following a rejection is possible.

We now discuss how these conclusions change under some alternative modeling assumptions.

6.1. Exogenous Deadlines and Increasing Skepticism

As noted in the introduction, one subtlety underlying the emergence of decreasing skepticism is
illustrated by comparing to cases where the interaction horizon is finite, rather than infinite. In
this section, we let 7" denote the number of periods in which the principal and agent interact (so
that our main model corresponds to 7" = c0). This modification makes the mechanism’s deadline

exogenously fixed and potentially very short. This difference can flip the verification dynamics:
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Proposition 1. Leth —c > 0 and T < oo. Set T := L%j and let T be as in Yheorem When
0 < T < T, the probability the principal verifies following a report of h increases over time. In this

case, the optimal mechanism:

o Allocates in a given period only following a report of h that is not a verified lie, and never

allocates if any report of h is verified to be a lie.

« Verifies reports of h with probability 1 at time T'. The verification probability at timet < T is
set so that an agent with type 0 = | is indifferent between truth-telling and misreporting. On
path, the agent is truthful under this mechanism.

In Proposition|l} increasing skepticism (i.e., verification probabilities increasing over time) emerges
as part of the optimal mechanism when 7" < L%J. Note that this can only arise if the
condition —(1 — ¢)! > qc holds, which in turn requires that [ < 0—otherwise, 7’ < 0. When
L%J < T < T%, decreasing skepticism is part of the optimal mechanism, although the horizon
is shorter than the optimal deadline in the infinite-horizon solution.

Increasing skepticism arises because, with a short horizon, the interaction need not end in
allocation, as formalized in the theorem. Intuitively, the verification probability must be 1 in the
final period if the principal wishes to discriminate on quality, as is optimal in the cases identified.
But since the continuation payoff decreases as the opportunities to draw high-quality dwindle,
the agent’s continuation utility decreases over time. Thus, the agent is more tempted to misreport
as the interaction progresses, since the punishment after a verified lie—withholding allocation
entirely—is less significant. The probability verification occurs must increase to compensate. In
other words, with a short horizon the agency problem may increase over time—as the probability
allocation never occurs increases—and hence the verification probability increases accordingly.
Our observation is that decreasing skepticism necessarily emerges only given a horizon long
enough to overcome static bias, in which case the agency conlflict relaxes over time as the time at
which allocation definitely occur approaches. For a fixed horizon 7', Proposition |1 characterizes
how large the static bias (parameterized by [) should be before the verification dynamics flip.

We obtain a similar result when h < ¢, although our earlier intuition for the necessity of a
randomization phase applies here as well and influences the form of the mechanism. In discussing
this case, we focus only on parameter restrictions which can generate increasing skepticism
dynamics. In particular, one necessary (but not sufficient) condition for increasing skepticism is
r<h-— c Note that this condition is implicitly assumed in Proposition since if T' > 1, then

q(h —¢) > r,s0 h — ¢ > r. We therefore maintain this assumption in the following Proposition.

2We present a brief sketch of why this is the case. If » > h — ¢, then the principal’s value function in the single
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log(h/c)

Proposition 2. Letr < h —c < 0andT < oco. Set'l} = Llog(1—q)

exists T with T} < Ty such that

| + 1. Assume ¢ < ¢. Then there

« ForTy < T < T,, the optimal mechanism only allocates following an h report that is not

verified as a misreport, and never allocates if any misreport is verified. There are two phases:

— The first phase is a randomization phase, where the principal allocates following a report
of h with probability equal to the agent’s expected continuation utility, and otherwise

never allocates. This phase lasts until T}.

— The second phase is a verification phase, where the principal verifies reports of h at time
T with probability 1. For earlier times, the verification probability is set so that the low
type is indifferent between truth-telling and misreporting.

In particular, the probability the principal verifies following a report of h increases over time in

the verification phase.
« For'T' <11, the optimal mechanism never selects a project.

The proof of Proposition [2/in the Appendix computes the values for 75 explicitly. This value is less
than the deadline described in Theorem [2| as of course otherwise the optimal mechanism under
an infinite horizon could be implemented and the verification probability would optimally be
decreasing over time. Note the randomization phase length has a fixed length as long as 7" > T3.
When 7' < T}, the horizon is too short for the principal to effectively incentivize the agent enough
to obtain a positive payoff; thus, allocation should be withheld entirely. But when 7} < T' < 75,
the horizon is long enough to make incentivization possible by combining randomization and
verification—but not long enough for decreasing skepticism to emerge.

Methodologically, both Proposition [1] and [2] follow similar steps as outlined in Section 5 but
using finite horizon Bellman operators instead of finding the fixed point of the infinite horizon

operator. Here, the optimization problem becomes:

VT (u) = max q[(h — ¢)xp + hy] + (1 — ¢)[lp, + (1 — p)oVT 1 (w,)],

period problem, say V1 (u), is equal to 7u. Piecewise linearity of the value function for finite horizons implies that
u; will always be either at an endpoint or a kink in the optimal mechanism. Since there are no intermediate kinks
if V1(u) = ru, the mechanism either ends with allocation irrespective of type or never allocating. In the latter
case, the solution is the same as the solution with one fewer periods; induction thus shows the optimal mechanism
involves never allocating. In the former case, decreasing skepticism emerges for the reasons previously outlined.

25



subject to the low type’s incentive compatibility constraint and promise-keeping, as well as
joint restrictions on p; and ;. All of these constraints are identical to the infinite horizon case—
in particular, the restrictions on p; and 4; implied by Lemma [2| hold in this case as well. This
optimization problem can be solved by backward induction, and the solution will converge to that

of Theorem [1]and Theorem[2as T — oo

6.2. Renegotiation

We now illustrate how our methodology applies when relaxing the assumption that the principal
can implement arbitrary mechanisms. While the optimal mechanisms identified in Theorems
and [2]are simpler than some options the principal could have chosen, they do require withholding
allocation indefinitely at some (possibly off-path) histories. If the principal could offer a new
mechanism whenever such histories were reached, the agent would be willing to accept any
mechanism that led to eventual allocation with positive probability. How would this possibility
influence the principal’s mechanism choice?

We address these concerns by incorporating a renegotiation-proofness constraint that rules out
the possibility that some continuation mechanisms are Pareto dominated by others. This notion
of renegotiation is most similar to that proposed by Ray|(1994) in the context of repeated games.
The difference in our setting is that we do not impose incentive constraints on the principal and
thus allow any mechanism satisfying the refinement to be offered, following Zhao|(2006)—at any
history, the principal can offer a new continuation mechanism that yields a Pareto improvement
Ruling out Pareto-dominated continuations is straightforward in finite horizon interactions using
backward inductive reasoning. While this is not possible in infinite-horizon interactions without

a terminal history, our notion does so using a recursive formulation”| Formally:

Definition 6.1. Fix some V : [tupn, 1] — R. We say a function I'V : [0upn, 1] — R is generated
by V(-) if; for everyu € [0umin, 1], 'V (u) equals the principal’s maximum payoff achievable subject
to incentive compatibility and promise-keeping constraints, given that the agent receives utility u
and continuation values are determined by V' (-). We refer toI'(-) as a generating operator.

A set of mechanisms M is renegotiation-proof if the set of payoff pairs induced by mechanisms
in M is exactly {(u,V(u)) : w € [Umin, 1]} for some function V'(-), where u is the agent’s payoff

210ne subtlety is that, since the finite horizon case does not give us a fixed point of V, we cannot follow the same
reasoning as outlined in Sectionto trace out the value function; indeed, the slope of V7 at a given u need not be
the same as the slope of V7! at the same w.

22See Bergin and MacLeod|(1993) or Watson! (2021) for discussions of renegotiation-proofness.

23The difference between this concept and that from [Farrell and Maskin|(1989); Bernheim and Ray| (1989) is that we
allow the principal to offer any mechanism provided each continuation is renegotiation-proof, whether or not the
mechanism itself is renegotiation-proof. Our notion is thus more stringent.
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and V (u) is the principal’s payoff, and V (-): (1) Is nonincreasing, (2) Satisfies 'V (u) = V (u) for all
U € [Umin, 1], and (3) Satisfies V (umin) > TV (1), for allu € [dtmin, 1].

This definition captures the following pair of desiderata on any mechanisms M within a

candidate set of renegotiation-proof mechanisms:

1. All continuation mechanisms of M, conditional on allocation not having yet occurred, is

also in the set of renegotiation-proof mechanisms.

2. The expected payoff under M is not (strictly) Pareto-dominated by that of another mecha-

nism in the set.

Definition [6.1] emerges given an added requirement that any payoff profile that could be achieved
subject to these requirements is in fact part of the set of renegotiation-proof payoffs.

On top of this, the concept implicitly assumes the principal initiates renegotiation. Since V" is
the principal’s maximum payoff, the payoff frontier cannot contain a payoff profile which would
make the principal strictly better off without hurting the agent. However, it is possible to have a
payoff profile that would make the agent strictly better off without hurting the principal. Again,
these properties capture the idea that the principal initiates renegotiation if and only if doing so
can improve her payoffs. Additionally, notice that the domain of 'V is [§un, 1], since this is
the set of agent utilities profiles that can be achieved when continuation utilities lie in [tn, 1].
However, agent utility levels in [0tin, Umin ) would not arise on-path.

We note that the constraints imposed by renegotiation-proofness on the solution may be
consistent with multiple different sets of mechanisms. For instance, if u,,;, = 1—that is, the
only continuation involves allocating to the agent with probability 1 irrespective of type—then
immediate allocation is renegotiation-proof whenever r > max{0, g(h — ¢)}, since in that case
I'V(u) < rforall u € [4, 1]. But in general it will be possible to find another set of renegotiation-
proof mechanisms that allow the principal to do better for these parameters (e.g., if 4 is sufficiently
large). Intuitively, for such parameters, achieving outcomes that improve upon the single-period
optimum requires access to a range of possible continuation utilities, to enable rewards for truth
telling or punishments for lying. Our results in this section are focused on the maximum payoff
the principal can achieve across all such potential sets of mechanisms.

While the renegotiation-proofness requirement does influence the principal’s optimal mecha-

nism, the decreasing skepticism property remains:

Proposition 3. The optimal renegotiation-proof mechanism takes the same form as in Theorem/]]
and Theorem[2, modified so that the mechanism restarts instead of withholding allocation forever.

Specifically,
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1. It has an endogenous finite deadline T at which point the principal allocates irrespective of

project quality and does not utilize verification.

2. Prior to the deadline, and in the absence of a restart, the mechanism consists of a verification
phase and possibly an initial randomization phase. Furthermore, the selection and verification
probabilities in each respective stage are determined by the condition that the low type is

indifferent between misrepresenting and truth-telling.

If either (a) the principal verifies a lie during the verification phase or (b) withholds allocation during
the randomization phase after the an agent report of h, then the mechanism restarts from the first

period, and otherwise continues as specified.

Proposition |3 shows that renegotiation-proofness can be satisfied if the principal restarts the
mechanism instead of withholding it entirely. Intuitively, the fact that the agent’s utility increases
over time provides scope both to incentivize truth-telling, as well as to punish the agent if
necessary. In particular, the optimal punishment for the agent is one that ensures the principal’s
payoff is at its highest over the course of the mechanism. While this change does influences the
precise probabilities of verification and selection, aside from this feature the mechanism appears
qualitatively similar to the full commitment case.

The proof of Proposition 3| follows the same methodology as the derivations for the full
commitment case. Appendix [A] shows that the tracing procedure in Section [5|applies for any set
of agent utility promises, [tnin, Umaz); TENEgOtiation-proofness sets Uyq: = 1 and wyy,;, to be the

smallest agent payoff less than 1 such that the value function is downward sloping everywhere.

6.3. Limited Commitment

We now examine how the principal-optimal mechanism changes when she lacks the ability to

make intertemporal commitments. Formally, we study following game:

« In every period ¢, the principal announces a stage mechanism m; as defined in Section
where message sets can in principle be arbitrary. The announced mechanism is enforced in

that period.

« The agent then chooses a message from the message set, the verification decision occurs as
specified by the mechanism and the chosen message m;, and the allocation decision occurs

as specified by the mechanism, chosen message, and verification outcome.
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Importantly, the mechanism for a given period is only announced at the start of the period.

Continuation payoffs are therefore as specified by equilibrium. Our interest is in understanding
how well the principal can do under this alternative assumption. Following the literature of
dynamic games, we assume the solution concept is a PBE where the principal’s strategies are
functions of public histories, and the agent’s strategies are functions of public histories and his
type in the current period.

Our first observation is that it suffices to assume the stage mechanism in every period is a
direct revelation mechanism,; this follows from our version of the Revelation Principle in Online
Appendix [D] Given this observation, we follow the same basic approach to characterizing the
payoff frontier of the equilibrium set. We first consider some candidate equilibria which do not

require the agent to convey information and correspond to a repetition of the same static outcome:

» Immediate Allocation: The principal allocates the good immediately, no matter what the

agent reports. In this equilibrium, the principal obtains r, while the agent obtains 1.

« Always Verify: The principal announces that verification will always occur following h, while
the agent always reports h. If this strategy profile is played every period, the principal’s
(h=c)
13(1—q)(5

expected payoft is while the agent’s is #’_q)&.

« Never Allocate: The principal never allocates in any period. According to this strategy profile,

both players obtain 0.

Proposition 4. At every time, the principal can ensure the continuation payoff is at least:

q(h —c)
1—(1 —q)(S’O}'

Furthermore, Uy, is attained in equilibrium by one of the three aforementioned strategies: Immediate

Umin = max{r,

Allocation, Always Verify, and Never Allocate.

Since Proposition [4 implies the principal’s minmax payoff can be sustained as an equilibrium
outcome, we can characterize principal-optimal outcomes by applying the recursive methodology
from Section [5| Specifically, we add a requirement that the principal’s payoff at any on-path
history lie weakly above v,,,;,,, since it is without loss to assume off-path punishment for the
principal is v;,,;,. Our methodology characterizes the boundary of the payoff frontier assuming
the agent’s promised utilities lie in a range [tUin, Umaz|- Identifying the optimal mechanism thus
reduces to finding the values of u,,;, and u,,,, inducing the largest set of self-generating payoffs,
with V (tmin) = V (Umaz) = Vmin-
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The form of the resulting principal-optimal equilibrium depends qualitatively on which of
the three strategies identified above achieve the principal’s minmax payoff. When immediate
allocation delivers v,,;,, the principal-optimal equilibrium involves a deadline at which allocation

occurs with probability 1, as in our baseline model:

Corollary 1. Suppose r > max{0, 1q(h_c) }. In the principal-optimal equilibrium:

—(1—q)s

1. There is an endogenous finite deadline T™ at which point the principal selects a project with

probability 1, for both types, and does not utilize verification.

2. BeforeT™, the equilibrium path involves at most two phases: a verification phase and possibly
an initial randomization phase as in Theorems|1 and[2 modified so that continuation play
reverts to the agent-pessimal continuation equilibrium whenever allocation does not occur after
an h report. Allocation and verification probabilities in each respective phase are such that an

agent with project type [ is indifferent between truth-telling and misreporting.

The conditions of Corollary/[1|ensure that withholding allocation forever leads to a principal payoff
lower than Immediate Allocation, and hence cannot be sustained in equilibrium. As a result, in
the event of a detected lie, play restarts at a different (in particular, nonzero) promised utility for
the agent. We mention that this point will typically deliver lower payoff to the agent than the
mechanism outlined in Proposition [3]**] Otherwise, the solution involves a decreasing verification
probability on-path, culminating with project allocation, as in Theorems[I]and 2]

When the hypothesis of Corollary [1|is violated, it is not possible to allocate to the agent with
probability 1. Thus, it is not possible to ensure allocation occurs by any finite time. We first

describe the resulting outcome when Never Allocate is the principal minmax strategy:

Corollary 2. Supposer < 0 and ¢ > h. There exists ¢ such that verification is part of the principal

optimal equilibrium whenever ¢ < c[| which can be implemented as follows:

+ There is an endogenous time T at which point the agent-optimal stage outcome is played in
every period prior to allocation, where the stage mechanism involves allocation after a report of

h if no verification occurs or h is verified. In this stage:

— Allocation of | is chosen so that the principal’s payoff under this mechanism is 0.

24This observation implies that, when Immediate Allocation achieves the principal’s minmax payoff, the principal
will do worse under the mechanism identified in Proposition than in the equilibrium of Corollary 1]

2The condition on verification costs ensures that verification is part of the principal optimal equilibrium. While this
result would be vacuous if ¢ = h, we show in Online Appendixthat as A — 0, ¢ converges to pT"'qh > h.
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— Reports of h are verified with probability making the low-type indifferent between truth-

telling and misreporting, where continuation play following a verified lie is Never Allocate.

« Before T*, the equilibrium path involves two phases as described in Theorem |2 If the agent
reports h in the randomization phase but allocation does not occur, the equilibrium switches to
Never Allocate. Allocation and verification probabilities in each respective phase are such that

an agent with project type l is indifferent between truth-telling and misreporting.

Here, the distinction from the commitment optimal mechanism stems from what happens at the
deadline. Since Immediate Allocation is not an equilibrium strategy when r < 0, the principal still
utilizes verification to some extent to discriminate on quality once the deadline is reached. Once
the deadline is reached, continuation play is constant and maximizes the agent’s payoff.

When Always Verify is the principal’s minmax strategy, both the payoff at the deadline as well
after a punishment become endogenous:
Corollary 3. Suppose % > r and ¢ < h. In the principal-optimal equilibrium:

« There is an endogenous time T™ at which point the agent-optimal stage outcome is played in

every period prior to allocation, where the stage mechanism involves allocation after a report of

I if no verification occurs or h is verified. In this stage:

— Allocation of | is such that the agent obtains w,,, from repeatedly playing this stage

mechanism every period prior to allocation.

— Reports of h are verified with probability making the low-type agent indifferent between
truth-telling and misreporting. Following a verified lie, the agent’s continuation payoff is

. h—
Unnin, WHhere Upin < Upmae Satisfies V (Upmn) = % =V (tmaz)-

« Before T, the equilibrium path coincides with Theorem |1, with verification probabilities
modified to maintain incentive compatibility, assuming that if the agent is verified to have lied,

his continuation payoff is wmin.-

In this case, neither the optimal commitment mechanism’s final reward (allocation) nor its optimal
punishment (withholding forever) is implementable—in contrast to the other two cases described,
where one of the two is. Hence, both u,,;, and u,,,, are endogenously determined.

One reason principal-optimal equilibria can improve beyond the minmax value stems from
the fact that a higher probability of allocation following [ reports can allow the principal to lower

the verification probability. The intuition for these gains are analogous to the commitment case.
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However, it is also possible to construct equilibria improving the principal’s payoff beyond v,,,;,
without increasing the probability of allocating to type .

We illustrate this idea by considering the [ = —oo case, so that any positive probability of
allocation to the low type yields a payoff less than v,,;,. When Never Allocate is the principal’s
minmax strategy, the threat of reverting to this outcome can provide scope for the principal to
verify with probability less than 1, potentially enabling the use of verification in equilibrium
even when ¢ > h (provided c is not too high). Interestingly, even when Always Verity is the
principal’s minmax strategy, it may be possible to improve beyond v,,;, by similarly creating a

wedge between the agent’s payoff across continuation equilibria, as the following example shows:
Example 1. Consider two mechanisms:

(M1) When [ is reported, allocate with probability 0, play M2 in the next period. When h is reported,
no verification occurs while allocation occurs with probability +=; if no allocation following a

5 .
iqé’
report of h, play M1 in the next round.

(M?2) When [ is reported, allocate with probability 0, and play M2 in the next round. When h is
reported, verify with probability qué. If the type is verified as h, allocate with probability 1; if
the type is verified as [, allocate with probability 0 and play M in the next round. Following
no verification after h, allocate with probability 1.

Let u; denote the agent’s reservation utility in each mechanism i. We have

1)
U1:Q<13_q6+1+q55u1)+(1_Q)5u27 uy = q+ (1 —q)dus,
B qo B q
TUTI T A g T Io(1—qp

It is straightforward to show that truth-telling is incentive compatible. Denoting the principal’s

reservation utility in each mechanism i by v;, we have

hqé 1
g ov1) + (1 — q)dva, vy =q(h

1+q5+1+q5 )+ (1= q)ov,

v = _1+q5

L 0= (- - ah— )
N R R G gy

Note that vy > 13((};2))5- Thus, provided 6h — (1 —q)dc > h— ¢ (which we can rewrite h < 1751:5‘1)5@),

then both M1 and M2 will yield higher principal payoff than Always Verify. Thus if Always Verify

achieves Uy,;,,, these strategies form an equilibrium.
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This example shows that even when Always Verify is an equilibrium—so that the verification costs
are not prohibitive—the principal can do better by rewarding truthful reports and punishing lies,
even though neither phase coincides with the minmax strategy.

To summarize, principal-optimal mechanisms without across-period commitment involve
agent payoffs increasing on-path until the agent-optimal equilibrium is reached. If the agent is
either caught lying or reports i and allocation does not occur, play switches to the agent-pessimal
equilibrium. While these features also characterized optimal full-commitment mechanisms, in gen-
eral modifications are necessary since, under limited commitment, either withholding allocation

forever or allocating irrespective of quality—if not both—will typically be infeasible.

6.4. The A — 0 limit

This section outlines the solution in the limit as the period length becomes short, i.e., A — 0,
where we obtain closed-form solutions and some additional insights about the form of optimal
veriﬁcationE‘] This limit was alluded to in the introduction, where Figures and illustrated
the time path of optimal verification. Recall that we take ¢ = AA and § = e~#2. Note that, since a
period is length A, a mechanism that lasts 7™ periods lasts a length of time equal to 7™ - A. As
A — 0, T* — oo, but T*A converges to a finite number.

Corollary 4. Set ¢ < h. In the A — 0 limit, the optimal mechanism lasts for a length of time equal

to H* .= %’;ﬂ’). The optimal probability of verification is:

__r —(A+p)(H*—1)
(1= P . 6
Ty 3 ( e ) (6)

When verification costs are high, we obtain closed form expressions for the length of time of

each phase, as well as a simple condition for the verification phase to have non-zero length:

Corollary 5. Setc > h. In the A — 0 limit, the verification phase has non-zero length if and only if

c< W. In this case, the randomization phase lasts a length of time equal to M, and the
verification phases lasts for a length of time equal to %ﬁp)_pc.

Note that the fact that the length of the randomization phase is fixed as p varies requires verification
to be used; when ¢ = oo, so that there is no verification phase, the length of the randomization
phase will depend on p. Nevertheless, the randomization phase becomes small as a fraction of the

total interaction, for any ¢ < oo in the p — 0 limit. Calculating the verification probability in the

%We are grateful to Eddie Dekel for suggesting the continuous-time limit.
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verification phase and allocation probability in the randomization phase is straightforward and
follows the same steps as Corollary [4]

Corollaries 4 and [5|illustrate the added tractability that the continuous time limit facilitates;
e.g., enabling sharper comparative statics by avoiding integer issues that emerge when defining
the deadline in Theorems[I|and 2] It is also noteworthy that the condition on ¢ that ensures a
non-zero verification phase in Corollary [5]is significantly more elegant than the corresponding
discrete-time parameter (presented in Section [F.1|in the Online Appendix). In Online Appendix
we use this tractability to derive this maximum cost for renegotiation-proof mechanisms as in
Section [6.2]and under limited commitment as in Section[6.3] In both cases, our derivations show

that verification may be useful even when ¢ > h, highlighting the generality of this possibility.

7. Conclusion

We study optimal verification of quality claims in a dynamic delegated project selection problem,
where an agent samples prospects over time and does not internalize quality. One empirically
relevant implication of our analysis is that variation in scrutiny across settings may reflect
differences in the relevant dynamics: More immediate proposals should receive greater scrutiny
absent exogenous constraints on the horizon. We showed how the dynamics of optimal verification
depend on the costs of verification, patience, and the returns from increased quality. Our analysis
sheds light on whether relaxed oversight in acquisition contexts reflects board negligence as
opposed to an optimal response to costs, a question courts frequently confront when determining
whether dissatisfied shareholders are entitled to legal remedies.

Our analysis also highlights subtleties toward translating insights from static models of costly
verification to dynamic settings. In those exercises, a common finding is that the principal should
apply more scrutiny to claims from the agent that are more favorable (e.g., Ben-Porath et al./(2014)).
In dynamic settings, interpreting “earlier” claims as “more favorable” suggests they should be
verified with higher probability. We showed this conclusion is valid only given a sufficiently long
horizon; this logic reverses with a shorter horizon, and verification is concentrated at the end.

We maintained an intentionally minimal model to isolate the essential tradeoffs driving the
structure of optimal mechanisms. We hope the intuitions and tools developed here prove useful
in other contexts where information asymmetries can be eliminated at a cost, and that our work
provides a useful benchmark for analyses in more complex environments. While project selection
with costly verification has been an active topic of recent research, many applications feature the
ability to resample following a rejection. Our work sought to illustrate how this feature influences

optimal verification, moving this literature beyond the rigidity of static settings.
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A. General Methodology for the Infinite Horizon Case

A.1. Full Program

We present a description of the Bellman equation, prior to the simplifications which would emerge

using our results. Given some specific promised utility u, this yields the following objective:

V(u) = max qlhxppy), + xp(1 — pry)oV (upy,) + (1 —xp)pp + (1 — 2p) (1 — pp)dV (4y) — xpc]
+ (1 — @) [layp]; + (L — pj)oV (ugy) + 1(1 — 2)py + (1 — ) (1 — py)oV (@) — x¢].

The incentive compatibility conditions are: For the high type,
ZaPhn + Tn(1 = Php) Oty + (1 = zn)pn + (1 — 2) (1 — pn)di,
= wipy, + w1 = pp)oug, + (1= x)pr + (1= 20)(1 = pr) oy,
and for the low type:
l’lp;} + LEl(l — p}“l)éuz} + (1 — l’l)ﬁl + (1 — .I‘l)(l —ﬁl)éﬁl
> xhp;;l + l’h(l — p’gl)éuzl + (1 — l’h)ﬁh + (1 - I}J(l - ﬁh)(sﬂh

Meanwhile, the promise-keeping constraint is:

u = qzpppy + 2n(1 = php)oup, + (1 —2n)pr + (1 — 22) (1 — pr) 0]
+ (1 — q)[xlpzkl + 1‘[(1 — p}})éu}'} -+ (1 — xl)]ﬁl + (1 — 331)(1 — ﬁl)éﬂl]

A.2. General Simplification

The following Lemma is a version of the results stated in Section |5 We generalize them to allow
for arbitrary values for the lowest and highest possible agent utility levels. The analysis in Section

corresponds to the case of u,,;, = 0 and Uy,e, = 1.

Lemma 5. The following statements hold for the main model presented in Section[3, as well as the
extensions relaxing commitment in Sections[6.4 and

1. V(+) is a concave function supported on [Upmin, Umaz|-
*x * . ko Xk
2. upy, = Upy = Umin; Py = Pl = 0.
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3. Up, = Ufy, = Umin; P1 and pj; are as small as possible (within the constraints). In particular, if

o+ (1 —py)ot; = a, then

(@) pp=0andtu;, = a/d ifa < OUpay;

(b) pr = (@ — Oupmaz) /(1 — OUpaz) and Uy = Upar if @ > SUpmas-
Ifpj; + (1 — pp)oug, = a, then

(@) pj; =0anduj; = a/é ifa < SUmas;

(b) p;l - (a - 5umaaz)/(1 - 5umaw) and uzkl = Umazx lfa > 5umax-
4. p;klh — 1.
5. T = 0.

6. The low type’s incentive compatibility constraint binds; the high type’s incentive constraint

holds even if dropped.

Proof of Lemmal(5 V() is concave due to the public randomization device; specifically, given any
two achievable levels of utility for the agent, u; and us, the principal can choose a mechanism
with probability « that delivers u; to the agent and V' (u;) to the principal, and with probability
1 — o a mechanism that delivers u, to the agent and V' (uy) to the principal. The principal’s payoff
under this mechanism is aV'(u1) + (1 — o)V (u2), so that the optimal mechanism delivering
auy + (1 — a)uy to the agent must lead to an objective at least as large.

The second part follows from inspection of the objective, since minimizing these only makes
incentive compatibility easier to satisfy.

For the third part, note a fixed amount of promised utility is equivalent to the future discounted
probability of allocation. Thus, it is optimal for the principal to put more weights on high type
projects and less weights on low type projects without changing the agent’s incentive constraint.

For the first half, suppose p, + (1 — p)0t, = a. For the sake of contradiction suppose

Up, > Upmn, then there exists p), > P, such that
P+ (1 — p))0Umin = a.

In other words, when h is reported and verification doesn’t occur, instead of allocating with

probability pj, and promising 4y, the principal could ‘deviate’ to allocating with probability p) and

42



promising ,,;,. Because the total promised utility is the same as before, no incentive constraint
will be violated. Choose 0 < b < 1 such that

(1—pp)b=1—p,.

Considering the payoff for the principal, we have

Db A (1= 9,)0V (Umin)

=pph A (1 = Pr)bOV (tnmin)

=phh 4 (1= Pn)SV (i + tmin — @) — (1= pp) (1 = 0)6V (tmin)

>phh+ (1= pn)oV (i) — (1= pp)6(an — tmin)h — (1 — pp) (1 = b)dtuminh
(1= pn)

=prh + OV (up,),

— Dh
Ph

where the inequality comes from the fact that V'(u) < h which directly follows from the fact that
the derivative is bounded by h at w = 0 and V/(+) is concave. Thus, the principal would have a
weakly better alternative, and it is optimal to have 4, = w,,,,, same for u} .

For the second half, suppose p; + (1 — ;)dt; = a, for the sake of contradiction suppose p; > 0
and U; < Upq,. Then there exist p; < p; and u; > 1; such that

o)+ (1 — pp)od; = a.
Then choosing 0 < b < 1 such that

we have
~ ~ A~ A~/ A~/ ~ A~/ ﬁ'; - bﬁl
P+ (1 —p)ot = )+ (1 — p))bday + (1 — p;)(1 — b)d T

Note because U < U, We can find 4 < Uy, and 4; and @) are close enough such that
! !
0] —biy
1-b

< Upmag- Consider an alternative dynamic mechanism where, after an [ report, the principal:
1. Allocates with probability p;.

2. If not allocating, with probability b plays the original mechanism which delivers utility ;.

1 —biyy

3. If not allocating,

Since the total promised utility is the same as before, no incentive constraint will be violated. Now
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we consider the trade-off for the principal. Note the payoff is

ag—bal)
1—b
i, — biy
y
=

pil+ (1= ppbdV (i) + (1 — ) (1 = b)oV(

>pil + (1 =)oV (@) + (1 — pr)(1 = b)d(

=pil + (1 — py)oV (i),

where the second inequality comes from V' (u) > [u. The same argument works for pj; and w};.

For the fourth part, note ), = uy; = Upn. Given xy, Py, and pj,, there are two possible cases.
If xppi, + (1 — x)py > p, let piy, = 1and p), = [xppy, + (1 — 2p)pn — 2] /(1 — x3). Clearly
we have

~/

2o + (L= 23,)p), = onphy, + (1 — 24)Dn,

and

l‘h(p?fh + (1 - pzlh)umin> + (1 - xh)(ﬁ% + (1 — ﬁ;z)umm)
= xh(p;;h + (1 - th)Umin) + (1 — xh)(ﬁh +(1— ﬁh)umm)

This tuning only decreases the right-hand side of IC; and makes incentive compatibility easier to

satisfy.
If xppr), + (1 — xp)pn < xp, let pyh, = 1, pf, = 0, and z}, = x,p;, + (1 — xp)pp. Then:

!kl /

zypi, + (1 — 23,)0, = xappy + (1 — 1) D

This tuning decreases the right-hand side of IC; as well as the total cost of verification. Thus it is

always optimal to set p;, = 1.

For the fifth part, given x;, @, uj;, p;, and pj;, let

i =yt = w1 = ppu + (1 —x)(1 = p)i
S (1 —ppy) + (1 —2)(1 — pr)

Since V'(u) is concave in u (because of the public randomization device), we have
wi(1 = pp)oV (uy) + (1 = 2) (1 = p)oV (i) < (1 = py)oV (uy) + (1 — ) (1 = pr)oV (i)

Thus, by setting @; = w;;, we can increase the principal’s utility without violating any constraints.

Now given @, = u};, we can further let 2} = 0 and p; = x;p}; + (1 — ;)p; to minimize the cost of
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verification without violating any constraints.

Lastly, note first that by previous lemmas, the problem can be reduced to
V(u) = max glhap+h(1—zp)pp—xnct+(1—2p) (1 =)V (wmin)| + (1 = @) [lpr+ (1= po) 0V (w)],
subject to IC:
zp+ (1 —2p)pn + (L — 24) (1 — Pr)0Umin > P+ (1 — pr)diy,

IC[Z
}5[ + (1 — ﬁl)(gﬂl Z xhéumm + (1 — l’h)ﬁh + (1 — Ih)(l — ﬁh)éumm,

and

w = qlzn + (1 —25)pn + (1 = 24) (1 = Pr)0Umin] + (1 — @) [ + (1 — p1)dty].

Suppose xp, = 0, then both IC;, and IC; are binding because
P+ (1= p)diy = pu + (1 — Pn)Otmin,

thus there is nothing to prove. Now suppose IC; is not binding; if p, = 1, x;, > 0, then by
decreasing xy, the principal can be strictly better off while maintaining reservation utility w.
If pr, < 1, x, > 0, then by decreasing x;, and increasing p, while keeping x, + (1 — z)pp,
unchanged, the principal can be strictly better off while maintaining reservation utility . Thus the
low type incentive constraint binds, and the high type incentive constraint satisfies automatically,

completing the proof of the Lemma. ]

A.2.1. Restated, Simplified Program

We summarize the implications of Lemma [5/ by restating the optimization problem presented
in Appendix Of course, when the principal has full commitment, we have u,,;,, = 0 and
Umasz = 1, which gives the formulation in Section It may not be the case when commitment is

relaxed. In general, we study the following:
V(u) = max qlhxp+h(1—xp)pp—xpe+ (1—xp) (1= pp) 0V (umin) |+ (1= @) i1+ (1 —p1) SV (4],
subject to the low type’s (binding) incentive compatibility constraint:

D+ (L — )0ty = xp0tmin + (1 — 2p)pn + (1 — 21) (1 — Pr)tmin,
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where:

1. p; = 0 and
W = [ 0Umin + (1 — 2p)Pn + (1 — 24) (1 — Pr)OUnin) /6,

1th(5umm + (1 — .17}1)]5}1 + (1 — .Th)(l — ﬁh)éumm < (5umax.

]3 mhéumin + (1 - xh)ﬁh + (1 - xh)(l - ﬁh)éumzn - 5umaa:
l pu—
11— 5umaa}

and lALl = Umazx 1th<5umm + (1 — Jih)ﬁh + (1 — J}h)(l — ﬁh)éumm > §umax.

and promise keeping:
u=qlrzy + (1 —2)pn + (1 — ) (1 — Pr)Stmin] + (1 — @) + (1 — p1) o).

To describe our tracing procedure, we perform the change of variables y = p,(1 — z3,), as alluded

to in Section [5} Under this change, the problem can be further re-written as:
V(u) = maxq[(h — ¢z, + hy + (1 = zp — y)6V (umin)] + (1 = @)[Ip1 + (1 = p)6V ()],
subject to the low type’s incentive compatibility constraint:
P+ (1= p)dty = (1 — y)0Umin + Y,
where
1. oy =0and 4 = [(1 — ¥)0Umin + Y] /0 if (1 — ¥)0Umin + Y < SUmaz-

2. o= [(1 = y)0Umin + Y — OUmaz)/ (1 — OUmaz) and Uy = Upmaq if (1 — Y)OUmin + Y > IUmaz-

and promise keeping:
U=y + (1 —y)0Umin + qxn(1 — 0Upin)-

Note that the only two free variables in this optimization problem are x}, and y, which are subject

to the constraints

IhZO
y=>0
rp,+y <1l
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In particular, given any x;, y satisfying these constraints, p;, can be uniquely determined; p; and
1; are pinned down by the low-types incentive compatibility constraint, together with the two
enumerated conditions. Furthermore, we can define each z;, and y as functions of u, say z(u)

and y(u)—by promise keeping, changes in u must also generate changes in these variables.

A.3. Characterizing V': Three-Region Solutions

The general idea is to understand the boundaries of V() and the (left/right) derivatives of V'(+).
Note that a concave function defined on a compact interval has non-increasing left/right derivatives

defined everywhere. The following generalizes Lemma [4] to arbitrary utility promise intervals:

Lemma 6. There exist U, < Unign Such that:

1 zp(u) =0 when u € [Umin, Uiow)s

dV(u) — (h—C) _6V(u'min

)
7 o r— when u € [Wow, Unigh|, and

2.

3. xp(u) + y(u) = 1 whenu € [Upigh, Umaz)-

Proof of Lemmald, We define
Wz, y) = ql(h — c)zn + hy + (1 — 2 = )0V (umin )] + (1 = q)[Ipr + (1 — p)oV ()],
subject to the low type’s incentive compatibility constraint:
P+ (1 —=p)owy = (1 — y)Stmin + ¥,

where
1. pp=0and & = [(1 — y)0Umin + Y]/ if (1 — ¥)0Umin + Y < SUmaz-

2. o= [(1 = y)0Umin + Y — OUmaz)/ (1 — 0Umaz) and U = Upmaz if (1 — Y)OUmin + Y > IUmaz-

and
Now note 5 ( )
U\Th, Y
—— =q(1—-9¢ min )
o q(1 = Stumin)
and
W(IL’}“ y)

0 =q(h —c— 8V (Umin))-
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thus when u increases if we fix y and only increases x}, this gives us a fixed derivative

(h—c)— 5V(umm)'

1-— 6umin

Note in general we have

dV(u) _ dW(zn(u),y(w)) _ OW(za(u), y(w)) dza(u)  OW(wn(u),y(w)) dy(u)

du du Oxy, du oy du ’

which is a weighted linear sum of partial derivatives with weights dxg—é”) and %. Now since

V(+) is concave, V'(-) must be non-increasing. Thus, if at some u it is optimal to increase ;, as u

increases, then it is optimal to continue doing so as u increases until the constraints on the free

variables bind. This claim holds since, if at some u x;, starts to increase, then we have dlél—gj‘) =0

yielding
dV(u) _ (h—=¢) = 6V (tmin)

3

du 1 — dtpmin
and if at some larger u, x(u) + y(u) is not binding, if we increase z;, again we will have the same
derivative above again irrespective of u. However, this will violate the fact that V’(-) is monotone
decreasing.

By this argument, there are only three cases of (x;,y) as u increases.

1. x; = 0 and y increases.

2. x5, increases and y if fixed until z;, +y = 1. Note this corresponds to d‘gi") = (h_cl):(gynfimi”).

3. y increases and z;, decreases while x;, + y = 1 holds.

Andifzp,(u)+y(u) = 1then zp,(v')+y(u') = 1forallu' € [u, upmqs); if xp(u) = 0then xp(u') =0

for all v’ € [wmin, ul.

A 4. Tracing Procedure

We are now in position to describe our tracing procedure. Here, we present all details behind
how the derivative of the value function changes as v decreases from u = ;.. We present the
computations for the general case, but describe the implications on the corresponding restrictions
when these methods are applied subsequently.

With this in mind, first suppose there exists u with xj,(u) + y(u) = 1. Define

uy = inf{u | y(u) + zp(u) = 1 and U = Upaz }-
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Note u1 = Uy, implies xp(u) = 0 for any u. In other words, this is the degenerate case when the

cost of verification is too high. Thus on [, t,4.], Wwe have
V(u) =maxq[(h—c)(1 —y)+ hy] + (1 —)ipi + (1 — p1)oV (tmaz)],
subject to

ﬁl + (1 - ﬁl)auma:r = (1 - y)éumzn + v,

and
u=1y+ (1 —1)0Unin + q(1 —y)(1 = Stpmin)-

Now suppose
W(y) = ql(h = ) (1 = y) + byl + (1 = Q)[ipr + (1 = p1)0V (thmaa )],

subject to
ﬁl + (1 - ﬁl)éﬁ'ma:(; = (1 - y)éumzn + v,

and

Then we have

W) 1 St — (1 Bttnsn) = (1= g)(1 — Bt
dy
and A (y) 1_§
Y — OUmin
dy qc+ ( Q) 1— 0t [l 6V(umax)]
Thus,
av q 1

%(U) - (1—¢)(1— 5umm)c + 1 — Sz (1= OV (tmaz)],

on [Uy, Upa,)- In particular, a kink in V' arises at the value of u(y) such that p; = 0.

Now consider future iterations when 4; < 4., note here we have p; = 0:

1. Ifz(u) + y(u) = 1, we have:

dW(y) _ av ..
dy =qc+ (1 —q)(1 = 6upmin) du (),
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Figure 6: The first interval in the tracing procedure. The arrow points from an intermediate value
U € U1, Upmaz) t0 U (U) = Upae- The dashed line depicts the value function on this interval to the

left of u. This plot considers commitment, where u,,;,, = 0 and w4, = 1.
thus, A% dv
_ q a
du (v) (1—q)(1— (5umm)c T ().

Also, plugging p; = 0 to equation

pl + (]- _ﬁl)éal - (1 - y)éumin + v,

we have
ot = (1 — y)dtupmin + .

Combing this expression with

u(y) =y + (1 = y)0umin + (1 — y)(1 = Stmin),

we have

u(y) = oty + q(1 — 0y) = (1 — q)diy + q.
In particular, if we set 4; to be a cutoff (kinks) where the derivative jump, this calculation
implies that the kinks, say uy, us, . .. from right to left follow (with uy = tnez):

uir1 = (1 —q)du; + q.

. . .. h—c—8V (tUmin . .
2. Now after some number of iterations, the derivative reaches % (as outlined in

Lemmald) . Let u; to be the last kink where z(u) 4+ y(u) = 1, which is exactly the right
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Figure 7: The second interval in the tracing procedure. The arrow points from an intermediate

value u € [ug, u1] to Gy(u) € U, Upmas |- The dashed line depicts the value function on this interval
to the left of u. This plot considers commitment, where ,,,;,, = 0 and u,,, = 1.

endpoint of the segment with derivative %@m”). Using the expression for the promised

utility, we have:
u—q
ui-&-l = 1 —q

3. If zp(u) = 0, we have

V(u) = max g[hy + (1 — )0V (tmin)] + (1 — @)[Ipy + (1 — 1)V ()],

subject to
ﬁl -+ (1 — ﬁl)éﬂl = (1 — y)dumm + Y,
and
u=y+ (1 —1y)0Unin.
Then let

W (y) = max qlhy + (1 — y)oV (tmin)] + (1 — @) [Ipr + (1 — pr)0V ()],

subject to
ﬁl + (1 _ﬁl)dﬁl = (1 - y)éumin +Y,

and
u(y) =y + (1 — y)dumin.
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Then we have

dufy) _
dy - 1 5umzn7
and AW (y) v
y — —_— . — JR— . R ”
T qlh = OV (tmin)] + (1 = q)(1 = Ottmnin) Tu ().

Thus, [ ( )

AV, glh = 6V (tmin v,

du (u) = 1 — OUmin +1-9) du (i)-

Also, plugging p; = 0 to equation

we have
Combing it with

u(y) =y + (1 — y)0umin,
we have

u(y) = o1y.

In particular, if there is a cutoff (kink) at some w, then there will be another jump in the
derivative at 04, since %; > v and Z_‘qj is either linear or has a discontinuous jump in the
derivative at all values to the right of u. Given that there are kinks at u; and v;_, all other
kinks will be at {6°u;}22, and {5%u;, | }32,.

We know V() is concave and only the Pareto frontier can appear on-path of the optimal mechanism
(unless allocation does not occur following a report of A, in which case continuation play delivers

Umin)- Thus, the optimal mechanism always increases the agent’s continuation utility following
av
du

optimal mechanisms will take the form of an endogenous finite deadline of the kinds described in

a report of [ until it hits ;... Since the above implies - (u) will be positive in finite iterations,

the main text.

B. Proofs of the Results in Section 4]

Our proofs utilize the methodology presented in Appendix [A] which in particular identify the

Bellman equation as piecewise linear and identify its derivatives. Each particular setting we study
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Figure 8: An interval in the tracing procedure for which xj,(u) = 0. The arrow points from an
intermediate u € [u;41,u;] to the continuation utility @;(u). The dashed line depicts the value
function on this interval to the left of w. This plot considers commitment, where ,,;, = 0 and

Umaz = 1

requires determining the restrictions on the corresponding solution. In the full-commitment

case, we have ,,;, = 0 and u,,,, = 1 because the principal can always choose to withhold the

allocation forever, or allocate immediately irrespective of type.

Proof of Theorem[1 Since h — ¢ > 0 and V' (wn5) = Umin = 0, we have

(h—¢) — 0V (Upmin)

=h—c>0.

Note that optimal mechanisms on-path remain on the Pareto frontier following reports of [—
following reports of h, allocation either occurs or the continuation utility is 0. However, since
on the Pareto frontier we always have %i“) < 0 £ h — ¢, the optimal mechanism features
xp(u) + y(u) = 1 by our analysis in subsection (in particular, Lemma [6). According to
subsection[A.3|(setting V (tmq,) = 1), we have

av q
%(u): =) +1_6[l—5r]

for the rightmost derivative and

v q av.,.

Note here Cclz (u) will increase for a fixed amount ( ¢ after each iteration. Thus, the optimum of
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V() must be achieved at

q q

urs—1 = [(1 =)o) (1 = = (1- q)é) TS0

where the left derivative is
T*qc 1 —or >0

l—q 1-6 7

and the right derivative is
(T* —1)gc 1 —or
1—gq 1—96

< 0.

Note this is exactly the kink of the value function V() where increasing at the left and decreasing

at the right. Thus, 7™ = (%1 is the endogenous optimal deadline. To identify the other
qe(1-9)

components of the optimal mechanism, we note that the each successive iteration puts the agent’s

promised utility at a new kink, until the terminal period where u = 1 and hence project allocation

occurs. Since y(u) = 1 — x,(u) in this region, we have p;, = 1 as well, and 1 — xj,(u) is set to be

equal to the agent’s promised utility. Thus, the optimal mechanism takes the form as claimed in

the Theorem. [

Proof of Theorem[3 Since h — ¢ < 0 and V' (uyn;,,) = 0, we have

(h—¢) — 6V (Umin)

1— 511n1ﬂ1

=h—c<0O.

According to subsection (now V (Upmaz) = 1), we have

dV q 1

%(u) = a _q)c+ ] _5[1 — or],
for the rightmost derivative, and for all other derivatives,
dv q av .
?2;;-(1L) = (1 — q) c—+ ;jz;'(itl).
Thus, there exists k such that:
kq
_ <h_
(1_q)c+ 1_5[l or] <h-—c,
and (k4 1) )
+ 1)g
= c+1_5[l or] > h —c.
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This means after £ iterations % (u) = h— c. This is exactly the point that the principal will start to

use verification—at all values of u lower than this value, 2 (u) = 0 in the principal’s optimization
problem. At all values of u lower than this kink, by subsection We have

dVv _ qlh — OV (tmin)]

v dav .
du 1 — dupin

(= )5 ) = ah (1= ) 5 ()

Since we start at a kink at which ‘fl—‘;(u) = h — c, further iterations yield a derivative of the
formh — (1 — q)kc, which follows from inspection of the formula for the iterations; since ¢ > h,
at some point we must have & — (1 — ¢)f¢ < 0 and h — (1 — ¢)*"'c > 0. By identifying the
optimal mechanism, this corresponds to initial randomization phase because x; = 0. Using the

above characterization for the length of the randomization phase, algebra reveald”| that the the
log(h/c)
log(1—q)
of allocating following a report of 4 is equal to the utility of the low type, yielding the form of the

randomization phase lasts for | | + 1. In this region, we have y = py, so that the probability

mechanism.

To determine the number of periods after the randomization phase, we examine the formulas
for the value function kinks using the calculations in Subsection [A.3|to identify which kink on the

h—c—t=0ry(1—
interval where % = h—cisreached in the optimal mechanism. Lete = L%J %}—l—%.
log(h/c)
Ifh—(1-— q)“O:‘(l*q)Hl(h — e) < 0, the number of periods after the randomization phase

15
)

(i-e., verification phase plus the terminal period) is L(h_qﬁj + 1; otherwise if b — (1 —
(h—C—%)(l—Q)J

log(h/c)
qc

q) Logti-y 11 (h —e) > 0, the number of periods after the randomization phase is |
In particular, by the calculations from subsection [A.3] these conditions determine which kink is

the first one which produces a positive slope of the value function, and hence the length of the

verification phase. O

C. Proofs for Results in Section[6]

C.1. Exogenous Horizon

Calculation Summary If the horizon is finite, we can use the same method in and directly
compute the Bellman Equation Solution, and subsequently use this solution to identify the optimal

mechanism directly. In particular, the proof of Lemma 5 applies unchanged to the case of finite

?"Note that the main text also presents a derivation of this expression, under the assumption that the mechanism
takes a two-phase form.
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horizon Bellman operators. As stated in the main text, this yields the following formulation:
V7 (u) = maxql(h — c)an + hy] + (1 — )lip + (1 — p)Sv7 (@),
subject to the low type’s incentive compatibility constraint:
p+ (1 —p)oi =y,

where:

L. pp=0andu =y/dify <.

2.pp=(y—90)/(1—=9)andu; = 1ify > 4.
and promise keeping:

u =Y+ qrp.

Using VO(u) = 0, the solution for V7~! determines the solution for V' for T € {1,...,T*}.
As the solution method is similar to our original tracing procedure, we provide a summary of these
calculations assuming h — ¢ > r (which, as stated in the main text, applies to both Propositions).

Define d = —-_55. a; = [(1 — ¢)0]'(¢ — d) + d, and b; = [(1 — q)d]'(1 — d) + d. Defining
yr = f—fg + [, let T” be the first positive integer that satisfies ¢h + (1 — q)yr» > h — c. Then
T <T",VT(u) is a piece-wise linear function with 27 — 1 kinks (not including the two endpoints
of the interval, i.e., 0 and 1), with kinks at 67 ~*ag, 67 "%ay, ..., ar_1,br_1, . . ., by respectivelyP| In

particular, a kink at 67 ~‘a; for i < T'— 1 is generated when continuation utility is set to 67 ~*~'a;,

while the kink at ap_ is generated when continuation utility is set to ar_o and a kink at by_; is

generated when continuation utility is set to by_; 1. Sete; = —(1—¢q)* 'c+hand s; = qucq + =0
We have:
dvT
av_(u) =ep, foru€ 0,67 ay,
du
dvT - -
d w =¢;, forue [dap 14,0 ap Jandi =T —1,...,1,
u
dVT(u)

=vr foru € [ar_1,br_1],

du

%To interpret these formulas, ar_1 represents a mechanism whereby the principal utilizes the verification technology
in every period, including the final period, with the verification probability set so that type-{ is indifferent between
lying and truthful reporting; 67 ~!~%a; represents a length T' — 1 — i randomization phase and utilizing verification

in the remaining periods; by_; represents utilizing verification following h reports with intermediate probability

for T' — ¢ periods, and subsequently allocating with probability 1 irrespective of type.
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dVT (u)

= S, forue[bi,bi,l]andi:T—l,...,l.
du

Let 7" be the first integer that satisfies gh + (1 — ¢)sg—1 > h — ¢, (noting that, since h — ¢ > r,
we also have h — ¢ > gh + (1 — ¢)*=%, implying that 7" > 2). For 7" < T < T', V' (u) is a

piece-wise linear function with 27" — 1 kinks (aside from the two endpoints, 0 and 1), with kinks:

/

T-1 T—2 T-T" T-T" T-T"-1
) CLO,(S al,...,5 CLT//_1,5 bT//_1,6 bT//,...,(SbT_Q,bT_l,...,bl

respectively. Define k; = (1 — q)"(y7» — h) + h, with e; and s; as above. We have:

d T
Vd (w) =ep, foru € [0,6" tag),
U
davT ) )
Vd (w) =e¢;, foruc[Sap_y_s,0" tap_landi=T—1,...., T —T"+1,
u
av’ 1 Z
du(u) = kZT_T//, for u € [5T_T arr_1, 6T_T bT”—1]7
dVT . .
du(u) = €5, foru € [(VbT—l—ia (Sz_le_Z'] andi =T — T”, ey 1,
d T
Vdu(u) = s, for u € [biybifl] and: =7 — 1,...,1.

Moreover, for T > T', VT(u) is a piece-wise linear function with 27" — 1 kinks, with kinks
_ _ _n 7 o 7 7 7
6 1a0,5T 2a1, T >5T r CLT”—1,5T T bT"—1,5T r 1bT”7 e 75T T+1bT’—276T r bT’—1;5T r bri_o,

oy 0bpr 1, 8bs 9, b1, ..., by. Define g; = (1 — q)*(sr—1 — h) + h. We have:

d T
V- (u) =ep, foru€ 0,67 ay),
du
T
dVd () =e¢;, foruc[Sap_y_;,0" tap_j]andi=T—1,...., T —T" +1,
U
dv’t & 4
du(U) = ky_pn, foru € [5T_T aT"_1,5T_T byr_1],
av’t ; ;
du(U) =e¢;, forue€ [0'br_i_,, (51_1bT7i] andi =T -T"....T =T +1,
d T . .
Vdu(U) =gi, foru e [0y 1,00 slandi=T -T',... 1,
d T . .
Vdu(lL) =e;, foru € [6'bp_9, 8 top_y]andi=T —T',...,1,
T
dvd (U) =s;, forue [biab’i—l] and 7 :T/— ]_,...,1-
u
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Proof of Proposition[1 Suppose T' < L%J. Since h — ¢ > 0, we have ¢; > O forall €
{1,...,T —1},butyp = ?—f; + [ < 0. Therefore, the optimal mechanism sets the agent’s initial
utility equal to a1, as this kink corresponds to where the slope switches from positive to negative.
Furthermore, as mentioned above, the next period’s promised utility is a;_o, which we note is the

maximizer over u of VT ~1(u) by the same argument. Using the formula for a;, we note that:

(L=q)8)(qg—d)+d> ((1—q)6) (qg—d)+d,

since ¢ — d < 0. Thus, the agent’s promised utility decreases over time. Using this observation,
since the verification probability is equal to 1 — dar_;,_1 forall t < T"and 1 when ¢ = T, we
have that the verification probability increases over time. In particular, note that when the utility
promise is equal to ag, the principal verifies reports of h with probability 1 and allocating only if
verified to be truthful. Other properties of the optimal mechanism follow from the inspection of
the solution given these observations.

Note that if v > 0, the initial utility promise is by_; furthermore, if the agent is at a kink
br_; in the ith period, then the next period kink is by_; 1. The formula for b, implies that the
continuation utility promise is increasing over time, implying that the verification probability
decreases. As before, other properties of the optimal mechanism follow from the inspection of the

solution given these observations. [

Proof of Proposition[2 First, if h — ¢(1 — ¢)* ' < 0, then V(u) is decreasing at 0. Concavity of V/
thus implies that there is no value of u such that V' (u) > 0. It follows that the optimal mechanism
is to never allocate; in turn, 7" satisfies this condition if and only if 7" < T7.

Thus suppose 7" > T, so that V(u) > 0 for some u > 0 implying that the optimal mechanism
must allocate with positive probability. Let T be the largest value of T > T" such that kr_7» < 0.
In this case, we have the slope of V7 is negative in [5T’TN arr_q, 5T’T”b;pu_1}; thus, the kink at
which the slope of the value function switches from positive to negative must be at some u <
67" arn_1. Hence, the initial utility promise to the agent is 67 a,;_; for some i € {1,...,T"}.

To complete the proof, we next determine the evolution of the agent’s utility promises for this
case. Consider first the case where kr_7, < 0, and let 7 denote the smallest 7 such that e; >0, so
that the initial utility promise is 6° *a;_;. In particular, this value is equal to 7} independently
of T'. Furthermore, in the jth period for j € {2,...,7}}, we have the agent’s promised utility is
61'=Jar_7,, as mentioned prior to the proof of Proposition From inspection, we see that this
utility path and principal payoffs can be generated by implementing a randomization phase as
claimed in the statement of the Proposition. In the jth period for j > T}, the agent’s promised

utility is equal to ar_7, _(j_7,); in particular, the evolution of the agent’s promised utility coincides
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with the description in Proposition [1} Note that in particular the optimal mechanism in these
periods can be implemented in the same way as described in Proposition [I}-i.e., by verifying
reports of i with probability sufficient to deter an [ type from misreporting. By the argument
from the proof of Proposition 1] the verification probability is increasing in the verification phase,

as claimed. O]

C.2. Renegotiation

Proof of Proposition[3 According to Definition [6.1]and subsection[A.1] TV : [0upin, 1] —> R is
generated by V'(+) defined on [t,;n, 1] if for every u € [dtmin, 1], I'V (u) is given by:

'V (u) = max q[hxppry, + n(1 = pip)0V (ury,) + h(1 —2p)pp + (1 — 24) (1 — pr)dV (up) — ]
+ (1 — @) [layp]; + (L — p))oV (ugy) + 1(1 — 2)py + (1 — ) (1 — py)oV (@) — x¢].

The incentive compatibility conditions are: For the high type,
ThPhn + Tr(1 = pra)Ouny, + (1 —2)pn + (1 — ) (1 — pr)oin
> :L"lp;kh + xl(l - pfh)éu}"h + (1 - $l)]51 + (1 - ZL’[)(l - ﬁl)éﬁl,
and for the low type:
$lp71 + 131(1 — p}‘l)éu;‘l + (1 — xl)ﬁl -+ (1 — .I’l)(l — ]3[)(5’211
> xhp;;l + l’h(l - p;’;l)(suzl + (1 - :L’h>ﬁh + (1 - l’h)<1 - ﬁh)(sﬂh

Meanwhile, the promise-keeping constraint is:

u = qlzppp, + (1 = ppy)dug, + (1 — zp)pn + (1 — 22)(1 — Pp) o]
+ (1 — q)[xlpfl + xl(l — p?})(SUZ -+ (1 — xl)ﬁl + (1 — xl)(l — ﬁl)d’&l]

Renegotiation-proofness, as defined in Definition require that the Pareto frontier of the
value function is self-generating. We note that we can directly apply the tracing methodology
derived in subsection The tracing procedure in subsection [A.3|determines the value of the
function V' (u) on [tmn, 1]. Now, each (u, V' (u)) corresponds to a renegotiation-proof mechanism.

Existence follows similar steps as|Zhao (2006) applied to our particular setting; the details for
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our setting are as follows. Specifically, we need to show that there exists u,,;, such that Definition
is satisfied. By the tracing methodology derived in subsection [A.3] we know this is equivalent
to that the left derivative of V(-) at u,,;, being positive and the right derivative of V'(-) being
nonpositive. In other words, u,,;, is the local optimal (and hence, due to concavity, also the global

optimal) on [0, 1] when w,,;, is the smallest reservation utility.

First, consider the set of S of u such that V'(-,u) is non-increasing on [u, 1]. This set is
non-empty because u = 1 trivially satisfies. Now consider u,,;, = inf S. We claim V (-, tn;»,)
is also non-increasing on [u, 1]. Indeed, if u — Upin, V (-, ) — V (-, Upin) in the L™ norm,
and V (-, Upp ) itself is a continuous function, so that there cannot be any «’ > ,,;, such that
V' (+, Umin) is decreasing between ' and t,,,, since this would be violated whenever u < /.
Uniform convergence follows from observing that, extending the domain of V (-, u) to [tmn, 1]
using values implied by the tracing procedure in Section V(,u) = V(-, Umin) pointwise
and that the slope of V (-, u) is bounded above by the slope at u = 1 of the first-best payoff
frontier. Since the uniform bound on the slope implies uniform equicontinuity and since each
V(-,u) is uniformly bounded by the principal’s first best payoff, the Arzela—Ascoli Theorem
implies uniform convergence, passing to a subsequence if necessary. Now, note that V (-, tn»,)
must be non-decreasing on [0, w;,,], since otherwise we would be able to find an even smaller
U < Upn With V(- 1) non-increasing on [u, 1] by the continuity of V' (-, u) in u, contradicting
that u,,;,, = inf S.

We know if there exist u; and uy both satisfying the previous characterization such that
uy < ug, then V(uy) > V(us) since V() gives the largest utility the principal can obtain under
commitment with the constraint to promise at least u; (resp. us) to the agent at any continuation
history. Thus, ,,;, = inf .S corresponds to the optimal set of renegotiation-proof mechanisms,

which contains the principal-optimal renegotiation-proof mechanism.

It follows that the optimal mechanism (Ui, V (tmin)) implements the initial mechanism
when no allocation is made. The features of the optimal mechanism in the Proposition follow
from the reductions in Lemma 5| and the characterizations implied by the tracing procedure in
Section[A.3] Specifically, the endogenous finite deadline follows from the observation that this
point must be reached after a finite number of changes in the derivatives (i.e., kinks), following
the steps outlined in the Tracing Procedure in Section Given the evolution of the agent’s
utility, the optimal verification and allocation probabilities satisfy the claimed properties; since u;

increases over time, each must be set so that the low type’s IC constraint holds with equality. [J
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C.3. The Limited Commitment Case

Proof of Proposition[4 It is immediate that the principal can implement each of these outcomes
independently of the agent’s strategy, so that a lower bound on her equilibrium payoff is given
by the maximum of the three. To show that the lower bound is tight, we show that she has no

incentive to deviate from the corresponding mechanism. Consider the following strategy profiles:

1. The principal keeps implementing the same mechanism (which we take to be one of the

three specified) at any history.

2. The agent keeps babbling (i.e., choosing any message with equal probability independent of
type) if the principal chooses the on-path mechanism and will report the type which yields
the highest stage payoff (allocation probability) if the principal deviates in any period.

We denote the principal’s payoff by v;,,;,, as indicated in the statement of the Proposition. We use
the one-shot deviation principle to verify that this is indeed an equilibrium. First, note that the
agent has no incentive to deviate on-path, since the agent’s payoff does not change as a function
of his actions. Following any one-shot deviation from the principal, future play specified by the
strategies conditional on the game continuing does not change as a function of the present actions.
Thus, the optimal strategy for the agent at any such history is to report whichever message
maximizes the stage allocation probability, so at any history, the agent has no incentive to deviate.

Now suppose the principal deviates, and let x, p.;,, Dn. 1, D}, D1, PJy, Pj,, be the parameters

under the constraint

P+ TuPhy = D+ 11Dy,
and

D1+ Tipgy > Pr+ Thpyy

Then the principal has payoff at most

4P + zrppp)h + (1 = @) (B + zipp) 1+
(1= a(Bn + zaphn) — (1= @) (Pr + 21py)10Vmin — [gzn + (1 = g)zi]c
<q(Pn + Tappp)h + (1 = @bl + [1 — q(Pn + 2appy) — (1 = Q)Pnl6Vmin — qzne
=pn1 + qTn(Pph — ¢) + [1 = Prn — qTaP}1]0Vmin
<pnr + qrp(h —c) + [1 — Pr — qT4]6Vmin
=pnr + 2p[q(h — ¢) + (1 = )0vmin] + [1 — Dr — 2p]0Vmin

Svmin;
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Figure 9: Equilibrium payoff set without across-period commitment, when immediate allocation
achieves the principal’s minmax payoff. Parameters are h = 1,¢ =1/3,¢q =2/3,1 = 0,6 = 9/10.

The first inequality comes from p; + x;p;; > pp and | — vy, < 0 and x; > 0; the second

inequality comes from p;, < 1 and h — dv,,;, > 0O; the third inequality comes from the fact that

the v, > max{r, 0, 13((}1:2)) 5 1. Hence, no profitable deviation exists for the principal, and the

proposed strategy profile supports v,,, as equilibrium payoff for the principal. O

Proof of Corollary[]] First, note that the equilibrium payoff set is a compact convex subset of
[0,1] x [r L)] That this bounds the set of possible equilibrium payoffs holds since r >

g
max{0, 13((}1:;)) 5 and since % denotes the principal’s payoff when ¢ = 0, which bounds any

feasible payoff. The claim regarding compactness of the equilibrium payoff set formally follows
from the arguments outlined in Sections 8.1 to 8.3 in Lipnowski and Ramos| (2020). Specifically,
their Lemma 4 shows that the |Abreu et al. (1990) algorithm applied to our stage game can reduces
to a promise-keeping constraint, a binding agent incentive compatibility constraint, and a principal
participation constraint. Since Proposition (4| characterizes the principal participation constraint,
the left end-point is the smallest u,,;,, such that V' (u,,;,) = r. Note that this must be achieved
at some Uy,;, > 0, since V(0) = 0 < r, by continuity of the value function. Since immediate
allocation achieves the principal’s minmax payoff, it follows that wu,,,, = 1.

Thus, the tracing procedure applied on the domain [, 1] characterized V' (u) on its domain,
where t,y,;, is endogenously determined. Lemmal6|and the calculations in Section show that
V(u) is a piecewise-linear function, with the derivative increasing discretely at each kink (when
u decreases from 1). Given that the principal-optimal initial utility promise «* must correspond
to a kink of the value function, the optimal mechanism involves continuation promises that

eventually lead to immediate allocation if allocation has not occurred after finitely many periods.
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Figure 10: Equilibrium payoff set without across-period commitment, when withholding achieves
the principal’s minmax payoff. Parameters are h = 1,¢ =5/4,q = 1/2,1 = —2,0 = 9/10.

The decreasing verification probability follows from the observation that y increases over time
and satisfies y = 1 — ;. In particular, verification probabilities and allocation probabilities in
each phase are set so that the low type’s IC constraint binds. Hence, the mechanism takes the

form stated in the Corollary. [

Proof of Corollary[2 By the conditions in the Corollary, since 7 < 0 and ¢ > h, Proposition
implies that the principal’s minmax payoff is equal to 0 and is achieved by Never Allocate.
Therefore, we obtain that w,,;, = 0. Furthermore, since r < 0 and since immediate allocation is
the unique mechanism that achieves © = 1, we have that © = 1 cannot be part of equilibrium
and hence ,,,,; < 1. Lemma [5| implies that u,,,, is supported by an equilibrium in which
the principal repeatedly offers a stage mechanism delivering expected utility .., and the

continuation following a verified lie is Never Allocate.

hg
» 1-q(1-6)

the left endpoint is 0 and the right endpoint is given by the condition that V' (u,,,) = 0; the

Thus, the set of equilibrium payoffs is a compact convex subset of [0, 1] x [0 ], where
argument for this is identical to the Proof of Corollary[1] As in the proof of Corollary[l] the tracing
procedure implies that the optimum is attained after finitely many iterations, using the conditions
that u,,;, = 0 and uye, < 1, with the optimum being achieved by setting the agent’s promised
utility to be at a kink of the value function. This shows that the principal-optimal equilibrium

takes the form described in the statement of the Corollary. [

Proof of Corollary[3 By the conditions of the Corollary, the principal’s minmax payoff is achieved
by Always Verity. Since % > max{0, r}, we have that u,,;, > 0 and 4, < 1. Lemma
implies that t,,,, is supported by an equilibrium in which the principal repeatedly offers a stage

mechanism delivering expected utility t,,,,, and the continuation following a verified lie is w;,,.
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Figure 11: Equilibrium payoff set without across-period commitment, when Always Verify achieves
the principal’s minmax payoff. Parameters are h = 1,c =1/4,q =1/2,1 = 0,6 = 9/10.

We thus have that the set of equilibrium payoffs is a compact convex subset of [0, 1] x [0, %],

with U, and ., determined by the condition that V (uin) = V (tmas) = 13((}1:2)) 5

We show that there is no randomization phase on-path, as in the mechanism described in
Theorem 1} Note that Lemma [4| shows that 2, + y < 1 only in a region where the derivative of

V' (u) is greater than or equal to:

h —c— 6V (unmin) he s q(h—c)

1 — Stimin ma(h—c)(l—é)m.

Thus, only case 3 of Lemma [4] can occur at any kink that is achieved on-path in the principal
optimal mechanism, so that z;, +y = 1.

Thus, since the derivative of V' (u) increases by a discrete amount bounded from below as u
moves to progressively lower kinks, the tracing procedure implies that the slope of the frontier
switches from negative to positive after finitely many iterations—thus, the optimum is achieved
after finitely many iterations, as in the proofs of Corollaries|1|and [2| In particular, the optimum is
achieved at a kink of the value function. Recalling the structure of the stationary equilibrium that
Supports .., we conclude that the principal-optimal equilibrium takes the form described in

the Corollary by tracing the evolution of the utility profiles under this equilibrium. [

Proof of Corollary[4 We first consider the mechanism length. Note that if a mechanism lasts for
T length of time, then the number of periods is %. By Theorem

(1= AA)(e P2 (AAh + (1 — MA)) — 1)
Ac(1 — e=rA)

T_
’.
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We use the approximation that e ~ 1 — pA. Substituting and simplifying, we have:

A (L= 28) (1= pA) MM + (1= AA)) — 1)

AcpA
Algebra shows that the numerator is (hA—I(A+p)) A+0(A), so that the length of time approaches
%}’yp), as claimed. For the verification path, we derive an ODE for the agent’s continuation

payoff. Write u; = AA + (1 — AA)e P uyy o. Using the same approximation for e~#> we have:

Ut — U4+ A

A
Taking A — 0 and using continuity of u; implied the optimal mechanism in Theorem 1] yields

=A— (At p)ugea —o(1).

U = (A + p)us — A. This is a first-order ODE with boundary condition for the utility at time .,

with unique solution:

~ )\ ~
_ )T, ( _ —<A+p)(T—t>>
U = € Ui + 1—e )
! T X4p

Note that x; = 1 — uy; indeed, with z; set as this value, the agent is indifferent between lying

about project quality when it is [ and and telling the truth. O

Proof of Corollary[5 We first consider the verification length. Note that if verification lasts for 7"

length of time, then the number of periods is TK/. Because

(T"/A—=1)A\Ac 1 —or

AR+ (1= M) (o + )

=h-—c

as A — 0, we have

T (1=XA)(e P2 (AAL+ (1 =XA)) =1) (1= AA)(h—c¢)
A Ac(1 — e=rA) * AAc '

We use the approximation that e *» &~ 1 — pA. Substituting and simplifying, algebra shows

that the length of time approaches %W

For the randomization length, because as A — 0,

, as claimed.

T =T log(h/c)

(1 =212 = h =

A log(l—MA)
Algebra shows that the length of time approaches M. For the verification phase to have
non-zero length, we need to have (h_l)(j:\# > 0, equivalent to ¢ < W, as claimed. [
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Online Appendix for
“The Dynamics of Verification when Searching for Quality”

Zihao Li and Jonathan Libgober

D. Revelation Principle Argument

We present the argument behind the revelation principle stated in the main text. Note here we only
assume the principal has commitment within each period before the public randomization device
signal realizes. We focus on the payoffs that can be achieved in this game and will not impose any
restriction on the principal (full commitment, renegotiation-proof, or limited commitment). We
note that (as shown by |Sugaya and Wolitzky (2021) the presence of a single-agent often avoids the
sensitivity of the revelation principle to the solution concept used); we present a complete proof
here to clarify that the same argument applies with only within-period commitment.

At a given history h;, we use public history h} to represent the history the principal can
access when committing to a (stochastic) stage mechanism at period ¢, which includes previous
mechanisms, messages sent, public randomization realizations, verification results. We use private
history h{ to denote the history the agent can access when sending messages at period ¢, which is
h? concatenated with all private types 6, for s < t.

Consider an arbitrary dynamic mechanism M and its period ¢ stage mechanism strategy
M;, and the agent’s strategy o,(-), which we note in general will be dependent on both public
and private history. Now we show that we can successively replace M;(hY)(a;) with a direct
mechanism. Assuming this has been done at all histories /; before ¢, we construct a new tuple
(St, x4, py) as follows:

The agent reports his private history, /Azf, including the current type 0, {h, 1} and all private
types 0", As is standard, we let the principal simulate, on behalf of the agent, the original strategy
0.(h%) in that round. In particular, we have S) = O x C*, 2/(h?, s, b;) = ,(h?, 0%(h®), b;), and
Pi(hE s e, by) = pu(RY, 0%(h%), 14, b). We fix all parts of M and o, starting from ¢ + 1. Note
by eliciting the agent’s private information the public history can only be richer, thus M and
0, starting from ¢ 4 1 are still implementable. Furthermore, all future incentives starting from
t + 1 are unchanged-so that the agent’s strategy can be taken to be unchanged as well-since all
private histories from earlier periods carry no information about future types and are no longer
payoft-relevant. Returning to period ¢, it is immediate that truth-telling is an optimal strategy for

the agent in his decision problem.



We comment that in general it is with loss to only elicit the current type in each period.
However, because our model is stationary if no allocation is made, no information is carried over
across periods, meaning it is without loss to assume the agent’s report at period ¢ only depends on
0;. This property holds since it is always optimal for the agent to announce a message (regardless of
whether or not this contradicts previous reports) independent of the previous history to maximize
the expected payoff starting from period ¢. Thus, it is also without loss to assume the principal’s

verification and allocation decision in period ¢ only depends on 0,.

E. Bellman Equation Solutions in the Continuous-Time Limit

In this Section, we present explicit solutions for the Bellman equation in the A — 0 limit. We
note that the proofs of Corollaries 4 and [5| followed from considering the limit of mechanisms
as well. This alternative methodology may be of independent interest, and also turns out to be
useful for deriving some of the results in Online Appendix|F In this case, the difference equation

in subsection [A.3]becomes differential equation. The procedure is the following.

1. Consider the value function in the verification region:

) = s+ (i)

du' "’ (1= M1 = Supin) | du
and

iy = (1 — y)OUmin + .
So we have
y= 1— (5umm ’
u=1y+ (1 —1)0unin + AA(1 — ) (1 — OUmin),

and

u =00, + AA(1 — d1y).
When A — 0, using that § = e PR, algebra reveals that this becomes

¥ ) = - i
Zr e (ST}

Note that u > /\%p in the range where verification is used.
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2. Consider the value function in the randomization region:

AV, AA[h = OV ()] dv .
%(U) = 1 ou... +(1- )\A)@(Ul)
and
Uu = (SQAL[

When A — 0, again using that § = e~P2, this becomes

d?V B dV Ah =V (Umin)]
W(U) = P\%(U) -

1/ pu.

1— Umin

Now just as in subsection there exists u,,;4 such that the principal starts to use verification,

we have the following:

1. V(-) is supported on the interval [tmin, Umaz)-

av

. 1
%(umax) = lim —— [l — 0V (Upaz)]-

A0 1 — U

3. There exists Umiq € [Umin, Umaz] Such that on [t,,iq, Umas| and

Y ) = - x
du? (= Umin) [N p)u— A

4. On [Uin, Umid] We have

) = N ) = Ay,
5. At u,,;q we have
Wy = = )
Solving these differential equations, we have on [ti4, Umaz),
V() =~ flog(A + p)u — (A + p)u— A+ eru+ ey

(1 - umm)(/\ + P)

with three boundary conditions:



e 1
! = — 1-+1 — = lim ——[[—
V' (Umaz) 0w )0 p)[ +Hog((A+p)Umaz) —A]+c1 Jim — - 1=V (Umaz)]
2.
, B e ~(h—=¢) = V(Unin)
Vi) = = i RO ) = A e =T
3.
AC
V(umax) = - 2 [log(()\ + p)umaz - )\)] [()\ + p)umaa: - )\] + C1Umag + C2

(1 = Upmin ) (A + p)

Similarly, on [tin, Umid|, we have

A p+1
. c3U
Viu) = Ap+1

+ ¢y + hu

with three boundary conditions:

1.
h — — min
V,(umid) = Cgu;/i/; +h = ( C) V(U )
1- Umin
) A p+1
P
cslU,,
(i) = S 70 et hu
3.
A p+1
C3Upmid e
)\/p+1+04+ o (1 = tmin) (A + p)? 0g[((A+p)tmia—A)[(A+p)timia—A) +Crtimia+c2

F. How High can c be for Verification to be Useful?

F.1. The Full Commitment Case

Whenever ¢ > h, the randomization phase lasts at least one round (provided the principal allocates

with positive probability at all). We are interested in the converse: How high can costs be such

that the verification phase has a non-zero length?

4



Proposition 5. Let T denote the optimal mechanism horizon when verification is unavailable

(i.e., when ¢ = 00). Take parameters so that T > 2 and set:

h 1<<h—l><1—<1—q>5><1—q>_ h )}

C:max{a —T g =4 =g
Then the principal will verify with positive probability in the optimal mechanism for if and only

ifc < ¢, where T* is pinned down by the condition that h — (1 — ¢)T"—1=D0=U=09) (4 gnq

-5
T+ (h=1)(1-(1—q)3)
h—(1-4q) Tq > 0.

(7)

Proposition|[5|provides a condition on ¢ such that max, V' (u) changes when verification is allowed.
Note that it is not enough to show that the tracing procedure yields differences in V' (u) at some u,
since V' (u) may change even if max, V' (u) remains constant.

Our proof of Proposition [5| considers the left and right derivatives of the Bellman operator
evaluated at the agent’s utility obtained under the optimal no-verification mechanism. To be more
precise, we restrict the range of ¢ to values for which verification influences the frontier locally
at the kink in the value function that corresponds to the agent’s utility under the optimal no-
verification mechanism/[”] One reason this step is nontrivial is that this proof technique involves
guessing and then verifying the form of the threshold. Notice that if this corresponds to the
optimal mechanism, then the left derivative is positive and the right derivative negative at this
value; the two cases in the max operator defining the ¢ threshold correspond to violations of each
of these conditions (the first corresponds to the right derivative, the second the left).

Proposition [5|allows us to determine how the importance of the future (as parameterized by 0)
influences the principal’s willingness to incur verification costs[?| The more the future matters,

the more willing the principal is to incur verification costs:
Corollary 6. The value for ¢ defined in Proposition |3 is increasing and continuous in 0.

Figure[12|plots ¢ as a function of 0 for certain parameters; understanding why this graph takes this
shape is instructive. When 0 is small, ¢ = h. As ¢ increases, ¢ is “increasing with plateaus™—i.e.,
constant and increasing on alternating intervals. In equation (7), the first term is constant in ¢
as long as T is fixed, while the second term is increasing. Corollary [6| shows each kink in ¢(6)

corresponds to a point where 7™ increases by 1.

2The proof shows this is without loss since if verification is optimal for some value of c, then it is optimal at lower
values; if verification does not influence the optimum for some c, then it does not do so at any higher c.

%'Note that this comparative static requires p — 0, as A — 0 would similarly yield a bounded value for the maximum
verification cost the principal would be willing to incur.
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Figure 12: Value of ¢, calculated in Corollary@, as 0 varies—parameters used are h = 1,1 = 0,q =
1/3; the range of 9 is restricted so that 7 > 2

Proof of Proposition[5 Given h,l, ¢, ¢, note that if the optimal mechanism does not use verification
at some c, then the optimal mechanism will also not use verification for verification costs above c.

First we assume

(1—q)[1 = (1—q)d](h—1)
(1+¢)(1-9)

coc 1= -gdl(h-1)
- 1-9¢

We will show later that this assumption is without loss of generality for the characterization
the threshold ¢. We will prove under this assumption there is a local threshold within this interval

and thus it must be the global threshold. Under this assumption, by subsection we have

T' = 2, because
[ —or

1—9

gh+ (1 —=¢q)so=qh+ (1 —¢q) <h-c

is equivalent to
1-g - =qdl(h—1)

<
¢ 1-6 ’

and I_s
qc —or

— = — > h—

gh+(1—q)s1 =qh+ (1 q)(l_q+1_5)_h c

is equivalent to

(1—-q)[1 = (1—q)d](h—1) .
(1+¢)(1—=9) -

By subsection [C.1} we have

=gi
N

T P , , .
VU G Wt A, forue (56,0 andi =T 2,0
u




dV7T(u)
du

=¢;, foruel[§, 6 'b]Jandi=T-2,...,1.

Now if 7™ is the optimal mechanism horizon when verification is not available, from subsection
we know the optimum of V (u; ¢ = 00) is achieved at u = 67 !, where T* is pinned down
by h — (1 — ¢)7 10020200 g and h — (1 — ¢)7" EDO=U290) > ) which are the left
and right derivatives of V (u;c = 00) at u = 67 ~!. Now, the left and right derivatives of V(-) at

u=206""""are
ge  (h—=D@—(1—q))

e =h+(1—g) 1 -
gr—1=h+(1—-q) (1_q s )

and e« = h—(1—q)T ~2crespectively. Now since V() is a concave function, if both g7« _; > 0
and ep-_; < 0, then the optimum of V(-) is also achieved at u = 67" ~!; on the other hand, if either
gr«—1 < 0or eps_; > 0, then the optimum is not achieved at u = 017" =1 which means verification

occurs with positive probability. By simple algebra, we know that under the assumption

1-¢g-01-¢dlh-0 _  _(A-ql-(1-q))(h—-1)
(1+q)(1—9) - 1-0 !

the principal will verify with positive probability if and only if

- max{(l _ Z)T*—Q’é ((h - (1 —1(1_—5q)5)<1 —q) = Z)T*_Q) } .
Now since
. max{<1 _ Z)T*Q’é ((h — (1 —1<1_—5q>5)<1 —4q) = Z)T”)}

implies gr«_1 > 0 > ep«_1, which further implies s > e;. This implies

ge_ (h=0(1 - (1-4q)J)

h+(1—Q)(1_q— T

) >h—c,

(1=q)[1-(1—q)8](h—1)
(1+¢)(1-9)

and is equivalent to < c. Thus, we have

1-gl -1 -g)(h-1) _
(1+¢)(1-9) B
h L(h=DA-(1-9)¢)(1—q h
mec{ gy ( )}

=" 1= =g




Note 7™ is pinned down by A — (1 — q)

T*—1 (h_l)(i:gl_q)é) < 0Oandh— (1 . q)T* (h_l)(i:gl_q)& > 0.
If
h 1 h—0)(1—-(1—-¢g)d)(1—
e[ 1 (0200=0=000 =0
(1—-q) q
then either

) )

_(h=D(A = (1 —4g)9)

< h—(1-— (
(1_‘1)[1 ’(1_‘1)6](’1_”; or

*__ :h 1— -1 qc
gr+—1 = h+(1—q) (1_q

which implies ¢ <

1—-46 ’
=

e =h— (1= e > 05 n— (1 - DR Z 10

which also implies ¢ < {=01=0=0)(h!

5 ), Thus, we have

o S S e LR
=72 1=

=)

< (1—q)[1 = (1 —q)d](h—1)

1-9¢
Combining those above, we have shown that under the assumption

(1=l = (1—¢q)d)(h—1)
Q+g-0)  —-°%

(1-q)[1 = (1 —q)d](h—1)
1—-4 ’

the principal will verify with positive probability if and only if

h 1/(h=D1-(1-g)d)(—q)
‘= max{(l -7 ¢q (

B h
1—90 (1 —¢q)T"—2 )
And we also have

(1—g)[t = (1 = q)d](h—1)
(1+¢)(1—-9)

max{ h 1((’1—1)(1—(1—@5)(1—(1)
(1-q)" "¢

)y

< 1=gl = (1= q)](h—1)
- 1-9




Thus, this local threshold is the global threshold, and we must have

E:max{( h 1((h—l)(1—(1—Q)5)(1—Q)_ h )}

1—q)72"q 1-9 (1—q) 2

as claimed by the proposition. [

Proof of Corollary[d We consider the equation defining ¢ in equation (7); write this as ¢(8) for this
proof. Note that, if 7 is fixed, then the second term in the max is increasing in ¢ (while the first
term is constant). Furthermore, as 7™ increases, the first term inside the max increases (although

the second term decreases). The result will then follow once we can show the following:

« Take any “critical §,” say 0, such that the length of the horizon increases (discretely) at 6*

« Taking 0 sufficiently close to 0%, the max is achieved by the second term if 0 < ¢*, whereas

the max is achieved by the first term if 6 > 9*.

o At 5*, lirnm* E(é) = hm(u(;* E((S)

Fix some 6%, and suppose that 7T is the optimal no-verification horizon for § < §* sufficiently
close to 6*; we have T + 1 is the optimal no-verification horizon for § > ¢§* sufficiently close to §*.

Using the specification of the optimal no-verification horizon from Proposition |5, we must have:

h _(h=D(A - (1—-¢)5")(1 —q)
(1- q)itl 1—6*

. (8)

From this observation and inspection of (7), it follows that the second term in the max is equal to
0 if we increase the no verification horizon by 1 at §*. This shows half of the second bullet point,
namely that the first term is larger than the second (since it is nonzero) for § > ¢* sufficiently

close to 6*. On the other hand, we also have that

h 1 h h
W g ((1 — Tt (1- q>T—2) ' (€)

Substituting (8) into the right-hand side of (9), we obtain the second term inside the max in of

(7), evaluated at §*. But we have also just argued that the max is achieved by the first term for
lims 5+ ¢(9). On the other hand, the first term in the max decreases discretely as the horizon
becomes shorter; thus we have, for § < 0* sufficiently close to 4%,

h 1 ((h—l)(l—(l—Q)é)(l—Q) h )

(1—q)72 g

1-6 (1—q)T2



Thus, the max is achieved by the second term for § < ¢* sufficiently close to §*. Putting this

together, we have:

lim¢(§) = lim — s T

516* 516* ¢
h
(L—g)Tt ol

1 ((h—l)(l—(l—Q)5)(1—Q) h )

Thus, we have that as 0 increases, if the second term achieves the max, then ¢(¢) is increasing;
once 9 hits a critical value, ¢(d) becomes constant (continuously); as ¢ increases further, the second
term becomes larger again, and once it achieves the max the value of ¢ increases again; thus, the

claim of the corollary is true. ]

F.2. Renegotiation-Proof Mechanisms with Commitment

Here we present an analogous expression for the maximum verification verification cost for the
optimal renegotiation-proof mechanisms. For tractability, we present this in the limit as A — 0,

where we can obtain a closed-form expression:

Corollary 7. Inthe A — 0 limit, the verification phase of the optimal renegotiation proof mechanism
has non-zero length if and only if

h
C<p+)\(h_l)+(p+)\l_2/\p+)\2 log oy
Top p plp+A) log A\/p

In particular, this threshold is strictly less than that of full commitment benchmark.

Proof of Corollary[Z When A — 0, to find the threshold of ¢ we can use the results in Online
Appendixand let Upmig = Umae = 1. Note that we have V' (u4,) = 1. Now plugging these values

in the equations in Online Appendix [E] we have

Ac A p+A
— 1+1lo +c=—h+——I
A ~(h—=¢) = V(Unin)
(T T [1+log(p)] +c1 = T——
A
I=- : [log(p)]p + c1 + ¢

(1 = Upnin) (A + p)?
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(h—¢c) = V(tmin)

h—
e * 1- Umnyin
A p+1
c3U,,;
© it A log(p)]p + 1 +
——+c = — 0 c1 + co.
Mp+1 (L= ) (A + p2- BRI
Additionally, for the principal optimal renegotiation proof mechanism, the maximum of V'(-) is
A/p

achieved at u,,;,, and we have V' () = csu. !> + h = 0. Plugging this in, we now obtain:

min

—ih+’0+)\l: (h—¢) — V(Upmin)

p p 1 — Upin

Y

A p+1
C3Upnin

Ap+1
(h - C) - V(“Wﬂ)

1— Umin

[
S A\p+1

+ h 4+ V(tmin) —

- humina

cs+h = , and

c;»,u/\/p +h =0.

min

Solving these equations, we obtain:

Thus,

c=h—V(tnin) — c3(1 = Unmin) — A(1 = Upin)
A A
+ A +X 22+ N
S Ay ) (al B e

p p p(p+N)

with

__hp
g oEm
umzn -
log A/p

11



Recall the full commitment benchmark has threshold @(h —[). Here t,,;, > 0, and

P+ 2Ap+ N p+XA Ap+ N2
_ h< _
P plp+A) p plp+A)

:%«p+xﬂ—xm

h

< 0.
Thus this threshold is strictly less than that of full commitment benchmark. O

F.3. Limited Commitment

Here we present a result showing that the condition used in Proposition [2l-namely, that there
exists ¢ > h such that verification is used as part of the optimal mechanism—is not vacuous, as
referenced in Footnote Again, for tractability, we do this for the continuous time limit as

A — 0, noting that the same conclusion will hold whenever A is sufficiently small by continuity.

Corollary 8. Suppose that Never Allocate is the Principal’s minmax equilibrium strategy—i.e., that
0 > max{l,h — c}. Then, in the A — 0 limit, the verification phase of the principal optimal
equilibrium has non-zero length if and only if c < %h.

Proof of Corollary[8 We start with the second part of the argument, assuming t,q, > 0. Again

we let Unig = Umaz- Note V(Umar) = V(Umin) = 0 and t,,;, = 0. We have

e
~ Oy o8 )ttmas = (A Pt = A) + xtimas + 2= 0
CSUAm/fx—f-h:h—C

A/p+1
C3Umax Ve

—— h m(zm:_—l A max_)\ A max_)\ o ]
Sp T T s = = iy l0B(A A )tmas = M+ p)tsas = )+ exttae + 3

We have

A
uma_@(hi —c)=0.
p

Since U, > 0, solving yields
Pt

P

c h,

as claimed.
We now show 4, > 0if ¢ < %’\h. Consider an equilibrium where the stage game is the same

in every period, and where the principal verifies a report of /& with probability ﬁp. No allocation

12



occurs following a report of /, and if the agent is verified to have lied then continuation play is

Never Allocate. We have shown continuation play following a verified lie forms an equilibrium. If

reporting truthfully, the agent’s expected payoft is /\%p; in turn, truthful reporting is incentive
compatible, as lying yields an expected payoff of 1 — ﬁ, implying an agent with a type-/ project

is indifferent between truth-telling and lying. The principal’s payoff under this equilibrium is:

Ah — <)

A-p
A+p
which is non-negative if and only if ¢ < hA—Ze. Thus, if ¢ < %)‘h, Umae > 0 as claimed. O

G. Continuous Project Quality Types

Here we consider a version of the model where project quality is drawn from a continuous
distribution. We maintain all assumptions from the main model in Section 3, with the exception
that we now take 6 ~ I, where F is a continuous distribution supported on the interval [0, ].
We discuss the recursive formulation of this problem. We use the same notation as in the
main text, namely where z; is the probability verification occurs when the agent reports type 0,
Py 1s the allocation probability to this type absent verification, p% is the allocation probability
when the agent reports ¢ and the principal verifies that project quality is 6, and @, and v} are the

corresponding utility promises. For any 6 € [0, §], the utility assigned to type 0 is
29(Dpo + (1 — Phg)uge) + (1 — 6)(Po + (1 — Po)diig).

We first note immediately that u}, = pj, = 0 for any 6 # ¢’ in any optimal mechanism, as
setting either uy,, or pj, to be positive would make incentive compatibility harder to satisfy. Thus,

the value function becomes:

V(u) = max/e (z6(0ppe + (1 — ppg)SV (ugg)) + (1 — 1) (0Pg + (1 — Pg)0V (iig)) — cxg) f(0)dO

St V0,0 w(phy + (1 — pig)dugy) + (1 — ) (Po + (1 — Po)ditg) > (1 — ) (g + (1 — py)diy)

0
u= / (o + (1 — iy)Sui) + (L — 26) (o + (1 — po)iis)) £(6)dB.

We also note that if £y = x4 = 0, then pg + dUy = pg + Iy, as otherwise the agent would report
arg maxgz pg + 01, violating incentive compatibility. For a candidate optimal mechanism, denote

this level by ug; in the absence of verification, we would have uy = u.

13



We describe some properties of the optimal mechanism which can be derived using this
representation, considering the solution when evaluated at the optimal u. Note that, in the absence
of verification, iy = 0 when 6 is sufficiently high; indeed, V' (u) < 6, meaning that for a range
of § we have 0§ > §V (1) for any choice of . Furthermore, at any such 6, the principal utilizes
verification provided 6 > c. In this case, verification must occur with probability 1 — uy in order to
maintain incentive compatibility, but introducing verification allows the principal to increase the
allocation probability by this same amount. In addition, if at some 6 the principal finds it optimal
to set zyp > 0, pyy = Pp = 1, then the same holds at any higher 6.

Sharper characterizations of the optimal mechanism is beyond the scope of this paper; however,

some of the contrasts with the baseline model can be seen by considering the 7' = 2 case:

Proposition 6. Suppose T = 2, 0 ~ F, where F' is atomless with support [0,0]. Suppose 0 <

0 — c < E[A]. When ¢ is sufficiently large, the optimal mechanism differs from immediate allocation:

« Ife > E[0]: (1) Ifé > ¢, verification occurs with probability 1 — 0. If verification reveals a lie,
no allocation is made; if verification does not occur or reveals = 0, the project is allocated.
) IfE[0] < 0 < c, the agent is allocated in the first period with probability §, and the agent
is never allocated with probability 1 — 6. (3) If0 < E[6], the agent is allocated in the second
period with probability 1.

« When ¢ < E[0], the optimal mechanism verifies agent reports of 0 > E[0] with probability
1 — & and allocates if no lie is revealed; if verification reveals a lie, no allocation is ever made.

Ifé < E[0], allocation occurs in the second period with probability 1.

This mechanism outperforms immediate allocation when:

E[(0 = (1 = 0)¢) 1 pzmax(zio.cn] + OE[01mpi<o<d] + SE[OIP(0 < E[f]) > E[0].

One can check that the mechanism above is indeed incentive compatible—an agent with 6; < ¢
obtains utility § no matter what their report, and would only “get away” with a report of 6> c
with probability J, making such lies not profitable either; an agent with 6, > c obtains utility
1 from telling the truth and cannot do better either. As for the principal, their expected payoff
from continuing to the second period is d. Since verification occurs with probability 1 — 9§, the
principal prefers verifying to randomizing if ; — (1 — §)c > 64, i.e,, 0; > c. If ¢ < E[f], then
randomization is never better than both trying again and verifying agent reports.

The message of Proposition [6]is that optimal stage mechanisms may combine verification and

randomization when costs are sufficiently high (¢ > E[¢]). This contrasts with the two-type case,
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where only one of the two is used in a given stage mechanism. Intuitively, when the project
type is “intermediate,” verification is expensive relative to the value of allocation, and the setting
resembles the high-verification-cost regime. In this case, screening via randomization is more
effective. When the project type is high, the setting resembles the low-verification-cost regime.
In the general horizon problem, however, optimal mechanisms will typically be considerably
more exotic. This can be seen by noting that in the Bellman equation without verification, it may
be that both py and 1y are positive (unlike in the two-type case). One challenge in our problem
over other continuous-type models, such as Martellini and Menzio| (2022), is that the optimal
mechanism will typically not take a simple threshold form in our problem, even with a bounded
number of thresholds. Still, many of the same intuitions from the two-type case apply more

generally—for instance, that the agent does better when the principal utilizes verification.

Proof of Proposition[d, We first consider V(). Since § — ¢ < E[f)], we have V! (u) = E[f]u for
u € [0,1]. For T' = 2, consider the problem

Vz(u) = max E[0zgpy, + xo(1 — pZQ)(SVl(UZQ) +0(1 —x9)pg + (1 — ) (1 — ﬁg)cﬂ/l(ﬁg) — zyC]
subject to IC:
x9p29+a:9(1—p§9)5u29+(1—$9)}59+(1—x9)(1—ﬁ9)5ﬁ9 Z (1—:59/)]39/—1—(1—3:9/)(1—;59/)5119/,VQ, 9/.

For any 6, let ap = (1 —xp)po+ (1 —z9) (1 — pg)dty, since the lowest type should never be verified;
we must have 2y = 0, and ap = Py + (1 — pg)0ts. By the incentive constraint, we have ay < ay,
and in the optimum this inequality should be binding because otherwise we can reduce xy to save
verification cost. We also must have @y = 1 because (1, E[f]) is the only Pareto optimal expected
payoff outcome in single period. Thus ay > . There are three cases: If § < E[f], we should have
ip = 1and py = “=. And the payoff is §(ay — 8)/(1 — ) + [ag — (ag — 8)/(1 — 8)|E[9]. If
6 > E[f] and 6 < ¢, we should have zy = 0 and py = a;. And the payoff is as0. If > E[f] and
0 > ¢, we should have xy = 1 — ap and py = 1. And the payoff is agh + (1 — ag) (0 — ).

Since all payoffs are linear in ay, the optimum should be achieved either at ay = d or ay = 1.

When ay = 0 the expected utility is
E[(0 = (1 = 0)c)Lpzmax(zio).cn] + OE[01mp<o<q] + SE[OP(0 < E[f]).

As this is larger than the payoff from immediate allocation, E[f], this mechanism is optimal. []
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